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Many questions:

Free fermions < Interacting fermions

Hard-core bosons < Soft-core bosons

Cosine modulation & Two-value case

Trapped system =» Release dynamics?

Insulator < Superfluid
Topological features?

=» Can be studied in highly tunable cold-atom systems



General motivation

* Well-defined, configurable inhomogeneity + interaction
* New quantum phases?
* Physics on transition line: universal exponents or not? =» dynamics

* Correspondence to higher dimensions: topological classification
* 1D quasiperiodic <> 2D regular lattice with magnetic field

* d (>1)-dimensional quasicrystal < 2d (>3)-dimensional system?
* Periodic table of topologically nontrivial phases: realization of e.g. d=4 system
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Introduction: Interacting cold atoms on quasiperiodic lattices

1. Attractively interacting spin-1/2 fermions

* Pairing enhanced by lattice deformation
* Anomalous exponent after release from trap
» MT and A. M. Garcia-Garcia: PRA 82, 043613 (2010), PRA 85, 031602R (2012)

2. Repulsively interacting spinless bosons

* Topologically non-trivial incommensurate CDW phase
* Equivalence between Harper-type and Fibonacci-type lattices
» Fuyuki Matsuda, MT, and Norio Kawakami: arXiv:1404.6315 (JPSJ to appear)

3. Spin-1/2 fermions with proximity pairing
e Spin-orbit coupling introduces a peculiar self-similar band structure

e Reentrant topological transitions Correlation is not the main topic here, so if time allows...
» MT and Norio Kawakami: PRB 85, 140508R(2012), PRB 88, 155428 (2013)



Introduction: quasiperiodic lattices

Diagonal modulation

Z]lf(cl c]+H C)-l-ZE]

* Modulation of a tight-binding lattice with an
incommensurate wavenumber

20

* Here we focus on site level (diagonal) modulat|on 7
e 1D: Different modulating functions have been
studied Off-diagonal modulation
* Harper (or Aubry-Andre): cos(2mgj + ¢) Harper ‘F . s L
e Fibonacci:+-++-++-+-++-++-+-++-_.. _eef .
* more complicated modulations allowing mobility - yl [ ]
edge [see e.g. Ribeiro et al.: PRA 87, 043635 (2013); Wang et N |
al.: 1312.0844], etc. s
) , i Fibonacci |~~~ ~ " T T T T
* Historically many theoretical papers o) |
 Mostly non-interacting case until recently =
* Recent cold atom experiments Roati et al.(Florence): Nature 453, 895 (2008), ... IS o =

» Interacting bosons and fermions

cf. temporal quasiperiodicity [Gommers et al.: PRL 96, 240604 (2006)]



Realization of quasiperiodic optical lattice for cold atoms

Bichromatic optical lattice
Hopping J

. Interaction U

Laser standing

v W waves

Modulation
amplitude 2A

MBI,

=» Modelled by Hubbard model with Harper-type quasiperiodic site energy modulation
Theory (Bosons): X. Deng et al.: PRA 78, 013625 (2008); G. Roux et al.: PRA 78, 023628 (2008); ...




Diagonal case:

Har:)er mOde g; =V cos(2mgj) g: some irrational number
- , , , (e.g. inverse golden ratio (V5-1)/2)
05 I[ ][ W‘ L ]J Y MI 1J %J 1 All single-particle levels:
0 Extended Critical
0_5 Iﬂ I Jlk Jﬂ Ak [U] [Il % hl (not localized) Localized Vol
0 50 S.100 . 150 200 O 2 co
Ite J

Tight-binding model with hopping J [P. G. Harper: Proc. Phys. Soc. Sec. A 68, 874 (1955)]
(Also known as the Andre — Aubry model) [Andre & Aubry: Ann. Isr. Phys. Soc. 3, 133 (1980)]
All single-particle levels known to localize at self-dual point V, = 2J [Kohmoto: PRL 51, 1198 (1983)]

=0 Smooth connection between tanh S[cos(27bj + ¢) — cos D]

Vig,B) =

Harper and Fibonacci types known tanh 3

p>eo

cf. Fibonacci model (A=>ABB, B>A) g = Vo V(g)) V(2= {—1 (m-g<z<m)
All single-particle levels are critical regardless of V +1 (m<x<m+1-g)
[Kohmoto, Kadanoff, and Tang: PRL 50, 1870 (1983); Ostlund et al.: PRL 50, 1873 (1983)]



