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Outline of this talk

% Introduction
+ Bosonization (for beginners)

+ CTQMC for fermonic systems

< CTQMC for Tomonaga-Luttinger liquid (TLL)
+ Kane-Fisher’s backscattering problem in a quantum wire

+ XXZ Kondo problem in a herical liquid

< Summary
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Single impurity in a quantum wire

+ Even a single impurity in 1d has significant impact
Kane&Fisher (1992)
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“+ Cutting the wire @T=0

+ most of the theoretical language is based on bosonization

+ Some numerical simulations have been done by Path-integral
Monte Carlo Moon et al (1993), Leung et al (1995), Hamamoto et al (2008)

+ We try to construct algorithm of modern Continuous-time MC for
quantum wires in a bosonization formulation



CTQMC for impurity models

see, a review: Gull et al (2011)

CTQMC for impurity problems: Rubtsov (2005), Werner (2006), Otsuki (2007)
Applied to strongly correlated electron systems combined with DMFT
No negative sign problem [Werner (2006), Otsuki (2007)] for simple models

Bosonic versions are also developed by Anders (2010), Otsuki (2012)

CTQMC: Infinite series of diagrams are summed efficiently
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Werner et al.(2006)
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CTQMC for impurity models

Our purpose here is to develop a “bosonization” version of CTQMC in 1d TLL
<+ Interaction in the bulk part is “exactly” treated by bosonization

+ It can be proven analytically there is no negative signs (low T: welcome!)

We will show that the CTQMC works very well in several models, as examples

Bosonization — 1d spineless fermion system [-L/2,L/2]

1 .
WL R(X) = % Fr. Re—l¢L,R(x)

a : cutoff \ / “

Fi, Fr: Klein factor




Bosonization

Here, we just start letting you know our notations for bosonization,

since one can easily be confused in almost all textbook of bosonization, when
one studies it at first! (even experts sometimes make mistakes...)

Ann. Phys. (Leipzig) 7 (1998) 4, 225 — 306

Bosonization for beginners — refermionization for experts

Jan von Delft and Herbert Schoeller

“we hope that experts too might find useful our explicit treatment of

certain subtleties that can often be swept under the rug, but are crucial for some applications, such
as the calculation of 4, (@) — these include the proper treatment of the so-called Klein factors”



Klein factors

Bosonization (a la Shankar) Shankar RMP (1994)

HSha(tv X) = a’¢Sha(tv X)

|
— dx | (0, X)) +I12, (1,
H =3 | e[0T 9] D sta (1,%), Tlspa (1, X')] = id(x — ')

—OC

I/j:tSha (tj x) —_ (2.71'a) _1/2 eil \/Z';(/)I'Sha({-x)

with @ .gh,(f,x) = lIim %
Xo)——0OC

[¢Shzl("~ X)F L‘“ dx’ [Igha (1. x,)]

Anticommutation relations are reproduced without Klein factors.

When one consider, e.g., one-particle fermion Green’s function,
the bosonization formula without Klein factors makes no sense.

Constructive bosonization:

1 .
II/L,R(X) B %FL’Re_mL,R(X) {FP’ F/;r’} — 25/)/)’ F/)F/_])L — 1
Note also F,F, # 1 {Fme’}:Oa f01~p7ép’

pLp

¢r and ¢r are independent



Preparation: 1D TLL

Hamiltonian with interaction U:

Hy=H} +Hp+Hy

0+(x) = 0r(x)

L2 gy |1 2 2
B 4/L/2 2n | g (qu)_(x)) +g(ax¢+(x)) |
|
:(I)R( ) V :EF g = \/1—|—2U/VF . TL parameter

We can define two left-moving bosons:

(I)i (X) = :
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Now, Hamiltonian consists of two independent left-moving bosons

L/2 dx.
B 2/L/227C
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Multi-point correlator

One important formula is a multi-point correlator expression:

Aj

) . . . 27 H(xXaw) p §
a Lt 2o 9(M) pidad(m) | it ()y (f) I1 (Esin 7T (|7 — 1] ia/V)})
i<j

= |1 (Esm AT (% — 7 ia/V)}yl

i<j \ 7

N

For thermodynamic limit, neutral condition emerges: Z)Li =0
i=1

This expression serves as “Wick’s theorem” and
will be extensively used in our CTQMC

local boson field: ¢(7) = ¢(x=0,7)

sign for cutoff is chosen as
+a/v for 1; — Tj~ 0

—CZ/V for Ti— 17T Nﬁ



Fermionic CTQMC

Let us consider Kane-Fisher model for g=1 i.e., non-interacting wire

H=Hy+ (ABlllz (O) l//R(O) —|—h.C.)

A general term in perturbation series of Z is

V4
L= a3 [ an e dea Ty () va(e) - i) ()

ZO T1>T > >T
snap shot  — A§k<llfz(fl)‘/fL(Tz)llfL(T3) e ><WR(T1)II/1J§(T2)1//;§(T3) - >
= A3"detG - det (GT)

_ }Lgk(deté)z —> “weight” for the snapshot configuration (= W)

Green’s func matrix: (CA}) Go(Ti — 7))

ij



Updates

Insertion
O G SS—0—0—CS9 ; Metropolis
0
R— WDGW F
O—0- 0 000—C0 Woia

accept if

min(R, 1) >r, 0<r<1

Remove
deny otherwise
c—0 000 0—C @
0 l l p
co—@ cc—0—0—C@ B2
0 6 F = for insertion
(k+1)?
k2
F=— for removal



+ CTQMC for Tomonaga-Luttinger liquid (TLL)
+ Kane-Fisher’s backscattering problem in a quantum wire

+ XXZ Kondo problem in a herical liquid

“ Summary



Interaction part

We consider back scattering processes due to an impurity at x=0

— gy B
- L S
Impurity operator (we will consider):
Kane-Fisher model XY-Kondo model in Helical TL liquid

XB =1 )A(B =\ XXZ-type: always reduced to this form



Interaction part

We consider back scattering processes due to an impurity at x=0

R g Xz R
I .7»;<L

V = Vg + Vg = Asy] (0)yr(0)£s + Azwk (0)w(0)%;,
as 17LBF*FR( —8e1f ‘1’+)XB +asm 17LBF*FL( —8e—1f ‘I’+)XT

'—V\ﬁ ——— -

Here, we have defined

$2 « .
_ _ only “+” boson appears in V
P =2:(0) = V2 [q)L( )3 (I)R(O)} “~"boson is decoupled and can be ignored

Impurity operator (we will consider):
Kane-Fisher model XY-Kondo model in Helical TL liquid

XB =1 )A(B =\ XXZ-type: always reduced to this form



CTQMC in TLL

p
N=2k order term in Z/Zo=<TT exp[—/o drH1(r)}>O As(g) =a¥ 1 Ap

N B p
/0 dt, - /O Ay (TeVe(71)Vy () - Vi ()0

Ap(2)] k<V/l(Tl)"'V—A(TZk)>b<F£FR'"F;FL>f<XB(Tl)"'Xg(TZk»loc

= \/2¢ Ti > Tit1 =1 calculable (=1,0)
(STS™STS™---.5T87)

snapsh

‘2kHSOz]
<7 Aij =28

------------
L]
]
g
.




