ISSP international workshop "New Horizon of Strongly Correlated Physics"_

Goldstone-mode Instability in a
Spinor Bose-Einstein Condensate

Department of Applied Physics, U-Tokyo

Yuki KAWAGUCHT



Cold-atomic Systems
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e Introduction: Spinor BEC
e Spontaneous symmetry breaking and topological excitations
e Spin-singlet pair condensation

e Bogoliubov analysis
o Dynamical instability

e Quantum depletion

e Number conserving Bogoliubov analysis
o Instability of zero energy mode
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Internal Degrees of Freedom

hyperfine spin
F=S+L+1I # -

S : electron spin

L : electron orbital J

I : nuclear spin
Boson Fermion
87Rp. 23N 6] i —
o NP1, 2 = - e
Li, 41K 40K F=7/2,9/2
85Rb F=2, 3 171y h S=0,1=1/2
133 =
52Cr S=3, =0
164Dy S=2, L=6, I=0
168Fr S=]_, L=5, |=0
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Direct Observation of the Order Parameter

Mean-field state (Hartree) Stern-Gerlach experiment
(density profile)

Un(ry,re, -, TN) = H p(ri) F=1: Stamper-Kurn et al. (PRL 1998)

P (a)
— \/LN Z ;m(r)Xm |
| | e

macroscopic wave function

= order parameter
F=2: Kronjager et al. (PRL 2010)
initial s2tate
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Phase-contrast imaging @) e
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Sadler et al., Nature (2006)
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Mean-Field Energy Functional : spin-1

2
Bl = [dry [—%w;ww%mw]

1
+5 / drdr’ S ()E )V (0 — 7, (P ) (1)

mnm'n’

where me/n/n(‘r, T,) =6(r — T,) [€00pm/Onn! + C1F - Foorl  co > |1

spin-independent  spin-exchange

F :Spin 1 matrix

10 L, (0 1 0 10 0

01 ,Fyz—‘ —1 0 1 ,Fzz 00 0

10 22\ o -1 0 00 —1
Symmetry of the Hamiltonian

G =U(1) x SO(3) = {e"Pe e Hullemthmy

|~ ) ferromagnetic (c1<0)
Ground state |(F)] {0 volar (c1>0)

ISSP international workshop NHSCP 2014 - T



Polar BEC e.g. 23Na BEC

e Order parameter ( z; ) _ ((1)) visualize the symmetry
f
Y1 0

e Symmeftry of the Polar state

H=U1)g x (Z)p.F = (Doo)o.F

e Order parameter manifold M =G/H

general order parameter for the polar state

v_q V2 d, + id, d : nematic vector

U(1l) x S2
Mpotar = L invariant under
\ 0 o 9 + h

{d—>—d
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Fractional Vortex

m(M) =7 classifies vortices in the polar phase

St s M
Quantum number of a vortex h/2M
= the circulation around the vortex in a unit of A+

m:j{v-dlzij[ve-dlzifde
C M M e

x 27X N
v=—V0 s
M . Z, symmetry
4 integer vortex \ / Half-quantum vortex \

/2
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Excitations in Higher Dimensions

Skyrmion
WQ(M) = 7

d(r) = exp[—ia(r)7 - F]z
a(0) = 71'

Choi, et. al. (PRL 2012)

Knot

7T3(M) = Z
d(r) = exp[—ia(r)r - F]z
a(0) =27

YK et. al. (PRL 2008)
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Symmetry and Topological Excitations

spin-1 spin-2
phase ferro polar ferro uniaxial  biaxial
nematic  nematic

Symmetry U(l) Do, U(l)

vortex 1/2 vortex non- 1/2 vortex non-
Abelian Abelian

T (G/H) 2 Z 24 vortex Z vortex
T x Z D x 7z

monopole/ 2D 2D

2D Skyrmion Skyrmion Skyrmion

o (G/H) 0 Z 0 0 VA 0

Skyrmion | Skyrmion  knot Skyrmion  Skyrmion  knot Skyrmion

73(G/H) A Z Z Z Z Z
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Spin-Singlet Pair Condensation

e strong confinement
—> motional degrees of freedom is frozen

e three-mode system a1, o, a1

4 Cotci st At A s Cl /oy
H = 5 Z al, @l g lm, + E(Qai al | —atal)(2a1a_1 — apdo)

mimse

e Starting from the m=0 state m(ag)N\Vaf:)
the number of m=1,-1 atoms increases via the term ala' aga

e Exact ground state: condensation of spin-singlet pairs

2atal, — al)N/?|vac) preserves SO(3) spin
rotational symmetry

M=G/H=U(Q)