MT and A. M. Garcia-Garcia: PRA 82, 043613 (2010), PRA 85, 031602R (2012)

1. Attractively interacting spin-1/2 fermions

, S R
Dynamics at the
Pairing - transition
(Superfluid) point?
U(<0)

Motivation: Modulation A

Localization

N

(insulator)

cf. Superconductor with disorder
e.g. Boron-doped diamond

IR

Ratio between wavelengths: Modulation
Golden ratio in this work amplltude 2\

Harper’s potentlal
“‘ ‘l“‘ A‘ Aubry André model
&'\ : ¢ 2\




Tezuka and Garcia-Garcia: PRA 82, 043613 (2010)
Schematic phase diagram

DMRG calculation of

* Inverse participation ratio (how much the fermions are delocalized)

Pair structure factor (how slowly the pair correlation decay)

for different system sizes at the constant filling factor

e For strong interaction (|U| >J),
pairing decreases as modulation
amplitude A is increased, and
localizes at ~ insulating transition A

For weaker interaction (|U|~J),
pairing has a peak as a function of

A, but localizes before A_

C

NJ

N

Modulation

—>

enha ncedﬁ
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Modulation-induced insulator
not superfluid

Metal without superfluidity

Global superfluidity

>
Attraction |U|/J

=>» Trap-release dynamics: diffusion process?



Dynamics: experiments with bosons

Trap-release experiments: dynamics of the atomic clouds observed
BOsonNSs: E. Lucioni et al. (LENS, Florence): PRL 106, 230403 (2011)

Subdiffusion (slower than random walk) observed in bichromatic lattice (3D)

V(x) = V,cos?(k.x) + V,cos?(k,x), k;=2m/(1064.4nm), k,=21/(859.6nm)
50 thousand 3°K atoms, almost spherical trap switched off at t=0

35

Typical width to lattice direction

=» What happens for interacting 1D fermions in a bichromatic potential?
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a=0.5: normal diffusion ?-"I

- width o: square root of

- A=4.9)
30 F

- the second moment
3 £ =18
- E. .=2.3J i
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a(t) = ool + t/ty)"

J/h = 300Hz
i " J/h = 180Hz
& ° ®

=

a=0.5: normal diffusion

_¢_ L
o Simulation (1D DNLSE)
#_ » Larcher et al. PRA 80, 053606

j- A=5.3(4)J
S T e S R

(Interaction energy / atom)/J



Dependence on strength of attractive interation

Very weakly attractive (| U| K W=4t): Strongly attractive (|U| > W):
Modulation governs the conductance Tightly bound hard-core bosons formed

Effect of modulation: relatively strong (| U| << A)

Hopping not significantly renormalized

Effect of modulation: relatively weak (A<<|U])

Effective hopping ~ J2/U

\ N
MMMMQ)\ Mﬁ #MW& “$2

A, < 2J but not much smaller A~ 202U <<2)
). . dorf dim. =1/2 .y . .
At transition point: ot case At transition point:
Excitation spectrum still fractal; Spectrum should be almost normal

random walk-like motion (<x?>~t) Is the cloud expansion almost ballistic?
expected (<x2>~1t2?)



Simulation setup

e Optical lattice + Harper-type incommensurate potential

This work: 12+12 fermions on 64 sites

* On-site attractive interaction

 |nitially trapped in a box 00 0s® o°
potential without qg.p. potential N2
(initial condition does not @MMMM
depend on A)
0 X

e Remove the box potential and switch the
incommensurate potential on: diffusion exponent?

=» Simulation by time-dependent DMRG
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Tezuka and Garcia-Garcia: PRA 85, 031602 (R) (2012)

Expansion exponent from second moment

V<x2(t)> fit by x,/1+(t/t, )"

N
N
T

N
o
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| =095 —— U=-1
0%8 —  )=0.95<A, “
 [r— / '
1.02 A=\ g 20
1.04 —— = , =
1.06 Z =
fit —— ’ T _
&
/ O 40
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' ©
C a0
y 4 :
V= ~ = = 7
y_ a ~ 1.06 (larger than a=1 for U=0) N
; at transition point
20 40 60 80 100 120

Time t

Value of a at transition increasing as |U| increases:
anomalous exponent! (between random walk and ballistic)



Tezuka and Garcia-Garcia: PRA 85, 031602(R) (2012)
Exponents from dynamics and static property

12+12 fermions, 64> 160 or 256 sites
| . .

