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Introduction

a) Reduced density matrix & Entanglement entropy (EE)

b) Previous works in quantum spin chains

Theoretical laboratory

Quantum entanglement

in solvable models

)

Non-local/topological properties of
guantum many-body ground state

» Edge state/fractionalization

e Fractional exclusion statistics

. Entanglement in the Affleck-Keneddy-Lieb-Tasaki Model

a) Generic valence-bond-solid (VBS) state in 1D
b) Exact Expression for EE and Edge-state Picture

. Particle-Entanglement in the Calogero-Sutherland (CS) Model

a) CS model and Fractional Exclusion Statistics
b) L-particle Reduced Density Matrix & EE based on Particle Partitioning



Entanglement Entropy (1)

Definition of Entanglement Entropy(EE)
* Many body ground state (assumed to be unique) : G)

- Density matrix :  pap = |G)(G]
 Reduced density matrix : pa = 1rppap A
» Entanglement Entropy : Sy = —Tr4 palogs pa

Physical Meaning of the EE
* Direct product state

(W) ap = |@)a|)p =

\ /

subsystems

|¢>A<¢| => Sy =0

. Maximally entangled state

Quantify entanglement between A and B.

|LIJ>AB — Z ‘CﬁJ)Ale)B => —_Z |¢;> <¢j| ==> 84 =logy, D

.

Orthonormal.




Entanglement Entropy in Spin Chains

EE in the XXZ and XY models with magnetic field
« Vidal et al., PRL 90 (2003)
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Gapless point : S; ~

log, L + k& (Conformal field theory prediction)

[ Conjecture: gapped—saturation, gapless—logarithmic divergence ]




EE in the S=1 valence-bond-solid(VBS) state
Haldane gap (‘83): S=integer AFM Heisenberg chains are gapped.

Exp. — Ni(C,HgN,),NO,(CIO,) (NENP) etc.,

Affleck-Kennedy-Lieb-Tasaki(AKLT) model(‘87)

oL 1 - - . L2
H = -f%35;'3f+1+5(5;'3;'+l)3 = J%?Pfjl—g

GS — S=1 VBS state
O—C0O : spin singlet

T

| | . symmetrization

- o — -

A

1. Exact expression for EE.

spin-1/2

2. &p —logy4 =2log,2 inthe large block size limit.

— ‘Partial’ confirmation of the conjecture.
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1. Introduction

2. Entanglement in the AKLT Model
a) Generic valence-bond-solid (VBS) state in 1D
b) Exact expression for EE & Edge-state picture
c) VBS on an arbitrary graph

Related papers: 1. H. K., T. Hirano & Y. Hatsugai, Phys. Rev. B 76 (2007).

2. H. K., T. Hirano & V. E. Korepin, J. Phys. A 41 (2008).

3. Y. Xu, H. K., T. Hirano & V. E. Korepin, J. Stat. Phys 133 (2008).
4.Y. Xu, H. K., T. Hirano & V. E. Korepin, Q. Info. Proc. 7, (2008).

3.Entanglement in the Calogero-Sutherland (CS) Model



VBS with arbitrary integer-spin S
Scwinger boson(SB) rep. of spin operator 1
{ SJ?L = a;r-bj, S = b;aj, 3

a b )
. .\\\.\\\. d
55 = (ala, — bjb,)/2 O® [

Constraint : aj-aj + bj-bj = 285. N Mg

Ty

N
S ] o
N

Construction of S=integer VBS state

—0 _O—I()-: ’—_O—‘O-: '—": £ 6_(5: O—C :spin singlet
s{ —O OO O—0 O—4—O O\— (aldl, , —blal )
_Q_Q:_'Q_Q:_'Q_ ,: 45 \Q_Q:_ .':________: : symmetrization
L

SBrep.: |VBS)

(a,;r-b;+1 — b}a;r-Jrl)Svac)

=0

Corresponding Hamiltonian (Arovas-Auerbach-Haldane)
N—-1 28

Zero energy GS of H = E E AJR;{?-JFI + o1 + TN . N+1,
=1 J=5+1



Setting

<€ L > _ _
ST TTTTTT T T T T \, QO : Spin S site
(202000, 0,0.0,0.0,.0,0,0_ ) . .
e o y @ : Spin S/2 site
<€ N >

« Density matrix :  p = |VBS)(VBS|/(VBS|VBS),
* Reduced density matrix (RDM) : pr, = TI'EL,O
« Entanglement Entropy (EE) : St

—Trp, prlogypr
Coherent State

- T )25 e
‘Q) _ (UOL + vb ) ‘0>7 (u} _ [ {‘na{_ﬁ'f%{_. .-}J
(25)! v sin(f/2)e™"9/=

() = (sinfcose, sinfsing, cosh)

N

TrO =25EL [aQ(Q]0|Q)

47
The constraint aj'aj + b;, b; = 25 is automatically satisfied!
Theorem : ]
The RDM pr. does not depend on both e T >
the starting site k and the total length N. 8:0-00-0-000C®

C> We can set N=L without loss of generality.



