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Quantum Spin Liquid (QSL)

QSL
-

> |

Quantum fluctuation disturbs orderings.

Quantum spin liquid (QSL): :.
® No singularity in C,,or X g"
vvvvv » No apparent symmetry breakings 8:
downtolow T o

Theory for QSL :, ST |

Temperature (K)

QSL is numerically confirmed to be realized
in Heisenberg and Hubbard models on frustrated lattices.

H. Morita et al., J. Phys. Soc. Jpn. 71, 2109 (2002).
S.Yan et al., Science 332, 1173 (2011).
H.-C. Jiang et al., Phys. Rev. B 86, 024424 (2012).

Triangular, kagome, J1-J, models ...
etc.

Intensity (a.u.)

Y. Shimizu et al., Phys. Rev. Lett. 91, 107001 (2003).
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Thermodynamics in Quantum Spin Liquid

Can we distinguish paramagnet and QSL, particularly at finite T?

QSL
. > T

Crossover

“QSL phase” T,
I > T

Phase transition

A model with QSL ground state will be useful
for studying the thermodynamics.

Kitaev model: exactly solvable and QSL ground state

s> 3 gOood starting point



Kitaev Model

® Bond-dependent interaction

== Frustration
m»> Novel ground state

® Local conserved quantity W,

® Ground state:
Quantum spin liquid (Exact solution)

® Stabilized at zero temperature

A. Kitaev, Ann. Phys. 321, 2 (2006).

C. Castelnovo and C. Chamon, Phys. Rev. B 76,184442 (2007).

S: 1 /2 S pi N Z.Nussinov and G. Ortiz, Phys. Rev. B 77, 064302 (2008).



Local conserved quantity

Eigenstates of Kitaev model are characterized by {W, = £1}
mm > Solvable by introducing Majorana fermions

A. Kitaev, Annals of Physics 321, 2 (2006).



Spin Correlation Function

Ground state : all of W, =+1

z 4

==V} |05 Do) = —|03Po)

07 Do) o7 Po)

O00WOC O WINT.
000010000 — (o10lo3 0
090000 0
(except for NN bonds)

Anticommutation between spin and conserved quantity Quantum
leads to the state without spin correlations. * spin liquid

G. Baskaran, S. Mandal, and R. Shankar, Phys. Rev. Lett. 98, 247201 (2007).



Phase diagram of Kitaev Model

A. Kitaev, Annals of Physics 321, 2 (2006).

S

A,

gapped

B

gapless

A,

gapped

A Y

gapped

Ja

® Phase diagram is depicted on a plane with J, + J, +J, =1

Jy

nere are gapped and gapless quantum spin liquids.

® Phase boundary: J, = J, + J,, , etc.



3D Extension of Kitaev Model

<1J>g <1) >y <1J>,

S. Mandal and N. Surendran, Physical Review B 79, 024426 (2009).

~Common properties to 2D Kitaev model N

® Local conserved quantity W,

J

® Ground state:
Quantum spin liquid (Exact solution) /' 4\

gapped

® Ground state phase diagram
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yZ

XZ

Strong spin-orbit coupling

P,

XZ

Relevance to Real Materials

[rdt fag”

.
——

Superexchange Interaction

in edge sharing case

‘ dpd hopping on a xy plane ;

—J5; 57 :Ising interaction
on xy plane

—JS;S% onyzplane
—JS]S! onzxplane

bond-dependent interaction
due to orbital anisotropy

]eff — 1/2

jef-f :3/2

$-o 3

spinup, | »0 spin down, | =1

Jet=1/2 localized spin

G. Jackeli and G. Khaliullin, Phys. Rev. Lett. 102, 017205 (2009)

K. A. Modic et al., Nat. comm. 5, 4203 (2014).
T. Takayama et al., arXiv:1403.3296.

Hyper-honeycomb

lattice
| r4+

Theoretical studies for Kitaev-Heisenberg model

E.K.-H. Lee et al,, Phys. Rev. B 89, 045117 (2014).
S.B. Lee et al., Phys. Rev. B 89, 014424 (2014).
l. Kimchi et al., arXiv:13091171.