— | . | | . — Localization length ¢ should diverge as |A-A |

Lé) 16 _ 16 —I L " '] 9 as MITis approached from insulator side

0 I AN 1 @ { ? 1 | (v=1atU=0;v=1/2 in mean field limit)

= N { o 2r x“‘nl_-'?@ i Je2| Sensitivity of the ground state energy to boundary cond.
. 14 i = i % ‘| 1 Ep)y ground state energy for periodic (antiperiodic) b.c.
S . U=-10,-6,-3 | . FE ] 0 . . | .
= Ly AE = |Ep-Ep| o et | [=13, N=4
B 4 0 —— _U=-1

S 120 e U . T

L =- m -5 ’ —_— —
o i __ —
= Solid line: va=1 1 Extract § by ;'ttmg: = —U= Smaller v
< Al NAE~—-L/€&oc [N=A_|V I
c 1 - U=04 C —

8_ | J 1 | . | . | . | '10“
> 0.6 0.7 0.8 0.9 1 | l . | .
Ll v 1.25 1.5

Exponent of localization length (static property)

We conjecture from analogy to the

non-interacting cases: va=1
(cf. Hiramoto JPSJ 1990; Hashimoto et al. J. Phys. A 1992;
Kopidakis et al. PRL 2008)

=» o indeed increases while v decreases; vao=1?



Tezuka and Garcia-Garcia: PRA 85, 031602(R) (2012) WA A W \
| o Quick summary (1) //\/\ i \/\\
(Bichromatic lattice)

Modulated 1D system, U < 0, at “metal”-insulator transition

|U|=>0 intermediate |U| |U|> oo

Diffusion <x(t)> o< t o=1 Inereases as o~2?
brownian motion |U| increases ballistic motion?

Hausdorff dimension d,=0.5 One parameter scaling d,~1?

of the spectrum d,,  seeeg Artusoetal: @= 2ay atMIT Not fractal?
PRL 68, 3826 (1992)

) A, strongly suppressed! (~t2/|U])

Localization length decreases as (MT & AGG: PRA 82, 043613 (2010))
close to transition v=1 |U| increases v~1/2?
o [A=A ] Our conjecture: va=1

=» Anomalous diffusion in modulated, interacting 1D Fermi gas observed;
Interesting relation between the dynamic and static behavior conjectured



2. Repulsively interacting spinless bosons
Fuyuki Matsuda, MT, and Norio Kawakami: arXiv:1404.6315 (to appear in JPSJ)

1D quasiperiodic |¢ssmsm=) 2D topological phase

correspondence
| D quasiperiodic system (chiral: Z) Fourier transform
H(p) = Z {—t(cﬁlﬂcn +c!_en) 4+ Acos(2mbn + gb)cjlcn] n(@) = Z e ey

m

! hopping
2D integer quantum Hall system (class A: Z) >
* |

i i27hn J —i27mh
% - Z [_t(cin,nﬂ Cm.-‘n + C:rrr,,n—lc'?’flﬂb) + 5(622% nCInJr],nc‘m:” +e e n(’.in—l,'rbcma’n)
7\/
Magnetic field

m,n

““Topological states and adiabatic pumping in quasicrystals”
Y. E.Kraus et al, PRL 109, 106402 (2012)

* Localization of light in a 1D array of optical waveguides

* Single-particle problem

=>» The case of interacting cold atoms?