‘N=L § «——L —— L+1 (o :spinSsite

_______________________

_______________________ @ : Spin S/2 site

Important Property 1: Sy = Sp (*." Schmidt decomposition)
 Reduced density matrix of two end spin-S/2's: P

 Entanglement Entropy : S§; = S[’)

Important Property 2: transformation property of spinors

|§A2 (0,0) -Q (m—6,¢+ m) i T t
> > Py10) = (agvi — bclﬂh)s 0)
P E P = (—i)SVS!| — ()
(u,v) (10", —iu™)

Coherent state rep. of Pj = Density matrix(DM)-DM correlation

L dQ vrL—1 /1—5-Qpi1\S & A . .
fHJ:l T L= ( 3 M1) Q1)0(Q1| ® [QL)L+1(2L]

S (T, 22 TR (e ®

T Transfer matrix

pi=




EE and correlation functions :Physical Meaning cf) Free fermionic
Matrix elements of P are completely determined by subsystem

" . . . S <cfrc.>
e two point correlation functions such as <Sl-SL>. ]

Eigenvalues of P}

" oa S
— O - O
e Transfer matrix: 7T} ,., = (l “2 "“‘)
| P D oA T (~1)LSY(S + 1)!
Tikst = 5 DO Y Y)Y Q) M) = s i o
) =0 m=—I
4 L—1 : (m) (m)\t )
L= ST 12 AP M e (1) Spherical tensor
T s gy (@) (@)
S
__Am r-1p (L _5(5
pi (J) = (S+1)QZ)\(1) Iz<2J(J+1) 2(2+1))

Total spin at boundaries @@ J(=0,1,2,.....9)

LX) To(X) = 2 h(X) = & gy oo

Recursion relation found by Freitag & Muller-Hartman(‘91)



Entanglement Entropy

Entanglement Entropy S
————— St :—Z(Q.]Jrl)pi(.])loggpﬁ(.])

o P E S Pt -
§5 ' P Saturation value: 2log,(S+1)
Ez} ‘AAAAAAA“““S:3 II
s 3 = I Degrees of freedom
4‘3 2 ) L] [ ] L] [ ] [ ] [ ] ® [ ] [ ] [ ] [ ] ® [ ] —
& S=1 (2-S/2+1)2 = (S +1)*
> 14 6 8 10 12 14
Number of Sites - L -
EE from Exact Diagonalizations e S=2 Spin Hamiltonian
N
H :Zgi '§¢+1
=1
2.5 & 1z & : 10
+ {5( i Sia1)? + @(bz‘. - Sin)” + 7}
a = 0 : Heisenberg point,
2log, 3 « = 1:AKLT point
g L
e« S=1 Spin Hamiltonian
@ "NAKLT b

(JPSJ, (‘'07) (Hirano & Hatsugai))



EE & Edge states in VBS (non-universal term has a physical meaning)

Saturation value: 2log,(S+1) Coincides with # of edge states!
Degrees of freedom :> Degeneracy (open boundary)

(2:8/2+1)°=(S+1y dent O=O=0~0-0-0-0
Not an accident!

« The RDM pr. is exactly spanned by the edge states.

- 4 . 9L o .
S+1 S+1 " . |
o= |Gy ((.. 32)/ d0dQL41 BIVBSL)(VBSL B @=~O~0~O-@
r ~y - 'L sl Nl S J
S+1 S1S! . e |
= || o — > ) [VBSL(J,M))(VBSL(J,M)|.
[(2S+1)!] S+14= &~

Projection onto degenerate g.s.
i ot e 1\D (F N of the block Hamiltonian.
B = (Uobl — 1-'0(511-) (GLFL—“:]- — bE“L—l—l) 4 .