» Recently found iridate 3-Li2lrO3z =

J.Nasu et al.,, Phys. Rev. B 89, 115125 (2014). 3

RN S
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Purpose

2D Kitaev model (Totic code limit)

Quantum spin liquid Paramagnet
© > T
0

L

3D Kitaev model
Quantum spin liquid 77 Paramagnet
M > T

0
Finite-T phase transition ??
Characterization of phase transition

Magnetic properties




Parameter Space

¢ J s > ij Jy Totic code limit
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® Original Kitaev model
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Anisotropic limit

J, > J,., Jy Totic code limit
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Large J: Limit (Gapped phase)

<1)>4 <1) >y <1)>
For J:>>Jx, Jy
—Hyper-honeycomb —— Diamond lattice ——

lattice \

Pseudo spin \ y
, - A1) =+ 1) Derturbati .
\_ / - erturpation expansion
14y = | §) P

for J, and .J,,
m=p> |nteraction between T,

15



Effective Model
Sixth order perturbation expansion for J, > J,, J,

. 7 §) 5}
Her = —Jetr E b, Jeit = ope 7/
P

J=J; = Jy
Ring exchange interactions on four kinds of 6-site plaquettes

2 Y x_z Y @ 2. Y x_z_ Y _x _ z2 Y x_z Y @ _ zZ2 Y xx_z_ Y _x
By =T T5T3TyTs T By =T{ToT3TyT5Tg By = T{ T3 T3 TiTaTg B, = 7075 757,770,

‘f Eigenstate <= Ising degree of freedom {B,= +1}
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Characteristic of Effective Model

Hegr = —Jogr Z Bp . Free I1sing model with magnetic field

p
Bp — ::1

B, form a pyrochlore lattice

£\
s

KX O Product of four B,
/ B, B, B, B, =1

o

9 A N
A 2 N
oy p tetrahedron
J oy
v p. ~ ol v Y ) '7-”.
5 7 p ) [ -
: e SR
w“c .:' ?. 4
y N
i ¥ ;
() "}'
7 24

| ocal constraint

) + global constraints

o y
s
y

i R
. "," ./' 3 \O
S S. Mandal and N. Surendran, Physical Review B 79, 024426 (2009).

»
Correlation effect due to local constraints
mmll= Finite-T phase transition??
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Local Constraint in Effective Model

- Local constraint ~

Het = — eﬂ-‘zp:Bp :gzzjj

B,=-—1
Ising-type degree of freedom B, = =1 Number of

IS even.
on a pyrochlore lattice

\_ _/

Ground state Excited states

Loop excitation Loop crossing is allowed.
Excitation enerqy is propotional to sum of loop lengths




Short summary: from 3D Kitaev model to Loop model
~mrenmmeemn Kitaev model on a hyper-honeycomb lattice mmwse

- B
H=—], E oioi —Jy E U?U?—Jz E:gf(,;

5=1/2 spin

I, > Jy, J,

wmremmmneenes Eff@ctive model on a diamond lattice meesmesmmmmmmmmson

L l1 lQ l3 l4 l5 l6
Heff — — Jeff E :7-7;1 Tig 7-733 T’i4 Ti5 7-736
p

g e

p [ )
+ Local constraint in

Ising degree of freedom B, = *£1 f.

19



Monte Carlo simulation  N=LxxLx4

s ~ L<= 30
Heg = —Jofr E B,, with local constraints N<~100,000
D & global constraints Jof = 1
- /" Periodic boundary condition
, Specific heat | , Local conserved quantity
251 =6 3 ] ool
L=8 woem 3 o
= | L=12 e R oo
~~1.5 L=18 ? 04
S [.=24 : 0.3
O i [=30 e S
0.5 S . T
. ! ”5 2:02 i
"7 1.8 1.9 2 S
T E 198 | ) ]
"é.’_ T '/——> Fit by quadratic function
S el T, = 1.922(4)
é‘é . 0 002 004 006 008 0.1 0.12 0.14 0.16 0.18

1/L
With increasing temperature, B, decreases and cusp-like feature appears
and the peak in Cv grows near T=1.92.
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Correspondence to Ising model

Model Hamiltonian: Heg = —Jog Z B,

p
Excitation enerqy is propotional to sum of loop lengths

Ising degree of freedom B, = +1
on a pyrochlore lattice

= |sing degree of freedom
on the bond of a diamond lattice

Partition function of Ising model on a diamond lattice: Zgiy o (5’)