Topological equivalence

H@.B) = ) [t + A0aVile + 7)) &L, + Hoc. + 2aV(9))E¢,

J
tanh S[cos(2nbj + ¢) — cos mb]

Vi(¢.B) = — smoothly connects Vj"arPer gnd V/fibonacc
Harper-type % ) R ‘ Fibonacci-type T
Har per . . ) *. ) i Fibonacci _ . i _ : i —
Vi (@) = cosQubj+ @) | vt - 2(|(7+2+ 52 ) 16| = |7+ 1+ 525 ) b)) -
B%O 0 5 Silt(; 15 20 B%oo

Equivalence for 0<B<eo, O<A_,<A <e° for non-interacting case [Kraus and Zilberberg: PRL 2012]

=» What happens for interacting bosons? (t=1, A_,=0, A=\ in the following)




Calculating the Chern number for interacting case

Chern number for many-body ground state |W>

1 d6d¢(<alp 6111>_ <8‘IJ 8‘IJ>) ¢: Phase of the quasiperiodic potential

C= i @ FY) 96 | 8¢ 0: Twisted boundary condition

* Approximate the quasiperiodic system by periodic systems 0 Typically 6% —10% squares
2/5, 3/8,5/11, 8/21, 13/34, ... = (3-V5)/2=1-g = 0.381966...2"

* DMRG + Fukui-Hatsugai-Suzuki method [JPSJ 74, 1674 (2005)]
to obtain the Chern number from a finite set of (0, ¢) m

Obtain |W> for four parameter sets at a time to estimate the U(1) link variables
U, (k) = (n(kp)Ink, + D)/ n(k)In(k, + D) ; k= ($,6)

Lattice field strength associated with Berry connection: 0 2 ¢
— ~ ay—1 _ ]
Fp (k) =1In (Ud)(kl)Ug(kl + &)Uk, +8) Uglky) 1) ;< iT'Fge(k) < m
Then the integer Chern number is obtained as
€= (2m)™ 5, Fapg (k)



Phase diagram for interacting bosons: Harper type case

Non-interacting fermions: Interacting bosons: reduces to
2 e IIIHIII IIIIIIIIIIIII;IIIIIIIIIHIIIIIIlllllH;Illllll||IIIIIIIIIIIII| n= b
"munmlllll I um!mmﬂﬂmll|llllIllmuuumnnlluunummmnmllunun 20 | | | BG: Bose glass
1 e N SF: Superfluid
: Hllllllllllmﬂ TN IllllIIIHHHHH”li"!Illlllllllll’IHIHIIIHHHII!H er B 7| /CPW: Incommensurate
- [ S SR, C charge-density wave
: i ——" 'Hﬂiiiﬁﬂiﬂiﬂﬂlﬁﬂlﬂil‘ 3| A
AR M) [@ @) l N ‘B—/"V'I I\I—/’?"I"I Insulating
LT sl TV e
A Position ©4 postion 4 postion ° SF l\I Th iS Work
0 05 1 15 2 0 | | _T\'—\I
. o

Y. E. Kraus et al.: PRL 109, 106402 (2012) G. Roux et al.: PRA 78, 023628 (2008)

=>» Topological characterization of the ICDW phase?
=>» Fibonacci-type case?



Fuyuki Matsuda, MT, and Norio Kawakami: arXiv:1404.6315 (to appear in JPSJ)

Energy gap (Chern number can change only if closed)

Boundary condition: t,, , = t exp(i6) o2
21" (LN)=(5,2), b=2/5

0.15
01 r —————— e,
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S &\ T f .
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o
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Gap energy

0.003 | (c) /
P 0002 | (L,N)=(13,5), b=5/13 //
0.001 ‘:. R, /,// A: 1

e UC e
! T QL.‘

o
no

AE

0.00 0.05 0.10 0.15 0.20 25 030 035 040 045

0.
0 /2 T 3n/2 on U

Boundary twist 6

Minimum energy gap for all (0,
Minimum energy gap for a fixed 6 &Y 8P 0, )

=>» Energy gap closes only for U << J; topological equivalence for larger U expected



Fuyuki Matsuda, MT, and Norio Kawakami: arXiv:1404.6315 (to appear in JPSJ)

Bulk-edge correspondence?: case of small U

Change of particle distribution at ground state as number is changed by one

| ' 12 particles ' O 0(13,12)
0.8 I U/_/ = 1; DMRG 13 particles  © d(14,13) N
s N § . 14 pariicles 4 §
% 06 & 8 s s 5 8 ) s 8 & -
o4 . B B \C=1 58 . .-
Eol &7 8 88 6 8 87 5 T
: R .
0 'é? | | | | | | ¢
0 5 10 15Sitej 20 25 30