CTQMC in TLL

p
N=2k order term in Z/Zo=<TT eXP[—/O drH1(r)}>O As(g) =a® '

" /O g ATy - /O ’ Aty (T:Va(11)Vy (12) - Vi (Tw))o

Ap(2)] k<V/l(Tl)"'V—A(TZk)>b<F£FR'"F;FL>f<XB(Tl)"'Xg(TZk»loc

= \/2¢ Ti > Tit1 =1 calculable (=1,0)
(STS™STS™---85T87)

snapsh

\2kHSo
< Aij=+\/28

+ Weight is positive definite

vB

SOl] — — SlIl

T [V,B(

V‘Tl ]\::a)} >0



CTQMC in TLL

p
N=2k order term in Z/Z =<TT eXp[—/O drHl(r)DO As(g) =a® '

" /O g ATy - /O ’ Aty (T:Va(11)Vy (12) - Vi (Tw))o

Ap(2)] k<V/1(Tl)"'V—A(Tzk)>b<F£FR'"FgFL>f<XB(Tl)"'Xg(TZk»loc

= \/2¢ Ti > Tit1 =1 calculable (=1,0)
(STS™STS™---85T87)

snapsh

\2kHSOl] (g)\zk‘det§‘2g> 0 for a—0

1<j Ai,j—__@

+ Weight is positive definite
+ This simple form represents all the interaction effects in the bulk part

non-int. “electron” Green’s func.:

vB

SOl] — — SlIl

T [V,B(

V"L’l ]’ T a)} >0 [SA] Im _Sgn(fl — T )/S()lm

’L'i . T for £ A




Kane-Fisher model

Kane & Fisher PRL (1992)



Kane-Fisher model

Potential barrier for spin-less fermion in 1D

R %y R
i UXE<L

&

H=Hy+a* "AgF FrV. ) + a8 ' A F LV,

Kane & Fisher PRL (1992)



Kane-Fisher model

Potential barrier for spin-less fermion in 1D

R R —p
> <
<« L L

H=Hy+a* "AgF FrV. ) + a8 ' A F LV,

RG eq.:
dAg = (1 —g)Ap Ap — o (g<1)

Completely decoupled chains at low-energy for repulsive int. g<1

This model is intensively analyzed so far, here we will show

+ electron Green’s function (1st numerically exact data in our knowledge)
% Conductance G —> 0 at T=0 (compare exact result @g=0.5 —> check)

Both consistent with RG result. Kane & Fisher PRL (1992)



Electron Green’s functions

Fermion operator:

l//L(x:O) — —FLe_i¢L(x_O)

Green’s function: s(T) = —sin vﬁ
~G(1) = (Tryi(7,0)y;(0,0)) - -

Direct sampling of G (Pi: No. of vertices between i and j in a snapshot) @2 nth order

g2 — —<FL(Ti)V_\/g(fi)Ff(Tj)V\/g(fj)>MC

Indirect sampling (fast)

A 8 . A 8
= <(1)Pijs§.. detSnois > G2k _ < (=) 3 [9enci, >
ij 3 i>j T A 2°0ij N
detS,, MC ‘ B (g ) ’ detS,, MC




Bench mark for g=1

Let us check the Green’s function for
non-interacting case (g=1)

Exact G can be obtained via EOM as

[5(7)]

1
2

G+acx _—
r(7) 1 4+ 72)\% /v?
fora—> 0
Effects of T
©) | - et |
h=0.1, a=1 symbols: G
lines: G
exact

(a) 1

symbols: G

-~

lines: G

1

exact P=200, a=1
0.0 - —
]O P |
T small a
(b) 1 : —
Ay=0.1 symbols: G
lines: G
= 0.1
)

——— exact P=200, a=0.25

0.5
/P



Flectron Green’s

function

Nontrivial part: A 9=0.> .
_|_ . A A ) q
GL (T) — <FL(T)V_\/g(T)FL(O)V\/g(O»q%L o - (B/100, Ag) N b
'— | a (1024,0.00625) ¢
We found: = | b (512,0.0125) d
N 1 = 0.1F ¢ (256,0.025) |
G,/ (t)~7 % for T—oo 5 | d (128,0.05)
B
1
consistent with result by Furusaki (1997) | T* o )LBl—g
. C _ =0.5, a=1
reflecting vanishing DOS /871 at x=0 0.01 _f. e
10 10 10 1 10 10
T*t
g=0_3 g=0.75
@) 1 -l I
_ I a . ]
b
o 107 (P/100, A= T | (B/100, 2p) ¢
= 0, (j‘?(”?‘f:l\:’) = | a (2048,0.025) d
Z 102 . l(i\(i (")s—‘l Z | b (1024,0.0325)
) 4 T +QID | d (256,0.07) BRNE (g-1/g)/2]
10 B T* A’Bl_g
- §=03,a=1 9=0.75, a=1
-3 = - 0.1 e s - '
107 10 10 10 10 10 10 10 1