: : J =1, Ng= N/2 :site number of the diamond lattice
High temperature expansion

Z1sing(B') = cosh*™/2 8"y "... 3 " T (1 + 00, tanh §')
o1 ON, <1)>
— 2Na cogh*Va/2 g Z exp(l In tanh S']

loop:l
sum of loops on the diamond lattice

21



Correspondence to Ising model

Partition function of Ising model on a diamond lattice: Zig;y, o (5,)

Partition function of the present loop model: Z(3)
(without the global constraints)

ngh temperature expansion for Ising model ..
| Zising(5) = 2™ coshZNd/ *4'Z(~1/2In tanh 5 ) B'2Na/2 ]

- ForT. (.= —1/2Intanh 8] = 1/1.9249
In Ising model on a diamond lattice 1/ tanh 3, = 2.82641(10)

D.S. Gaunt and M. F. Sykes, J. Phys.: Math., Nucl. Gen., 6 1517 (1973).

+ Second order phase transition
belonging to the 3D Ising universality class

22



Magnetic susceptibility
s

ij%’ :/ d)\< AH st Zze—AHeffT]?>
0

B, commuting with 7;
Two kinds of B . . L
B, anticommuting with T; the set of Bp: A;

2 Y x _z Y x . Y x x
Bp—7-17-27-37-47-57-6 Bp—7-17-27-37-47-57-6 Bp—7-17_27_37_47_57-6 B —7_17-27-37-47-57-6

z Y x__z Y _ x Yy zZ__Y

B 5
XiF = /0 dA(exp[—2X\Jeg ¥  BplTi77) = /O dA(exp[—2X\Je ¥ Bp))di;

peEA; pEA;

N.B. equal-time correlation (777;) = d;;

23



Magnetic susceptibility

4 A

T
x 'm
:_Z/ d)\ )\HSZ —)\HSZ>
Z/ d)\ >\Heff e~ AHett - >
in terms of original quantum spin Original Effective
- _J  hyperhoneycomb lattice diamond lattice

~Curie law L=6 ——
/T = o

0.2

0.19 t

0.18 |

N 017 t

N

> 0.16 |
0.15 |
0.14 |
0.13
0.12

1.7 1I8 1I9 I2 2I1 2‘2 10

® Curie law due to (77 7;) = d;;

® “Van Vleck” paramagnetism at low T

24



0.2

0.19
0.18 r
0.17
0.16
0.15

XZZ

0.14

0.13
0.7

T-derivative of susceptibility

Continuous change

- Susceptibility is continuous at Tc.

Singularity
at Tc~1 .92

1.8

2.1

2.2

* Derivative of the suspeptibility
is divergent at Tc.

25



Topological characterization of the transition

r

\_

Zero temperature

o

Quantum spin liquid

-
Loops are composed by flipped By.
e b, = +1
Heft = _JeHZBp e b, =—1
p
J
Low temperature High temperature

T ]

Extended
loop

Short loop

Sh;rt Ioob

<

Paramagnet

Finite-T phase transition

Characterization by Extended loops “Topology of loops”

26



Winding number (Flux)

oH :7{ e, -ds/L, C; :loop
C’.

7

Flux density : ¢?/L = Z((ﬁbf)Q + ()% + (¢7)*)/L

F. Alet, G. Misguich, V. Pasquier, R. Moessner, and J. Jacobsen, Phys. Rev. Lett. 97, 030403 (2006).

0.7 r
06 r
05 r
04 +
03 r
02 r
0.1 +
00 =
Extended loops : non-zero flux 1.7

Short loops : zero flux

¢*/L

zero flux phase non-zero flux phase

Quantum spin liquid Paramagnet

27



Finite size scaling

¢° /L :Density of loop flux

((¢%)/L)/L™"

1.90 191 1.92 1.93 1.94 1.95

Blue lines
contribute to the loop flux.

Assuming z as a exponent of
density of loop flux,

all the data collapse onto a single curve
with v = 0.60(5)

T T = 1.925(1)

&

0.50 . . .
0451 Scaling collapse )

0.40
035 r L

025 B ) gi

020 | ot | The loop model

015 B .‘)i“..

(¢%)/L)/L™"

030 | S f neglecting global constraints...