Density change not localized: particles still almost condensed



Fuyuki Matsuda, MT, and Norio Kawakami: arXiv:1404.6315 (to appear in JPSJ)

Bulk-edge correspondence?: case of larger U

Change of particle distribution at ground state as number is changed by one

[ | [ | . | [ |
12 particles = © ad(13,12)
0s L U/J=100; DMRG 13 particles < o(14,13) _
c | 14 particles A A
ke o 2 @ o e @ s B
5 B O & A
g 06 o o 6
@ o
E, 04 | o s C:l & N
% A & & B © ¢ A 4
0.2 [ o & -
(] o O & & © o 2] 2] o) Q @
0 ©
0 N | i | | i | ]
0 5 10 1 25 30

S... .
Site j

 ocalized structure at the end

Correspondence between non-trivial Chern # and edge modes




Harper type and Fibonacci type

1D, diagonal (site level) modulation

e Harper type (3—0) Critical
Modulation strength V,

Extended (not localized) Localized / hopping amplitude t
0 2 >

* Fibonacci type (B> o)
* All single-particle states critical regardless of V/W
* (Fractal wavefunctions)

* Smooth connection between Harper and Fibonacci types known
tanh B[cos(2nbj + ¢) — cos nb]
Vi, B) =
i#P) tanh 3




Fuyuki Matsuda, MT, and Norio Kawakami: arXiv:1404.6315 (to appear in JPSJ)

Result: Harper-type and Fibonacci-type

0
10 (i Spppmp——ppm—— g mp— Sy g - G ——— S-S S-S T T
W’ U0 e
S [ R R
S - b=5/13, (L, N)=(13,5), A=1,
> 107 U=0.1, 1, 10
> —V.l, 1,
e 3
o 10 3
”CJ . ’ ¥ % R ;
1 0'4 ¥ ] M 2 . " S S M " S 1
0.1 1 . .
Harper Bﬁ Fibonacci
1 e ' - . 7 1o ee o ee eoe o oo o
. ) ® . tanh B[cos(2nbj + ¢) — cos nh]
0.5 - - — Vj(¢”8) = p J 0.5 - —
= - ® tanh[i’ -
o 0 & = | ]
& . y Kraus et al.: PRL 109, 116404 (2012) g °
0.5 I N . . 0.5 - -
1= . .1 ° I - ] 1 - . ® - s o e -
5 10 15 20 0 5 10 15 20
Site Site

Gap does not close if U = 4J: no change in Chern number



Fuyuki Matsuda, MT, and Norio Kawakami: arXiv:1404.6315 (to appear in JPSJ)

Phase diagram and topological equivalence

(@) T (0) T T ]
0 005 01 015 02 0 05 1 15 2

100 E Ll IIIIIIII 1 IIII“I 1 IIIIIIII 1 LI

2.5

Three phases observed

ICDW: Incommensurate Charge Density Wave

SF: Superfluid (quasi-condensate)
BG: Bose Glass

i, st

ol ICDW

0.1

ICDW v X
0.01 bl
0.01 0.1 [; 17\,:13100 001 0.1 [; N1=021 1)821’ b~(3-V5)/2 SF X (V4
Energy gap minimum Supegiluid density BG X X
ps = ? (Eapbc _ prc)

Topological equivalence: inside the ICDW phase (no gap closing)
=» Continuously connected to the non-interacting fermion case



Fuyuki Matsuda, MT, and Norio Kawakami: arXiv:1404.6315 (to appear in JPSJ)

Quick summary (2)

* Topological classification of 1D interacting boson systems with quasiperiodic

modulation
* Excitation gap closes at small values of U . Harper Fibonacei.
* Bulk-edge correspondence for larger U =~ = IRIPS I ) :
* Phase diagram with respect to JIE L IR

* Interaction U
e Harper-Fibonacci transformation parameter 8

* Incommensurate “charge” density wave
phase: topologically nontrivial and
equivalent

10 100

0.01 0.1 1 10 100 0.01 0.1 1
p



MT and Norio Kawakami: PRB 85, 140508R(2012), PRB 88, 155428 (2013)

3. Spin-1/2 fermions with proximity pairing

Magnetic field Bso
2
> /4 |
Majorana fermions (MF) expected at 1D S=1/2 fermions
. . A
the ends of 1D topological superfluid (TS) N ——_ @&
o~
R é{\@

cf. Semiconductor experiment
Mourik et al. : Science 336, 1003 (2012), ...