L1 Hy=Y > CiPl,
IVBSL(J,M)) = I_I(GT-E)Jr —blal, )5|J, M), 1 |vac)s,. .11 R S

J7g+1 773+
Jj=1

Edge-state basis = __----TTTTTTTTTTTTS--oL

ViS00 () @ O~O~O~O—O—~®

: Il h I
mutually orthogona 1 L




« |VBSL(J, M)) are mutually orthogonal. < Symmetry!

* |VBSL(J. M)) are eigenstates of the total spin operators for “SUBSYSTEM”:

L—1 L—1
[S’it! ( Lb;jul o bL 7+1)5} =0, [S‘?ot! H( IbJ+1 o bl 3+1)S} = 0.
=1 i=1

 Calculation of EE - Calculation of the norm of edge states.

S J . {\ BSy(.J U)ﬂ BS.(.J, 1[}}
— AL W o, A, IV Al ‘.-1_
JZ::” i =Z A(J, M) logy A(J, M) \(J, M) = (VBS|VES)

The norm is given by the Wigner 3-j symbols! (Indepedent of M)

(VBSp(J, M)|VBSL(J, M))
S—J

_ (2J + 1)!1((2S + 1)HE §1Sﬁ

(S+ DS+ T+ DS — T+ DI + DT+ 1! 2= £

[=0

@h+UQ&+U@bhwﬁ1uwﬂMhﬁ—Ju%Ln(“ % é)

e By-product: We obtain the explicit form of the e.v. of RDM and EE
without using the recursion relation found by Freitag & Muller-Hartmann.



Other Related Works
 Imhomogeneous AKLT chain (Xu, H.K., Hirano & Korepin, Q. I. P. (‘08))

L 2> oo
In[(S= +1)(S+ +1)]

e SU(n) generalized AKLT (H.K., Hirano & Korepin, J.Phys. A (‘08))

L L L+1
H DH DH DH@: :djomtlja O 2lnn
' O O O

 Periodic boundary cases (Hirano & H.K.): Similar results (L = o).

General property of RDM in VBS (conjecture)

« RDM is a projection operator to the space spanned by edge states.

 Edge state: degenerate ground states of the ‘block Hamiltonian’

[ Conjecture: EE = log[ # of degenerate g.s. for the ‘block Hamiltonian’] J




G.S. degeneracy of VBS on a subgraph of arb. graph
* VBS on an arbitrary graph (Kirillov & Korepin, Leningrad. Math. J, (‘90))

S;

Condition on unique g.s. S; v
My
QSE — Z ﬂfkl: v L. /ng
k

* Block Hamiltonian

d Hy = Z H(k, 1), ke B, |&B.
\ (kl)EB

- » Counting formula for gs deg. (H.K (‘08))

Environment(E) jcq. = I1 K S MM) 4 1}

lcOB keoE

ex)deg. =4  (a)*|VBSx,), (a])2b]|VBSn,), af (b))2|VBS,), (b))*[VBS,)

Conjecture: log[deg.] gives an upper bound on EE (Korepin & Fan (‘08)).



Summary of the first topic
1. Exact expression for EE in generic VBS states in 1D
2. Relation between EE and correlation functions

3. EE=log[# of edge states]

EE Boundary spins Degrees of freedom

1 | 2log,?2 Two spin-1/2’s (2-1/2+1)° =
S | 2log,(S+1) | Twospin-S/2's (2-S/2+1)* =(S+1)°

4. RDM is exactly spanned by the edge states.
5. VBS on an arb. graph and its application.

or details, please see

., T. Hirano & Y. Hatsugai, Phys. Rrev. B 76, 012401 (2007).

., T. Hirano & V. E. Korepin, J. Phys. A 41, 135304 (2008).

H. K., T. Hirano & V. E. Korepin, J. Stat. Phys. 133, 347 (2008).
H. K., T. Hirano & V. E. Korepin, Q. Info. Proc. 7, 153 (2008).
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1. Introduction

2. Entanglement in the Affleck-Keneddy-Lieb-Tasaki Model
3.Entanglement in the Calogero-Sutherland (CS) Model
a) CS model and Fractional exclusion statistics

b) L-particle RDM & EE based on particle partitioning

Related paper: 1. H. K. and Y. Hatsuda, J. Phys. A 40 (2007).



1. Introduction to the Calogero-Sutherland Model

New coordinate:

1  aN-1 , 2
o(21.29, ... 2n) = —==(]| | 25) P53 l(~*’ — ::j)ﬁ (z_; = exp( :I:J-})
ND L L1 l
- 7j=1 <]
» Excited state wave function:
Wa(21, 22, .... 2N ) = P\(21, 22, ..., 2n; B)Yo(21.22, ..., ZN)
. > Jack symmetric polynomial ( A : partition)
Py(21, 22, ..., 2N B)
J
* Eigen-energy and quasi-momentum T e
N s i | &S5 Te— a0 —
5 1(27‘r)22k2()\) E ~
= = | — i (4
X o\ 77 ’ i (1) |(j,)
=1 (B=3)
N+1 -
k@()\) — )\@+,6(T+_Z) |f v

Like a free particle with exclusion constraint!



e Jack Polynomial

1 1 1..3
Painy = 3P3 — 3P2P1 + gDy

[] Py = p

O Po= hymt 08

EI P,y = —3P2+ 317

O Po) = w73 + Topsp P20 +
— I Popy =— I+,,ﬁp 3+ lzf{;}q;}]+liﬁp :

~1
Power sum: Pn = Z; <;

Classical polynomials:

B =0 (monomial symmetric), 8 =1 (Schur),

B =2 (zonal), 8 =oco (elementary) polynomials

B 3
mﬁl.-..

N=5, 8 =2

++000101010101000- - -
++000101010100100- - -
++000101010100010- - -
--000101010010100- - -

000101010100001 -

--000101010010010- - -

++000101001010100- - -



" A
2. Fractional exclusion statistics (FES) (Haldane, PRL (‘91))

* Fermi surface and quasi-holes (53 =3)

—K K
5-particle g.s. o "

() ---0000@(100)(100)(100)(100)(10(Ii))OOOOO---

' Remove one 1. i .
@ . k() =M+ B —9)
3 quasi-holes :

| — !
(b) ==-00000(100) O0O (100)(100)(109)00000"'

4-particle g.s. { / / / ﬁ

(€) ---00000(100)(100)(1L00)(L00) 000 00000 ---

Decimation of (N-L) quasi-momenta Creation of B (N-L) quasi-holes
from the Fermi sea <:> in the Fermi sea

# of possible configurations of B(N—-L)+ L
L particles and £ (N-L) quasi-holes: L
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3. Our Main Results
« Exact L-particle reduced density matrix (complicated form...)

1 1
P(Eh---a@L;Zla---azL) = N(ﬁ N) (N) qu(wl:---awL)\IJU(zla---aZL)
! L
x ! 1 & 2l —
X Z <P,\ ({=pn 33 s P)Eg)({_pn(zj)}) N— Li; Ej; C: ((OZ))P (0 5oy B3 BY P02 5225 B)
A1,A2 1 2

Original problem — finite-dimensional e.v. problem (dim=# of [])

e Upper bound value of EE ( low-density limit: (N — L) — o)

EE: SN ;, = —T1Ir [p 10g p] Phys.: # of possible
’ intermediate states
Upper bound: Sbound = log BN —L)+ L <:| Math.: Duality relation
L of Jack poly.

Consistent with FQH systems (Zozulya et al, PRB (07)) (3 (—) m

e Universal subleading correction

Sbound SNz~ L(log3 -1+ 57 1)  Independent of N



4. L-particle Reduced Density Matrix (RDM)

Our setting: A

Divide the N-particle system into an L-particle and an (N-L)-partice blocks.

=particle partitioning (Another way: spatial partitioning)

L-particle RDM:

p(@h "'?@L; Ry ooy ZL) -

Entanglement Entropy (EE):
Sy = —Tr|plog p]

Trace in the subsystem A (L-particle block):

d d
Ir [A] Ef 1 f L A(E],.--?EL;le--.,ZL)

271'?:751 27T?;ZL

" dwy " dwy, dzy dzp,
Tr [AB] = — - : — - —— A(W1,y ooy WL 215 eees
J 2miwn J Zmrwr. ) 2mizy J 2mizr

—~
£

N-particle g.s.

1 dzr+1 f dzn
W,y evey WLy ZLt]y ees 2 2y eeey 2Ly ZLAly ooy 2
N(B,N) fQ’ﬂ'iZL_H QTF?:ZNQI}O( 1 L><L+1 N)¥o(z1 L;<L+1 N)

21 ) B (Zs

. Bt ey 'wL)



RDM in terms of the g.s’s of subsystems.

1 LI(N — L)! fﬁNgL
p(wla"w@L;zla'”azL) = N(}B N) ( N' ) (HE?Z?,) wO(wla---:wL)¢O(Zla°--azL)
? ’ i=1

\

L N
Xf = 74 o II 1] @-22)°Q —wiz)’lo(zr+1, -, 20) 2. gs. for A

i=1 j=L+1
| AN g.s. for B
L LN .~ N
i w~Yo(wi,.,wr)Wo(zt, -2 [ 1 @ —2z) [T ] Q—wizy)” |
: 2 J +1 l lJ*I‘|’1 N_LI

Scalar product on the ring of symmetric polynomials:

dZ1 dZN
(f,9)N =j£ : j{ = f(21, 22, s 2N) (21, 22, s 2N [0 (21, 22, s 28|

2wtz

Orthogonality relation for the Jack ponnomiaIS'

P a(s) + Bl(s BN +d'(s) — BI(s)
<PA’P“>N5"*=“N(6?N)E a(5) + Al H5N+a’ ESETHOED
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Duality relation of Jack symmetric polynomial:

N M /transpose of A
[TTIC+ i) =D Pa(er @z, ans B)PN (91, 92, ooy yass 1/6)
A

R

Allowed partitions in the sum: N
4

L N
H H (]-_E?,Z]) ZP)\ zl:" ZL; )P,\f( RL+15 - —ZL_|_1,...,—ZN,...,—ZN;]./ﬁ)
1=1j=L+1
_ BIN-L)
I A 2

# of possible partitions: ( BN = L)+ 1

«— M ——>

Replica-like expansion:

>

L




Using the involution w.(p,) = —(—1)"ap,, we can rewrite Py, as
A

6] B

S ™~ 7~ g i v
Pyt (=20 a1, eeey —ZL41y ooy —ZN, ooy —2N; 1/8) = EOB ({ Pnlzi)})
Note: Power sum: p, = ) .z (MacDonald’s textbook)

B ({4pu(z)}) = PaleLer, 2142, s 283 )
P{{=pn(2)}) # Pr(2041: 2042, s 283 5)

N

Exact (but formal) expression for RDM:

can be expanded by P, with |u|=| 1]

p(W1, ..., WL; 21, ey 2L) :N(g V) (ir) Wo(wr, )Wo(z1, ..., 2L)
? L
xS UP ({=palz)1), P ({=pnl(2) 1) Yoy Iff‘l(o") 2) py (@1, ..., WL; B) Prg (21, oy 213 B)
)\1,)\2' ___________________________ |C/\1 (Oc) C)\g (a)
=0, when |A1| # |\ [

=block diagonal structure! basis of subsystem A
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5. Entanglement Entropy

In (N-L) —co limit, a great simplification occurs.

Asymptotic orthogonality:

Slm PO p, (61, PO =P = Srag N (3, N — L)X

From Macdonald’s formulae, e.g. P ({p,}) = c,(a)™! Zeg(a)pp,
0

RDM in this limit:

P(W1y eeey WL 21y ooy L) ™~ Z DAIS,\(@I, voey WL} /8)]5)\(2:1-) .y 215 B)¥o({w; }) Yo({2; })
A

. 6L+a@) Bl (s)
D= Nﬁ HﬁL s)+1—=pU(s)+1)

. e BN — L L
EE: Sy =—)» DylogD, # of allowed partitions: ( [ )+
A




Upper bound of EE from a variational argument:

SR,-?E“d = log (ﬁ(N _LL) * L) Consistent with FES!

Upper bound < L-particle block is maximally entangled with the other.

* Universal subleading correction:

D) depends on the shape of the Young tableau \ .

Using the method developed by Lesage, Pasquier & Serban (NPB (‘95))

L

p, _ BELIBIN — L))! []ii*+AL=j+)
" (BN)! AT +B(L—+D)
Scaled variables: 1; = A;/N Cx+1) "~ V2mx(x/e)

SpePd — Sy~ LlogB—1+ 67

Independent of # of total particles (N)



Summary
1. Exact expression for RDM

N~ L)+ &
2. Upper bound on EE Sy = log (ﬁ( I )+ )

Phys.: # of possibe intermediate states with exclusion constraint.

Math.: Duality relations of Jack symmetric polynomials.
3. Universal subleading correction
SN =Sy ~ L(log 8—1+ 71
T Independent of the number of total particles (N)

Future Directions
1. EE based on spatial partitioning

Fredholm determinant, Dyson’s brownian motion of Circular Unitary Ensemble
2. Applications to lattice integrable models

Haldane-Shastry, long-range supersymmetric t-J model, etc.
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