T*t

T+t



Universal function @ T=0

Green’s function is expressed as

v (A 1/(1—g)

Universal part has two obvious limits:

Fylx — 00,0) r(9—-1/9)/2 1
Fylx — 0,0) = 1
-1
S 107}
T=0 universal func. is - ;
drawn from our T>0 > |
data by using data ‘:'j |
for 7/3 < 1/6 10_2?
- a=l
-3
10 - |
-4 ~ > 1



Universal function @ T>0

Green’s function is expressed as

G (1) = [s(n)] 792 Fy(T*r,T/T") T" =
For T>0, universal func. 1 s
depends only T/T*. :
This can be checked 0™ 3 (B, hp)=
by examining data with % : ’7
E a2l (23190,0.025) 4
= [ - (8615,0.05) |
%" | (3200,0.1) .:
10—3?
| W' |
.t &0.3,a=1,7/T*~0.014 -
) [ L
T = L 10° 100 100 100 107 1

T 3 /P



Conductance

1

Glx,y) = lim = [de"([j(x,1),(y,0)})8 (1)

Kubo formula:

In the bosonization language, the current operator is:

J(5,7) = 2001 (6,T) + Or(x, 7)) mep f(,T) = i -De(01.(x,T) — Or(x, 7))

In our basis @x=0,

j((), T) — z\/\z_B CI>+( ) we can calculate G in our CTQMC

c.f., PIMC, Moon et al (1993),
real-time PIMC, Leung et al (1995)

There are some complicated things... about G in TLL wire:

2
G _eg or e_ With leads:

h Maslov-Stone (1995), Ponomarenko (1995)
h Feed-back effect of interactions:

without leads: Apel-Rice (1982) Kawabata (1996)



Conductance for g=0.5

For small cutoff a, results are consistent with the exact one by Kane&Fisher (1992)

G
— = —lim iIm(D(i(x)n)
Go 0—0 TQ

o in) DD = (TP (1)2:-(0))
In CTQMC, D(7) is calculated by
T

~ (50— t) = Vst + (AT P00 (D)= L a(e)eot [F(lT—ef|= )]

p==.i

qii(f) = ::@ sgn (T — Tl-i)

'l Analytic continuation is done by
fitting D(iw,) for low frequency by

flw,) =a—bw, +co?*+dw*log(w,)

c/T"?

line: exact result

200



Helical Kondo problem



Impurities in a helical liquid

What kinds of impurities are interesting in a helical liquid (e.g., on the edge of 2d
topological insulator) ?

+ Non-magnetic impurity (like Kane-Fisher): impossible due to TRS
~ uy! (0)y(0)

+ Two-particle backward scattering: possible and relevant for g < 1/4
~u'y! (0)y] (a)y(a)y(0)

“+ Magnetic impurity: possible

Since general Kondo interactions are highly anisotropic due to the SO
interaction (Eriksson et al., 2012), we here analyze a simpler XXZ model
(Maciejko, 2012) by CTQMC

Wu et al., PRL (2006)



Helical Kondo problem

A magnetic impurity on the edge of 2d topological insulator (without Rashba term)

lR

—2> R Wu et al,
R PRL (2006)

N 4 M
T L« > ‘k§<

- —

L1

2 : .
H=Hy+ Ar \/;8x(b_|_ (0)S? + a®~ ' A F]Fr (a_gel\/ﬂq”) ST+ ag_llgFgFL (a_ge_’mq)*) St