Q. Effect of lattice modulation?

U\ \4-/ | - ‘/




End Majorana fermions of a 1D topological

superconductor with spin

Kitaev: Physics-Uspenski 44, 131 (2001)
1D spinless superconductor: can have end Majorana fermions

1D S=1/2 fermions Effectively single band

(spin-orbit coupling) Energy

Magnetic field /
74 + Zeeman
‘ ' " splitting \/

Bulk Fermi superfluid &
S« = = > k M
C L ) #
& spin-orbit coupling a

Review (including 2D, 3D, QHE, ...): Alicea: Rep. Prog. Phys. 75, 076501 (2012)

Theory (1D): Lutchyn et al.: PRL 105, 077001 (2010); Oreg et al.: PRL 105, 177002 (2010), ...
cf. 2D Tewari et al. (2007); Sato et al. (2008); Fu and Kane (2008); Tanaka et al. (2009); etc.




Experimental realization of spin-orbit coupling in
degenerate Fermi gases

40K: Pengjun Wang et al. (Shanxi): °Li: Lawrence W. Chunk et al. (MIT):
PRL 109, 095301 (2012) PRL 109, 095302 (2012)

(@)  naging Bea m

3 0.20 1.0
| \ s 2 ' 0.16 (c) 08

I "y 92T ] ’
o= =3 0.12 06

Toffe coil |9/z,7/2>f I = 004 ~ N 4
% | <IN 12 o | e
x | £ .05+ { 004 = 0.2
I .0
4

| 0.0 0
: (o, e S—— L S
) -1.5 0.5 05 -1.5 05 05 1.5
I 1.04(d 0 4 : 0.20
- - o (d) R (e) s
- ITHE §F oo 06 | . 012
< Iy - - 0.08
= I > 0.0 04 = 1
: z 0.
B ji ¢ 2 = L 0.2 r 0.0
& ): 0.5 R -
\ a0 0.0
l:’R I | L L N L 1
15 05 05 15 05 05 15
K /Q K,/Q
1.51{(f) (9) (h) e
A x1.0 5
= w 056
= ~ 05 ‘ \ ' 0.4
5 W, W \ _/ \ / a5
2 . :
2 0.5 00
= 2 4 0 1 22 24 0 1 224 0 1 2

time [ms]

=>» Topological states (as in electron systems in solid state physics), e.g. topological
superfluid with Majorana edge fermions? Their reaction to quasiperiodic modulation?

Raman pulse



Quasiperiodic modulation

€4 = Vq €OS (KX + @p); x=1-(1-1)/2

Vq: quasiperiodic potential amplitude
V,: Zeeman energy

2t = 2: band width (hopping=t/2)

a: spin-orbit coupling

A: proximity pairing

Single particle states: energy and S,)

. : 0.5
\ j /_,ﬁ_ s | Var Vo0 =(0,03,0) :H O
'}
/ - - 0 7 2 05
U H_ U U U U . -~ ' p— 0.5
(Vg V,, @) 2 (0, 0.3,0.3) |
S, 1 . 1710
Hamiltonian ° ‘ i
(Tight binding model) 1 ' = 0.5
hopping (t = 1) S [ (VQ, Vzl OL) = (02, 03, 03)
H:—LLZ Z((, Coi+1 + hoc) di 3% 5 2o - 0
= Site / (=0, 1, .., L-1) _,,.'0/ - "1" w ™ N | P
. E[ ETe[ei an S - @%} Quasip.eriodic | . s
1=0 - a=t.l potential : (Vq, V,, a) =(0.5,0.3, 0.3)
+ % Z[ 1t —‘¢1<¢f+1)+h-c-]- Spin-orbit coupling Sz “ e v °
:' (Rashba type) _— 7 A ‘.2 05
+AY @ +he) proximity pairing E”ergy K = 21(V5 — 2)

=

’_‘O

+UZ,1T,,”, On-site interaction



21T

A

Wavenumber

Single-particle states:
“Double Hofstadter butterfly”

Dots: single particle states for each value of




Tezuka and Kawakami: PRB 88, 155428 (2013)
Method (1): BdG equation

Hamiltonian: bilinear in (c, cT)

(@} /@i +hc.)

