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Spin-orbit coupling and pairing symmetry�

Cf) chiral p-wave superconductor Sr2Ru04�

•  These five states 
have degenerated 
condensation energy 

 
•  The degeneracy is 

lifted by SOC �

possible spin triplet states in D4h
Sigrist & Ueda RMP (’91)

Chiral p-wave �
Ng&Sigrist (’99) 
Yanase&Ogata(’03)�



Kane-Mele insulator�C.L. Kane and E. Mele PRL(’05)(’05)�

Spin-orbit coupling and band topology�

H= NN hopping + SOC�

λSO/t = 0.01

 band gap ∝ λSO
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How does the topological SOC of  KM model  
affect the pairing states ? �

Our issue:  

Band insulator + attractive U�

Cf) Nozieres-Pistoresi (’98)�

Increasing U � Cooperon excitations 
Increasing more… � SC due to Cooperon condensation�

The KM SOC favors the helical p-wave Cooperon channel �

with S. Tsuchiya, E. Arahata, and M. Sigrist�

1.  Cooperon in KM insulator 

(2. SrPtAs: an example of  KM metal and its superconductivity)�
with M. Fischer, A. Schnyder, T. Neupert, R. Thomale… 

Y. Imai, and M. Sigrist�



Cooperons in Kane-Mele model�
With S. Tsuchiya, E. Arahata, and M. Sigrist�
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ĤSOC
k = λSO

∑

i=1,2,3

sink · Tiσ̂z ⊗ ŝz
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HKM =
∑

k

{
Ψ†

k↑

(
λk tk
t∗k −λk

)
Ψk↑ + Ψ†

k↓

(
−λk tk
t∗k λk

)
Ψk↓

}

Ψks =
(

Aks

Bks

)

1
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HKM =
∑

k

{
Ψ†

k↑

(
λk tk
t∗k −λk

)
Ψk↑ + Ψ†

k↓

(
−λk tk
t∗k λk

)
Ψk↓

}

Ψks =
(

Aks

Bks

)

tk = t
∑

i

cos k · ai

λk = λSO

∑

i

sink · Ti

A� B�

T1�

T2�

T3�

a1�

a2�

a3�

NN hopping�

SOC �

Fermion OP�

1
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Eigenstates of  HKM�
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•  Pairing between two states around K and K’ points 
would be dominant due to the narrow gap�

focus on the behavior around K and K’ points�
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Helical p-wave state�
2D version of  superfluid 3He-B�
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Diagonalization of  HKM�

2

TABLE I: default

around K around K′

|tk | 0 0

φk = arg(tk) tan−1 δky

δkx
≡ θδk − tan−1 δky

δkx
= −θδk

λk λSO −λSO

ϵk |λSO| |λSO|

(for λSO > 0)

|k ↑ +⟩
 

e+iθδk

0

!  
0

e+iθδk

!

|k ↑ −⟩
 

0

−e−iθδk

!  
e−iθδk

0

!

|k ↓ +⟩
 

0

e−iθδk

!  
e−iθδk

0

!

|k ↓ −⟩
 

e+iθδk

0

!  
0

−e+iθδk

!

|k ↑ −⟩ =
(

vk

−uke−iφk

)
(13)

|k ↓ −⟩ =
(

ukeiφk

−vk

)
(14)

φk = arg(tk)

k → K(K ′)

|tk| → 0 (15)

φk = arg(tk) → tan−1 δky

δx
(− tan−1 δky

δx
) (16)

Hon = −U
∑

i

ni↑ni↓

Hnn = −V
∑

⟨i,j⟩

(ni↑ + ni↓)(nj↑ + nj↓)

(
Aks

Bks

)
= U(k, s)

(
c̃ks

d̃ks

)
(17)

Ann. of  conduction electron�

Ann. of  valence electron�
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(
Aks

Bks
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(
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(
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vk −uke−iφk

)
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Pairing Hamiltonian for the conduction electrons�
3

Hc = Hc
KM + Hc

nn (20)

Hc
KM =

∑

ks

ϵkc̃†ksc̃ks (21)

Hc
nn = − V

M

∑

k,p

tk−pe−i(φk−φp)u2
ku2

pc̃†k↑c̃
†
−k↑c̃−p↑c̃p↑

− V

M

∑

k,p

tk−pe−i(φk−φp)v2
kv2

pc̃†k↓c̃
†
−k↓c̃−p↓c̃p↓

− V

M

∑

k,p

tk−pukvkupvpc̃†k↑c̃
†
−k↓c̃−p↓c̃p↑

− V

M

∑

k,p

tk−pukvkupvpc̃†k↓c̃
†
−k↑c̃−p↑c̃p↓, (22)