~ 010 e | <> High-T expansion in the Ising model

005 - ...‘.n,ma--ﬁnm

0.00 ' ' '
-10 -0.5 0.0 0.5 1.0

on a diamond lattice

LY(T - T) 3D Ising universality class

28



Summary for Anisotropic case

H=—J, Z 0; 05 —Jy Z o? ;-J—Jz Z 0705

<1J>g <>y <1j>.

zero-flux phase  non-zero flux phase

® Monte Carlo simulationin J, > J;, J,

® Finite-T phase transition

between Quantum spin liquid and Paramagnet

.

& Characterization by Extended loo QZ ﬁ
“Topology of loops” -

¢ Continuous phase transition belonging to 3D Ising universality class

& Susceptibility: “Van Vleck” para. at low T, and Curie law at high T

29



Numerical Simulation
for Original Kitaev Model

- Gapped and Gapless phases -
J

A

/ \
1.

Rapped

F
ap
aj

//

/
siap Jems
AP ZAappex
J

Yy




Jordan-Wigner Transformation

H=—J, g Jfaf—Jy g UZ-yU?—JZ g 0;0;

<1]> g <1) >y <17> 2

Hyperhoneycomb lattice:
zigzag xy chains connected by z-bonds

Jordan-Wigner transformation

n—1

S?Tz,n — (Sf;z,n)T — H (1 — znm,n’)a;rn,n
n’'=1
chainm
T
_ T
J O-;:z,no-g}n,n—l—l — _(a/man o ain,n)(aman+1 + a’m,n—|—1)7

O.E;Jn,no-m,n—l—l — (am,n T a;rn,n)(am,n-i—l o a;[n,n—i—l)?

z Z _ _ —
O- , O-m/’n/ - (Qnm,n 1)(2nm,,n/ 1).
H.-D. Chen and J. Hu, Physical Review B 76, 193101 (2007).

X.Y.Feng, G.-M. Zhang, and T. Xiang, Phys. Rev. Lett. 98, 087204 (2007).
H.-D. Chen and Z. Nussinov, J. Phys. A Math. Theor. 41, 075001 (2008).



Majorana Representation

H=—J, g afaff—Jy E Jfaé-’—Jz g 0;0;

<1J>g <1)>y <ij>:
‘ Jordan-Wigner Transformation
H=J, » (a ap +af)—Jy > (ap+a})(aw —al)—J. > (20, —1)(2n, — 1)
x bonds y bonds z bonds

Interaction

(., : for white sites

. Introducing Majorana fermions
ay : for black sites M9

Copy = (CLw—CL)/l Ew:aw—l—a:fu,

cb:ab—i—az, EbZ(ab—CLZ)/i

H=iJ, Z CwCp —1J;, Z ChCo +J - Z Ch Capy CbCop

x bonds y bonds z bonds

[Ebéwa H] =0

M- = 1CpCy : local conserved quantity

—iJ, Z CowCp—1Jy, Z ChCow—1J Z Ms-Cp Cap

x bonds y bonds z bonds

32



Monte Carlo Simulation

H=—J, g 005 —Jy E 005 —J, E 0;0;

<1J>g <1J>y <15>»

—L] E Cwa—L] g Cwa_1J E UerCw

x bonds y bonds z bonds

N, = *1 onzbonds  §

Free Majorana system coupled to the Ising variables

(Similar to the double-exchange model)

& Partition function: Z = Tr{m}Tr{Ci}e_BH — Tr{m}e_BFf({nr})
Fr({n:}) = =T In Trg.,ye P} calculated by exact diagonalization

& {n,.} are updated so as to reproduce the distribution e~ ?#* ({71

& System size 4xL3 up to L=6 (864sites)
& Conditions: 40,000 (10,000) MC steps for L=3,4,5 (L=6), parallel tempering (16 replicas)

¢ We impose an open boundary condition to avoid the boundary terms from JW transformation

33



>

Specific Heat in isotropic case

J, =J,=J,=1/3 ground state is gapless QSL

R Der= '
_________ 0.0052t
- —— ! 0.0050}
0.7 0.6 2. 0.0048 ‘*\{\
0.5 m"’m D os 000045
: w 0.0044t
0.6 1 3 0.0042} +\\
2 5 00040p N
i —e— [ =3 ~ 0.4 ﬁmmm - 0.000 0.002 0.004 0.006 0.008 0.010)
0-5 B m; 03¢+ CD s Do ”E AA 1/N
49 —a— L=4 § m@
04} o 0.2 r o © o
| £ 4 =5 g "
—A—— -_ m ®ee, =
S 01 mmm ® . a i
- X o™ m °
0-3 % L=6 OoﬂeeeQe | L ' _—j
0.9 51 8 0.002 0.004 0.006 __0.008" =7 0.010
2t o T---""~
& e e
‘E R
0_1 B aﬂm QE EE’-——'—E—!— -
3 o E —————— - - B g
OO&J -----l--'g'e'elé—!aaa ] ?5,55_5_“,_
107 10 107 100 10

T

High temperature peak (Size independent)

Low temperature peak (Size dependent)
=== Phase transition (T~ 0.0052)
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Cv

Specific Heat in 2D Kitaev model

3D Kitaev model
2D Kitaev model R R
05+ 4
0.30 —— ' ——— % —e— [ =4
. 04 o ]
0.25 1 o -8 ¥ =
g{“ﬁ‘m = B 0.2 gm
N r.‘ L=1O —A— o1l - %E
020 B o L=12 ' mm _a®
g A O_OEJ. ..., “Beepessc? | Seaggg,
0] % 107 10 10" 100 10
015 ° . e T
=] B
010 B E B B -
& = 5 = B
0.05 s B g B B8 .
B = s _
o0t — o e
0.01 0.1 1

T
Low temperature peak does not grow with increasing L.

=== NO phase transition in 2D case
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Parameters: J, =J,=—-, J.=1— o

0.006

0.005 -
0.004 -
l\g 0.003
0.002 -

0.001

0
102

109 |

10 |
10 |

107 | -
0.0 0.5 1

Phase Diagram

104 |

: Paramagnet;ic
phase |,

@uantum
spin liquid

phase

1.5

¢ Tcis determined by extrapolating

the peak temperatures of C..
(L=4,5,6)

& T continuously changes
at gapless/gapped boundary.

Frustration stabilizes the QSL.

& Two limits:

="
-
-
-
-
-
-
-
-
--
___________
---------------
-----------------------

& Asymptotic behaviors of T,
agree with the perturbation results.
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S/ln2

0.7

0.4

0.2

0.0

Separation of two energy scale

H=iJ, Z CwCph —1J,, Z ChCyy +J2 Z

x bonds

critical

gapless

P
&

IV

-
-
-
-
-

i criticals
I I ; gapless
gapped
oo qor _tor ior 1o
T

10"

Eb Ew CpCou

y bonds z bonds

Tr

'_ 5=1/2 spin =P two Majorana fermions

C; forms free fermion system

5

Entropy release
for itinerant Majorana fermions c;
(Kinetic energy~ Jx+J,+J,=1)
(Anisotropy independent)

c; forms a Z; variable 7)r

Entropy release
for localized Majorana fermions C;

=== Phase transition
(Anisotropy dependent)
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Temperature Dependence of W,

H=iJ, Z CwCp —1J;,

x bonds

0.8

[

gapped

S/In2

0.4

0.2

critical gapless

10’

y bonds

|Coherent growth of
1 the local conserved quantities

E CoCw +J 2 E cbcwcbcw

z bonds

T

Entropy release

for localized Majorana fermions
— 1CpCqp

N

Local conserved quantity: W, =

W =

N.B. Not order parameter
ground state: all Wy=+1




Local constraint for W,
Effective model for J, > J,, J, Original Kitaev model

Local constraint for W, in the original Kitaev model

=== Flipped W, form a loop.
=== Topological characterization by Wy-loops.
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Summary

Monte Carlo simulation is applied to the 3D Kitaev model

® Finite-T phase transition appears for both gapped & gapless QSL.
from QSL to paramagnet

® The QSL phase is always separated from paramagnet.

® The frustration stabilizes the QSL.

® The two kinds of energy scale.
< Itinerant Majorana fermions » High-T(~1.0) crossover
0

Localized Majorana fermions Low-T(~0.01) phase transition

® Asymptotic behavior of T, agrees
with the results in the anisotropic limit.

® The transition is characterized by the topological quantity.

The local constraint also exists for W, in the original Kitaev model
as well as for B, in the toric code limit.
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