U=0 case:

M’l

BdG equation eigenvalues

255 Bogoliubov-de Gennes equation (with fixed, real A)
L1
+Z|:V(H¢/Hw)+ Z(fﬁi+6n1)’?of:| HT o A UT UT
1=0 o=1,{
=2 a H A u u
+ % Z[(El_,r(A'T./+l — ¢4 Ci41) +heell v v = E v
+ A (¢4 ¢, +h.c.) — —
- tCL A o H, v, v,
L sites: 2L pairs of eigenvalues (+£, -E;); Majorana mode candidates : £~ 0
A=0.1
Single particle state energy Single particle state energy
015 — —y ; . T 0.5 0.5 015 — > 05 0.5
* I 0.4 I 0.4
01| s,f403 o o1} { s, o3
L | 02 g [ |02
0.05 | ~ - lo5 | {01 g o00s| { lo5 | {01
0 g lo
ol 1 -0.1 E ol 1 -0.1
’ ’ .| 02 8 L | 02
0}
oos | Effectlvely single band | o | o
vQ,v\) =(0,0.2, 03)\ 04 a) = (0.5, 0.2 ,03)\ 04
0.1 -0.5 01 L . . . A 05
0.5 0 0.5 1 18 2 25 0.5 0 05 1 15 2
Chemical potential Chemical potential K = T[(\/S 2)



E = 0 states: without g. p. modulation

0.01
0.008
0.006
0.004
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Antiparticle = particle
V1 Localized at edges
=» Majorana modes!



|Eigenfunction|?

|Eigenfunction|?

|Eigenfunction|

Tezuka and Kawakami: PRB 88, 155428 (2013)

E=0 states: with g. p. modulation
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T modulation!
- |1 =»Dependence on K?
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Method(z) . DM RG Tezuka and Kawakami: Phys. Rev. B 85, 140508(R) (2012)

(Density-matrix renormalization group)

Pairing and on-site interaction introduced > Many body states

L—1 . .
A Z(ET.:’GLJ L he) The number of fermions is not preserved;

'—0 the parity of the number is.
Ground states: Nt N (s N Energy
|‘P>—Zf V1, )>+Zf( o +Zf( 16 ) o B
|@0>=Zf§N Y +Zf(N M=) +Zf(N NN+ E=E

J
Majorana fermion operators Y1, Y2 ’Yl = ’)’I, Y2 = ’V;r Iocallzed attheends
Y1|We) o [Wo) ox Y2|We) Y1|Wo) X |We) x Y2|Vp) @ uem—)
L : R
For the case with lattice site level inhomogeneity,
(1) AE=E,,E qq: |AE| K 1 (Ground state degeneracy) € corresponds to £~0 in BdG
(2) Reduced density matrices e = Trr|We)(Vel, po = Trr|Wo)(Wo|: degenerate eigenstates

(3) Majorana mode distribution: localized 4y = Z(a Mgy +ce)ial) = (Wolel | We) + (Welél | W)
o = S (@ + 0 )iall = i ((Wolél [ we) — (welel |w,))
as have been done in [Stoudenmire et al.: PRB 8471014503 (2011)] (no inhomogeneity).
V¥ U=0 case: agrees with BdG results for all parameter ranges studied




Multiple regions with degeneracy (AE=0)
=» End Majorana fermions

A=0.1 _\JE _
A=0.1 IAE = Eleven - EIOdd I I t B K= VS 2
0.04Var Vo ) =(0.5,0.2, 0.3) ~ despos | (Vo Ve @)=(05,05,0.3) ' | .
/ ) 4 - ‘-‘» ’ .f'- :f"—"""‘—\ t .
1"-\ o .J <.\ . ‘:-’1-:- "_ :y‘ /'—_
002 - - H<s>=05 L . — i~ A d<s05
T 14 4 m ¥ Broader TS regions for stronger V,
=] B = 1] ok a
<
-0.02F - 002k _
0.0 /\ -0.04 | -
/C;/ 1 5 > 0% -5
emlcal potentlal Single particle energy \ Chemlcal potentlal, Slngle partlcle energy
= 0.61 6 "l n=o. 632 _ "l n=0648 " | n=0664 ° . .
of aE=-8x107 L AE=8x10° | AE=0.00015 | AE=-0.00312_ Localized Majorana modes
@ ) @ A T T T
0.3fF _ - 7 u
L 1 1 1 . & ] " '|JL,I||}I|1|-HHM-"--AHH |l p=0616 AE=-8x10 bl
-0.3 L L 1
— A 3F T T 5 T ]
% 4= - - ir_-ﬁ-zg J-I‘-I-lll-”hﬂm-hlrmlﬂwhkluvu«u:w u = 0632I AE=-8><10 Iu FERTITTAR TR IR [H”Iu
% - - o 03 _ T . T ]
&1 =] = % T'NJJ i | j1=0.648 AE=-0.00015 4%%%
s Twofold degeneracy of '8:5: ; ~o6od AE—o00312 =
B e e a - B i r&mmmmwmwmwwwﬂuh
density matrix eigenvalues 0ak . \ .
0 50 ‘J, 100 150 200
1F % ¥ Site J
oL e e s el ey + (welel 1wy i (wolel %) — (Wole 1 w0))
even odd even odd even odd even odd

Particle number

Particle number

Particle number

Particle number



On-site interaction

=V cos (kx + @g); x =1 - (L-1)/2

Hamiltonian
(Tight binding model) 2 N
o SPPTEN" "u V'l 1"
((U.f('n +1 1 + h.c.) N .y
;;oZT:L / Site / (=0, 1, ..., L-1)
+ E[V(Eﬁemﬁ?H > (IM@%_,} Quasiperiodic
=0 o=t potential

L 2

+ 2 Z[(‘ Jrisr — &b ey +he.. SPiN-orbit coupling
1=0 (Rashba type)
L—1

+ A (@448 +he)
[=0

proximity pairing

[

L—1
+U D iy, On-site repulsion ]

=0

“Enhances magnetism =» wider TS region”
[Stoudenmire et al.: PRB 84, 014503 (2011)]

(no inhomogeneity)

AE

-0.03 |

-0.06 d

Vq: quasiperiodic potential amplitude
V,: Zeeman energy

2t = 2: band width (hopping=t/2)

a: spin-orbit coupling

A: proximity pairing K=V5-2

Our result for
quasiperiodic modulation

V,, a, A) = (0.5, 0.3, 0.3,0.1)

-0.5

Chemical potential
=» Topological superconductor phase:

also widened by U > 0; end MFs observed



Quick summary 3: 1D topological superfluid with Majorana end fermions

Effect of (quasi)periodic site level modulation
M. Tezuka and N. Kawakami: PRB 85, 140508(R) (2012); PRB 88, 155428 (2013)

$=1/2 fermions €5, = Vq €0S (KX + @g); x =1 - (L-1)/2

. V

. . . . Q
Spin-orbit interaction a

Magnetic field , +on-site interaction U

Fermi gas

U =0 (BdG OK): Multiple topological
superconductor phases

«@ . . .
@ with end Majorana fermions
“Double Hofstadter butterfly” _ .
IN e N (stable against phase jumps)

U >0 (DMRG needed): TS phases are broadened

Vo=l



summary
Interacting cold atoms on quasiperiodic lattices exhibit various phases:

1. Attractively interacting spin-1/2 fermions

* Pairing enhanced by lattice deformation
* Anomalous exponent after release from trap
» MT and A. M. Garcia-Garcia: PRA 82, 043613 (2010), PRA 85, 031602R (2012)

2. Repulsively interacting spinless bosons

* Topologically non-trivial incommensurate CDW phase
* Equivalence between Harper-type and Fibonacci-type lattices
» Fuyuki Matsuda, MT, and Norio Kawakami: arXiv:1404.6315 (to appear in JPSJ)

3. Spin-1/2 fermions with proximity pairing
e Spin-orbit coupling introduces a peculiar self-similar band structure
* Reentrant topological transitions

» MT and Norio Kawakami: PRB 85, 140508R(2012), PRB 88, 155428 (2013)