Law et. al. (PRL 1998), Pu et al. (PRA 1999), Koashi & Ueda (PRL 2000)
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Question

Is the spontaneous symmetry breaking really true
for a usual condensate in experiments ?
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e Bogoliubov analysis
o Dynamical instability
e Quantum depletion

e Number conserving Bogoliubov analysis
o Instability of zero energy mode
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Bogoliubov Theory

e (ross-Pitaevskii equation

L0y SE [ R, )
1h Y 57#* = [—mv +‘/ext:| ¢+CO|w| (%

e fluctuation around the stationary solution
2

h
pp = [—WVZ + Vext} v+ colpl®e

Y(r) = (p+a)e ™, su(r) =) [ua(r)e ™ + v} (r)e]

A

e eigenvalue equation (Bogoliubov equation)

(il ot o) (i) =1 ()

£=—2%V2+Vext—u o . W can be
non-Hermitian matrix a complex nhumber

fluctuations grow
exponentially

—>Dynamical Instability
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Microscopic Description

e atoms condense into the k=0 state in a uniform system

~ L ’\T ~ CO ,\"‘ ,\"‘ ~ ~
H = E €plpag + ﬁ E Ap O, Oks Ok, 5k1+k2,k3+k£4
k k1,ko,k3,ks

o~ VN, H o~ Higg = Bo+ Y |(e6 — o+ 2con)af ik + S (anak + aat )
. . kO
e Bogoliubov transformation

ak _ [k v* L b
&Jr_k, Uk uik bJr_k

lue|* = |vk|* =1 (canonical commutation relation for b-particles)
e Hp,, is diagonalized when u,v satisfy the Bogoliubov equation

€k + Con con ug\ Up » X B o
( —Con —€ — Con) (Uk) = L (Uk:) HBog = by + Z Ekbkbk

k0

e Energy spectrum

FEr = \/Ek(ﬁk + C()TL), U = \/

€r + con + Eg . __\/ek—i—con—Ek
2Ekz ; k —
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Effects of Quantum Fluctuations

e Quantum depletion
» Vacuum of Bogoliubov particles by|vacg) =0 N,
e humber of non-condensed atoms

€ +con — Eg

Ny = (VacB|&L&klvacB) = |ug]? =

2F
o total condensate depletion (3D)
%_—Zk#oNk—§ na’ a = M c
N N 3V x0T 42 €k

e Dynamical Instability
e Quasi-particles for complex modes do not satisfy commutation relation

[61: BJ{] - [82: B;] =0, [BDI;;] =1

e Using the "correct" quasi-particles,

Hpog = Eo + ZEkBLBk + (ImE) (B8] 8] + £132)
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Bogoliubov Theory for a Spinor BEC

e spin-1: internal degrees of freedom m=1,0,-1

A o A.’_ ~
H = E €k, 1.Omk
kE.m
+ i (s ~ 7 ~ 7 ~ ~ 5
20) ma,ms Yk, Yok, Amaks @myky Ok +ko ks+ky

kla'” 7k4 M1, Mg

Cmime _ s 5 7 P invariant under
malmy = €00msmaOma,ma + L (E Sy (F)mams |« U(1) gauge transformation

« SO(3) spin rotation

e Bogoliubov transformation

bk = Y (Upnkbng + V25, _1bl )
" Zn: e TRk Up = (Ui wor u—1k)

&In —k Z(an,k’gnk + U;n,_kéj%_k) Vie = (U1kz Vok U—l,kz)

n

e Bogoliubov equation (6 x 6 matrix equation)
Mk Nk Umk \ E Umk
-N* =M ) \wvpk) T\ o
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Excitation Spectrum

e Condensate in the polar (m=0) state c1 < cg /
B
e Energy spectrum /
J/,f’f S ppmag
Egh = \/ek(ek + con), box = uklo r + vk&g,_k ~ L

a1 e a1k

V2

EX® = \/ep(er +c1n), biig = ug

 Hpyy=FEo+ >  Eniblbue —> condensate is stable?
(k,m)#(0,0)

Quantum Depletion
€ + con — Egh
h
2EP

mag

€ +cn— Ey

ph mag

2E8
diverges at k=0

Macroscopic occupation in the m==*1 & k=0 states?
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Condensate in the m=0 state is unstable.
Goldstone maghon seems to cause this instability.

What's wrong with the Bogoliubov theory?