V28

A
Remove forward scattering term via U = exp {z F<I>+(O)SZ}
gv

UHU' = H, +a§_1kBF2FR (a_geimq)+)5_ —I—ag_lkgiFIjFL (a_ge_imq)+)5+

now, exponent is shifted:

V28 =+/2¢(1—Ar/gv) Ar = gv : decoupled point (dP)

Maciejko PRB (2012)



Poor man’s scaling

Interactions:

Ja ” Jiag = _ - n
Vo= 0 05+ (FLFRVKS +FRFLV_XS)

2nd order perturbation for partition func. (only S terms shown):

2 [Can [ dn( (Vi eVoa () - Vo ()W () 5°)
OPE:
Vi@V (@) ~ — 2 AT

Thus, we have effective interaction correction to J* 2y

> —g(Ji)z% /ow a5 (9e(5)S) '

1-loop RG egs. are given as
(with adding trivial part):

0J5 = (1—g)J"+pJ-J | \><
d,J* 2 R

|
-
o
<
H



RG flow & decoupled points

Exchange up and down local spin indices:

S¢— —§° §T 85T

Then, Hamiltonian reads,

g A FLF @, 1= Ar /gy

o\ of\ )

UHU" — Ho+ | a*~ ' ApF] F(a8e V(e /0= )5t e,

Equivalent |
Ap/gy S (2—Ap/gv)

Ag ¢
FM Kondo S FM* Kondo
- » al §' o\
g—vg& 0 8 2¢  &+V8 7

Trajectories based on Anderson-Yuval-Hamann’s method  Maciejko PRB (2012)



Spin-spin correlations

Sampling transverse spin-spin correlations is similar to that of G in Kane-Fisher model
e _ o+ A —
X" (i) = (T757(7:)S™ (75))

but note that we are in a transformed system: [JST[JT — ¢£ivV29Ar/(gv)P4+(0) g+

Indirect sampling of transverse spin susceptibility:

k
X" (1) = 713 <ZMU [5(7 — Tij) +0(B + 7ij — T)]>
BN\

2 R , ,
h M a%(%) [ : )]_M_P detSi_1{7 & TL'_,T;_} g
wit = s(7i. : A
] I)\IB‘Q L] detSk{T} g/ —g— )\F/v

direct sampling of longitudinal spin susceptibility:

s (ST () S () - S5 (T) )
L) = (S (1) j




Phase diagram

Phase boundary is well described by RG calculation (Maciejko, 2012)

04l As=0.1 | ) o
| A < SC: screened phase (“strong coupling”)
= 2
02 § &0&\ LM: local-moment phase (Ferro Kondo)
| ‘ac\ew&
AN O S = \'x\”““@j‘
Typical T-dependence of spin correlation
0.25 : . . ; ; 1 ,
| b\

0 0.2 0.4 0.6 0.8 1 : ]
g \ =800, 1600, 3200, 6400
o, @ o, © X , 0.1 5 _
1 1 Maciejko
Woeta |mecor
(SC) 270 o A
0 K 0 S K e T e
1 A2 [S— ........................................................
boundary .
/B




“Strong-coupling” Fixed Point

Dynamical impurity spin-spin correlations
transverse longitudinal

_ A Vg e, A
G = 25 Ah(9) 2 sos ] it o) (directly calculated)

() = Apafl—H ! Ap=2=0.2, a=1 g=0=0.2, a=1, B=3200

ﬁ=3200 ‘ IO_I [ | '!-..;' {

I g —03 7 X | g — ] O .?-;,_:,,_o. ~

ol ).
10-r
)

10} 107 ..