∆̂(k) =

(
∆↑↑(k) ∆↑↓(k)
∆↓↑(k) ∆↓↓(k)

)
, (23)

∆↑↑(k) = − V

M
u2

ke−iφk
∑

p

tk−pu2
peiφp⟨c̃−k′↑c̃p↑⟩ (24)

∆↓↓(k) = − V

M
v2

ke−iφk
∑

p

tk−pv2
peiφp⟨c̃−p↓c̃p↓⟩ (25)

∆↑↓(k) = − V

M
ukvk

∑

p

tk−puk′vp⟨c̃−p↓c̃p↑⟩ (26)

∆↓↑(k) = − V

M
ukvk

∑

p

tk−pupvp⟨c̃−p↑c̃p↓⟩ (27)

e−iθδk |↑↑⟩ + eiθδk |↓↓⟩ (28)

∆↑↑(k) = − V

M
u2

ke−iφk
∑

p

tk−pu2
peiφp⟨c̃−p↑c̃p↑⟩ (29)

≃ − V

M
u2

ke−iφk

⎧
⎨

⎩
∑

p∈K

+
∑

p∈K′

⎫
⎬

⎭ tk−pu2
peiφp⟨c̃−p↑c̃p↑⟩ (30)

≃ − V

M
u2

ke−iφk
∑

p∈K

tk−pu2
peiφp⟨c̃−p↑c̃p↑⟩ (31)

∝ u2
ke−iφk (32)

V ! Vc

M: # of   
the unit cells�

with NN interaction�
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†
−k↑c̃−k′↑c̃k′↓, (22)

∆̂(k) =
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∆↓↑(k) ∆↓↓(k)

)
, (23)

BCS mean field (Gap matrix)�
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V ! Vc
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(
e−iθ

0

)

(
0

e−iθ

)

(
0
1

)

(
1
0

)

(
0

−e−iθ

)

(
e−iθ

0

)

(
0
−1

)

(
0

eiθ

)

(
0

−eiθ

)

∆↑↑(k) →
{

e−iθδk (k ∈ K)
0 (k ∈ K ′)

k, p ∈ K,K ′

would be dominant�
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TABLE I: default

around K around K′

|tk | 0 0

φk = arg(tk) tan−1 δky

δkx
≡ θδk − tan−1 δky

δkx
= −θδk

λk λSO −λSO

ϵk |λSO| |λSO|

· λSO > 0 · λSO < 0 · λSO > 0 · λSO < 0

uk =

r
1
2

“
1 + λk

ϵk

”
1 0 0 1

vk =

r
1
2

“
1 − λk

ϵk

”
0 1 1 0

∆↑↑(k) ∝ u2
ke−iφk ∆e−iθδk 0 0 ∆eiθδk

∆↓↓(k) ∝ v2
ke−iφk 0 ∆e−iθδk ∆eiθδk 0

∆↑↓(k) ∝ ukvk 0 0 0 0

∆↓↑(k) ∝ ukvk 0 0 0 0

|k ↑ −⟩ =
(

vk

−uke−iφk

)
(13)

|k ↓ −⟩ =
(

ukeiφk

−vk

)
(14)

φk = arg(tk)

k → K(K ′)

|tk| → 0 (15)

φk = arg(tk) → tan−1 δky

δx
(− tan−1 δky

δx
) (16)

Hon = −U
∑

i

ni↑ni↓

Hnn = −V
∑

⟨i,j⟩

(ni↑ + ni↓)(nj↑ + nj↓)

(
Aks

Bks

)
= U(k, s)

(
c̃ks

d̃ks

)
(17)

U(k, ↑) =

(
ukeiφk vk

vk −uke−iφk

)
(18)

U(k, ↓) =

(
vk ukeiφk

uke−iφk −vk

)
(19)
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winding -2π 
Sz= +1�

winding  +2π 
Sz= -1�
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V ! Vc

tk−p ≃ t0 = 3t

winding 2π 
Sz= +1�

winding  -2π 
Sz= -1�

•  similar to the helical p-wave state, and would induce it  

•  helicity depends on sgn�SO (=spin Chern # of ins. phase) 

(anti-parallel helicity)�

(parallel helicity)�



•  Sz-conserving state is stabilized by NNN (intra-
sublattice)int. 

•  Sz-non-conserving helical p-wave state is 
stabilized by NN (inter-sublattice) int. 

•  Helicity of  helical p-wave state would be 
related to the band topology (i.e. spin Chern #) 
induced by the SOC �

The role of  the KM spin-orbit coupling 
for the Cooperon condensation�

Summary�


