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1911 zero resistivity  Kamerlingh Onnes 

1933 perfect diamagnetism  Meissner & Ochsenfeld 

1957 microscopic theory  Bardeen, Cooper, Schrieffer 

1962 quantum interference effect  Josephson 

1986 cuprate high-Tc superconductor  Bednortz & Muller 

1992 
revival of odd-freq. SC  Balatsky & Abrahams 

proposal in two-channel Kondo system   Emery & Kivelson 

1974 proposal of odd-freq. SC for 3He  Berezinskii 

1930 superfluidity of 4He  Keesom 

superfluidity of 3He  Osheroff, Richardson, Lee 1972 

1923 lambda transition of 4He  Kamerlingh Onnes & Dana 

History 



Berezinskii: JETP Lett. (1974) 

● nontrivial spin and space structures 
     e.g.) [s-wave, spin-triplet], or [ p-wave, spin-singlet], etc… 

Pairing state with zero amplitude at equal time 

● finite density of states at chemical potential 
Balatsky & Abrahams: PRB (1992) 

even-frequency SC odd-frequency SC 



Berezinskii: JETP Lett. (1974) 

Pairing state with zero amplitude at equal time 

● composite pair amplitude with even frequency 
    i.e.) derivative of odd frequency gives even frequency 

Emery & Kivelson: PRB (1992) 
Balatsky & Bonca: PRB (1993) 

odd-frequency SC even-frequency SC 

t=0: two-body quantity (composite) 



Thermodynamic Stability 

Heid: Z. Phys. B (1995) 
Kusunose et al.: JPSJ (2011) 

mean-field like approximation 

odd-frequency SC seems thermodynamically unstable… 

Negative Meissner effect ⇔ negative superfluid weight 



(5) without Hermite relation 

Belitz & Kirkpatrik: PRB (1999) 
Solenov et al.: PRB (2009) 
Kusunose et al.: JPSJ (2011) 

Proposals to resolve thermodynamic unstability 

(1) strong coupling corrections 
(2) first-order phase transition 
(3) inhomogeneous state 
 
 
(4) composite-operator description 

Coleman et al: PRL (1993) 
Heid: Z. Phys. B (1995) 

No ordinary MF Hamiltonian 

effective MF Hamiltonian 
(Lehmann representation can be used) Abrahamas et al. PRB (1995) 

Balatsky et al.: New J. Phys. (2009) 



Berezinskii 3He JETP 1974 

Emery & Kivelson two-channel Kondo systems PRB 1992, PRL 1993 

Balatsky & Bonca t-J model PRB 1993 

Coleman et al. Kondo lattice PRL 1993, PRB 1994 

Zachar et al. Kondo lattice PRL 1996 

Jarrell et al. two-channel Kondo lattice  PRL 1997 

Vojta & Dagotto frustrated electron system PRB 1999 

Anders two-channel Anderson lattice PRB 2002 

Fuseya et al. AFM phase near QCP JPSJ 2004 

Yada et al. Extended Hubbard model near SDW QCP arXiv 2008 

Shigeta et al. Extended Hubbard model with spin-orbit coupling PRB 2009 

Hotta FM phase near orbital order QCP JPSJ 2009 

Kusunose et al. electron-phonon system JPSJ 2011 

Yanagi et al. frustrated electron system JPSJ 2012 

Shigeta et al. quasi-one dimensional system JPSJ 2011, JPSJ 2013 

Hoshino & Kuramoto two-channel Kondo lattice PRL 2014 

Possible Realizations 





Kramers Doublet 

Ce3+（ｆ１） in solids 

LS interaction 

Crystalline Fields 
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     Kramers doublet 
(protected by 
time-reversal symmetry) 
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Localized Spin 

Kondo effect 
(Fermi liquid) 



Non-Kramers Doublet 

localized f2 configuration (Pr3+, U4+) in cubic crystal 

9 

14C2 

conduction electron 

pseudo-spin channel 

c-f  interaction 

Coulomb int. 
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LS int. 
Non-Kramers 

doublet 
(orbital, quadrupole) 

Pseudo-spin 

Crystalline 
Field 

2ch Kondo effect 
(Non-Fermi liquid) 



UBe13 

Gegenwart et al.,  Physica C (2004) 

Mayer et al.,  Z. Phys. B (1986) 

Superconducting state  
directly from Non-Fermi Liquid 

Possible two-channel 
Kondo system 
Cox, PRL (1987) 

McElfresh et al.,  PRB (1993) 



Pr1-2-20 compounds 
Sakai & Nakatsuji: JPSJ (2012) 
Matsubayashi et al.: PRL (2013) 

Pr-based non-Kramers doublet system: 
superconductivity inside quadrupolar ordered state 

m* = 16m0 

g = 0.1 J/mol.K2 

Onimaru et al.: PRL (2011) 



Purpose 

Two-channel Kondo effect  
induces superconductivity? 