' dotted lines: ~ T SN aexp[-2hva)

s ) . N . e ]O-'_i’ . 4 .._‘;. " ';-_.‘).
0.001 0.01 0.1 1 10~ 10 10~ 10~
/P T/

1/7:2g : The exponent is precisely 1/’52: dP+ perturbation; dP@g=0.2
the exponent @ dP

spin susceptibility %L o< 1/T1_2‘gdiverges for g < 1/2, log corrections for g=1/2



Spin susceptibility

/ dtyo(t) ~ T*07!
1
Xo(T) ~—InT forAO_5

xo(t) = (0(1)0(0)) ~ T80 _)

| 1
in our case, Ao =g for X

(a) 18 ' ' ! (b)7 | |
o 14 8= —o— —©- E 5h
~ ¢ ().] == = n
SEANRY 4
3 10l 5 - g
S S IR SRS 3 8 :
é 8 . . (C) o —0.396 + 0.667 %4
\‘/6':' | N'O'u_()ﬂ: *— '
. S O J ool O
DTN e — & : "1
T — AZ"¥ 3 [143—x(T)/2 | &
o s — S = -70.4 L a
0 ' ' ' “ 8=0.7
0 0.005 0.01 0.015 0.02 0.1 - -
T 10 107'1 10



Summary

- CTQMC applied to TLL successfully without negative sign
in several models (also applicable to other models —> future studies).

. Kane-Fisher model

- Green’s functions for all TL parameters g

- Confirmed approx. exponent 1/(2g) by Furusaki (1997)

G/ (t)~7 /%
. Conductance is also calculable

. Helical Kondo model

- Phase diagram %L "3 N 2

- Spin-spin correlation functions



Other applications

* Two-particle backward scattering problem

<+ Almost the same as Kane-Fisher model

+ But there needs a special care for electron Green’s func.

% Topological Kondo problem(s)
*+ Majorana fermions in SC island coupled with leads

+ negative-sign free CTQMC is applicable (with odd-order
perturbations present)



Two-particle backward scattering problem

R %y R
i '7»;<L

&

H = Hy+a™ ' Ag(F] Fr)*Vy +a* ™' Ap(FR FL)*V_

~ Hy+2a*8 ' Agcos(Ad.,) A =+/8¢
RG eq.:
dAp = (1—4g)Ap Ap — o (g<1/4) Kane & Fisher PRB (1992)

Completely decoupled chains at low-energy for g<1/4

Is this the full story? & Is there any quantitative difference from Kan-Fisher model?

There is a difference in electron Green’s function!, which is
closely related to Klein factors



Green’s function

Let us consider “fermion sign” in G, i.e. Klein factor part

For any terms in perturbation series, we have something like

FL(T)[(F/ gFrr)?--]F} (t=0) q=1(KFM), 2(2PBM)

For even No. of vertices in [ |:

= (= DPFL(D)[(Ff )" (Fr1)"Fy (T =0) — (=1)"[(F_ )" (Fr.0)"]
For odd No. of vertices in [ ]:

= (=1)PFL(0)[(F )" (Fr)" (F/ gFr.)}F, (t = 0)

= (=) (F )" (Fie)"]

Note: there is no time dependence in Klein fac.

This clearly indicates difference in the two models
“+ No sign in 2-particle backscattering model

<TTI//L(T)1//Z(O)> —  (Tpe 'V 8/22+(7) i/ 8/22+(0)) i.e., no Klein fac.
~ (e V8P 0)y iV 8/20+(0)) Finite value remains



Topological Kondo problems

Majorana fermlon
n—l
53

\.| Beri&Cooper (2012)
—Z_Kltaev chai

n (2001)| Altland&Egger (2013)

— —IZ/ dx L' r)0y L +Z/\gk"fm1+’ (O)

jFk

“* Robust (~topologically protected) NFL is realized (SO(M) sym.)

+ As for CTQMC, no negative sign, but we need to introduce an update
operation with cyclic three vertices insertion/removal or equivalent ones.

! (D) (Tl (7)) ws (T (77) i (7)



P(n)

0.2

Probability density

0.1

a=0.25

0.15




Check SU(2) symmetry for g=1

0.25 . . . . .
0.2 ¢
0.15F
. T
L3

7@

0.1 1 3=200

O O . SRR e e R . R T T st TR e

-0.05



FM cases

For small g, we succeeded to get the strong-coupling fixed point.

But, numerical difficulty appears when we approach g=1 for isotropic case

Vo T T T T LI
»
5 ‘Y
‘e
5 ‘e
e
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e
.
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7\'B =—7\.F=0.2, a=1
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. e,
2a,
s

3
Yo,
3
&, ry
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2
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Effects of cutoff in LM phase

Config. includes many 71 ~ a , which affects SU(2) symmetry: finite cutoff effect

L1 | | 7
8- l ..l. .l

<>

T1 T
007 | i I ] ] ] ]
"data.dat" u 1:2:3 ——+—
s e 153 _
ata fm.dat"u 1:2:3 :--x--- :
"data_fm.dat" u 1:4:5 - 1 u
0.06 |- pi*0.125/200 e
el Y N _
SOZJE — S11 —(V‘Ti—fj| ::a)
T v
0.04 | |
1 T T
0.02 | |
0.01 | |
L L o T ke T — : o AF
CUtOff _>O I | | I | I S T Tl FM
0.2 0.3 0.4 0.5 0.6 07 - - 1



Decoupled-point Hamiltonian

UHU' = HQ—I-%[FJFRS_—I—h.C.}
h INR Nz 5 7>
0
-h |INrt+1 Nz-1;1>
(—1)%
) |Nr Niz; | >
O
\ A / |Nr-1 N1 +1; 1>
=» UHU' = Hy+=>(S"+5) p="t



Decoupled point

@ Ar = gv

A A
UHU' = Hy+=2 FFeS™ +ho| = UHUT = Ho+"2(s*+57)
da
Klein Factors play no role
Spin-spin correlations are trivial (T=0):

_ 1 _
L = (LST(1)S (0))arp = 7 (1 +e )
1 _ A
x5 = (TS (0S(0))are = e h="

In the original language (T=0):
USzl:UT _ e:l:\/@ths:l: USZUT — %

1 a \ 28
e = (LST(O)S(0) = 7 (14+e %) ()
Z Z 1 —2h7 ’
Xz = (T:S°(T)S (O)>:Ze

Maciejko PRB (2012)



Perturbations from decoupled FP

USVUT = BAF\@axcm(O)SZ — Skm/éax¢+(0)(5++5)

change quantization axis

OAp =Ap —gv
dFP . : .
szz (’C) . power-low decay appears in two diagrams
(Tr0x @4 (71) 1P (12))
§(r) ST(u) S () §%(0)
| _2
i | T
! a287\.1% 1

{

5 dFP ~
* XZZ (T) 16gV27L§ ’52




Notations

J | Maciejkod@Maciejko A
2\/7¢Ma01ejko ¢L — ¢R e

2mé a
2\/EHMaciejko — ax (¢L + ¢R)

— \/gaxq)%— 0) (x—0)

27
dFP F
- — ST, 5% Z PMaciejko; Maciejko 2K = —
5 Maciejko 5 S Maciejko — —5 J aciejko V
consistent with ours
] z,Maciejko®Macie; ko 2 2
— F —
VT 2\7 g
J; Maciejko@Maciejko — 27 AF
— 2AF
pMaCiejkOJZ i\/IaClejkO — 2(K - K) — 27IA/Fp/a — T

LElv = (g£4/8)



Details of G’s

—(TeFL (W) V_y (W) F " (1)) Vo (t) Pon) /8 Zay
(Vay (T1) -+ Vo (1) - Va () -+ Vi, (T20)) 4 (B F (1) - FL (%) -+ F () - F Fi () |

(Va, (T1) -+ Vi, (Ton)) - (Fi Fa(Ty) oo F/Fz (o))

Vo, (1) Vo (1) - Vo () -+ Vi, (Tan) ) (FL(W) E) () B B () -+ FlFx (o)) (= 1)Fi

(Vay (T1) -+ Vi, (T2n)) - (F () - FUF (T0))




g(z”l) —

1> ]

Details of G’s

—(TeFL(v)V_y (W) F " (1)) Vo, (1) Pon) /8 Zay

- Wy (1) V() -

Vo () - Vi, (Tan)) 4 (FX Fa(Ty) -

’FL(Ti) ..

W, (T1) - Vo (i) -

(W, (1) -

Vi, (T2n)) + <F*TF>? (T1)
Vi () Vi, (520))+ (L (5] (1) FL o) -

F(3))-FlFi(t))

—(=1)%

(Va, (T1) - Vi, (Ton)) - (Fi Fa (1)

HZnEBl] Ao My

o>y Oocy

2n

Mt My

o/ >y SOoc’y

12
Pl] SOziM

"\
HSOW’W HS

A
Oal j




g(zn) —

1> ]

Details of G’s

—(TeFL (W) V_y (W) F " (1)) Vo (t) Pon) /8 Zay
(Vi (1) V(1) - Va(t) - Vi, (1)) (B Fe (1) - F(T) -+ F (1) - F e (1)) |

(Va, (T1) -+ Vi, (Ton)) - (Fi Fa(Ty) oo F/Fz (o))

Vo, (1) Vo (1) - Vo () -+ Vi, (Tan) ) (FL(W) E) () B B () -+ FlFx (o)) (= 1)Fi

(Vay (T1) -+ Vi, (T2n)) - (F () - FUF (T0))

2n®Pij 7hoc7w
_(_ ) HOC>Y OOL'Y
2n 7\1(117\4
oc’>y’ SOoc’y

)P —A2 —A My A
ZJSOZ] HSOZY HSOocj

2n®Pij Woch 8
(HOL>'Y Oay )

W W'Y

Hoc >y SOocy

g
8 detS,a;

detS "

with wg, wy = sgn(Aq ), sgn(Ay)



Basic algorithm of CTQMC

To be specific, let us consider Anderson model [Werner (2006)]

Non-interacting" part: H,. = Z ekckackg

Hy=H.+ H; Hfzefznfa+Unanfl

“perturbation” part:

1
Hq :Zng, HlO:UCLfO‘I_h.C. Ca:\/—Nzk:Cka

Only even-order terms survive (n=2k), and these are something like...
(=) (Hi(m1) -+ ) = 0™l (m)ep (1)l (75) -+ ¢q (T D .ele] (F)e (70 e} (75) -+ ey (Th ).
<(f1(m) fH () fL(T]) -+ )

= +0* detGdetGey (f1(n) fl(12) (1) -+ )y =W
“‘weight” for the config.

" Wick’s theorem

with T -+ n, = 2k



Some details

Green’s function matrix:

A

[GCTLJ- = <CJ{(T%_1)CT(TQJ-)> = GST(T% — T9;_1) : free electron Green’s function

Matrix products for local degrees of freedom:
(i) fl () fi(7]) - )y = exp{—€s(1; +1) — Uldoubton }/ Zs

Zr=1+2e Per 4 PlEHU)

“Segment” representation:

|
1
|

T — ﬁ imaginary-time config. T =20



Update operations

. . W,
(i)~ Insertavertex pair calculate ratio: R = —— F
(i) Remove a vertex pair Wi

Shift t
(iii) 'L a VErtex acceptif min(R,1)>r, 0<r<1

deny otherwise (Metropolis)

old config.
2 ]
I | | I
: ] - : . : | I config. dep.
' B Il o () 0 for (i) and (ii)
T Y O AL N ™
new conﬁg.I I 1 I I I F =1 for (iii)
A Yoy () YV ‘.
Y, !
3 0
T

R = empirically positive for Anderson model