¥

It does not conserve the total number of atoms:
do ~ VN

Number-conserving Bogoliubov theory
can deal with this problem.
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Number-conserving Bogoliubov Theory

e Mean-field theory (Hartree): Leggett, RMP (2001)
All atoms are condensed in the same single-particle state
N
1
‘IIN(Tl)’r?a"' 7TN) - (101(1'@') |\II> - (&T )N‘VELC>
1 7

e All pairs of atoms are condensed in the same two-particle state
Two-body correlation is taken into account.

N
\IJN(TluT.Qa“ : 7TN) — SHSOQ(Thrj)

1<J
e Ansatz
N’(t) ) ) N/2
(W(t) = JNT| aoo Z Ar(t aok% —k ZA, a a —k |vac)
' k0
N5 2 e
= (@DO) o Z /\mO mO Z A”m mkam —k |VELC>
NTL m==1 m,k#0
N A1k £ a_1k A oA
Gt1p = 75 Qo = dok [ Amk| <1 (Npke K N)
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Equation of Motion

e Functional action

ST Y] = [ de (RO T~ 0 [2(0)

e Equation of motion for A,

SS[{ ks A} -
SA* =

—ihAmk = Bin(M2p +1) — 2(ep + Ap) A

Ay =cin, Ag = con, By = xcin, By = con

m'==+1

A

/NQZ IT vVi-Twol? 11 (1—|)\mk\2)+0(1/®

m,k>0
|)\mk |2

Nm — A Am —
k (amk:a k) ]-_|)\mk:|2

(adot00d] dimk) = N [

\mmk@m’kaog@m) =N L i O(l/N)] /

+ O(1/N)

‘)‘mk|2
= Ami]?
Ak

+ O(l/N)]
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Dynamics: Quantum Fluctuation

e Starting from )., =0

/ \ (t) B B,, Sln(Emkt/h) \
M) = (e + Apte) SIn(Evgel /1) — i By co8( Bt /1)

Emk — \/(Ek + Am + Bm)(ek + Am - Bm)

\ /
Ag = con, By = con » Fop = E]E:h - \/Gk(ek + CO”)
A1 =cin, By = *ein Ei1p=E) = Ver(er + cin)

Ak |? B,, . (E.ut\|*
Noe(t) = =
k(?) L= Dosl? | B\ R
E,...: complex
Ei10=0 \ * pB JORN
Npie(t) = —— sinh? mk
2 | Bk h
Ne o (1 o h
+1,0(t) = o o= B,, cin exponential growth

, (Dynamical Instability)
algebraic growth
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Quantum Depletion

e Stationary solution for the equation of motion

\ €k + Am — Bk
mk — Bm
Am 2 Am - m
1= oms]? 2F ik

e reproduces the quantum depletion obtained in the conventional
Bogoliubov theory

h
€ + Ccon — Eg

NPM =

mag

€x +cn— F,
2E;cnag

mag _
N, ™= =

e Fraction in the m==*1 & k=0 states diverges
—> macroscopic humber of atoms exist in these states
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Dynamics: Thermal Fluctuation

e start from

Nmk(o) — Nex

e take an average over ¢ (thermal fluctuation)

1

2w
. Bn . { Bkt
Nonk () = 5 /O dON, i (t) = Nex + (2Nex + 1) ‘ - sin ( k )

0.3 . ——
e zero-energy mode

Nmk:(t) — Nex +

(To/\/thVmcﬁ)z

grow faster
(Bosonic stimulation)

|

Growth of the Goldstone magnon
can be observed.
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Possible Experimental Scheme

e N-=10% of Na atoms in a trap with frequency 300 Hz ®p 70 = 1.7 s
o If N,=5, 70=> 70/v2Nex +1=052s short enough to be observed

Possible experimental scheme
o Prepare m=0 condensate at ¢>>0

E()k = Egh = \/€k: (Ek + Con)
Eiip=E"%= V(ex +q)(ex + g+ cin)

quadratic Zeeman effect

Ay =q) m%al ame
mk

o Thermally excited atoms in the m==*1, k=0 states
1

exp(v/q(q + cin)/kgT) + 1
N., is funable by changing the initial g o< B?

Nijo =

e Quenchq—0
e The growth speed of the Goldstone magnon depends on the initial g
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Conclusion & Future Prospect

e Goldstone magnon in a spinor BEC causes instability so as to
recover the symmetry of the Hamiltonian.

e This is a general feature of Goldstone modes in a multi-
component system as long as the conservation low prohibits the
Goldstone mode to grow.

e Thermal fluctuation accelerates the growth dynamics due to
bosonic stimulation.

Does the spin-singlet-pair condensation occur in a large system?

Stability of the pair condensation against nonzero k fluctuations
should be addressed.

YK, PRA 89, 033627 (2014)
E
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