Superconductivity in Pr- and U-based compounds  
with non-Kramers doublet 



2. Odd-frequency superconductivity in two-channel Kondo lattice 



Impurity Two-Channel Kondo Model 

fluctuation between channels 
⇒ localized spins cannot be fully screened 

channel α = 1 

channel α = 2 

Nozieres & Blandin (1980) 
Cox: PRL (1987) 
Cox & Zawadowski: Adv. Phys. (1998) 

Enhanced odd-frequency susceptibility at impurity site 
Emery & Kivelson:PRB (1992) 

residual entropy at T=0： S = ½ ln 2 



Two-Channel Kondo Lattice 

P. Coleman: Nature Mater. (2012) 

periodic  f  electrons 

Fermi sea 

lattice 

Spontaneous Symmetry Breaking 



Two-Channel Kondo Lattice 

Jarrell et al: PRL (1996, 1997) 

α = 1 

α = 2 

parameters 

nc; D=1, J, T 

DMFT+CTQMC 

bipartite lattice with 
semi-circular DOS 

・Kuramoto: Springer (1985) 
・Metzner& Vollhardt: PRL (1989) 
・Muller-Hartmann: Z. Phys. (1989) 
・Georges et al: Rev. Mod. Phys. (1996) 

・Rubtsov et al: JETP Lett. (2004) 
・Werner et al: PRL (2006) 
・Otsuki et al: JPSJ (2007) 
・Gull et al: Rev. Mod. Phys. (2011) 

Local correlations are fully incorporated. 
(⇔ local self energy) 



Possible Superconductivities 

space channel spin time 

CsSs (1) s-wave singlet singlet odd 

CsSt (3) s-wave singlet triplet even 

CtSs (3) s-wave triplet singlet even 

CtSt (9) s-wave triplet triplet odd 

■DMFT calculations  Jarrell et al.: PRL (1997) 

  However, no divergent susceptibility. 

Jarrell et al.: PRL (1997), Anders: PRB (2002) 

Odd-frequency susceptibility is not positive definite.   SH et al.: PRL (2011)  

Even-frequency 
susceptibility 

Odd-frequency 
susceptibility 



Pairing Susceptibilities 

Odd-frequency (OF) superconductivity 
with staggered ordering vector (AF), 
Channel-singlet, Spin-singlet (CsSs) 



Phase Diagram 

SC 

n=2 



Order Parameter for AF-CsSs Phase 

cf. h-pairing : CN Yang: PRL (1989) 

space channel spin time 

CsSs (1) s-wave 
singlet 

 
singlet 

odd 

Composite pair amplitude 

Odd-frequency order parameter 

Even-frequency order parameter 

non-local order parameter 
(Note: self energy is local in DMFT) 



Illustration for Staggered Pairing 

phase coherence staggered alignment of phase 

BCS-type pairing staggered pairing 

● gauge degree of freedom couples to lattice geometry 
● no internal current with staggered phase 



Single-Particle Spectrum at n=2 

■ Density of States 
  remains inside 
  ordered state 
■ superconductivity 
  from non-Fermi liquid 



Anomalous Local Self Energy 

cf. EF pairing 



Schematic Local Picture at Half Filling 

Localized spins are fully screened by  
gauge-symmetry breaking 



3. Mean-field description of odd-frequency superconductivity 
 
 



(5) without Hermite relation 

Belitz & Kirkpatrik: PRB (1999) 
Solenov et al.: PRB (2009) 
Kusunose et al.: JPSJ (2011) 

Proposals to resolve thermodynamic unstability 

(1) strong coupling corrections 
(2) first-order phase transition 
(3) inhomogeneous state 
 
 
(4) composite-operator description 

Coleman et al: PRL (1993) 
Heid: Z. Phys. B (1995) 

No ordinary MF Hamiltonian 

effective MF Hamiltonian 
(Lehmann representation can be used) Abrahamas et al. PRB (1995) 

Balatsky et al.: New J. Phys. (2009) Possibility of mean-field description? 
Sign of the Meissner kernel? 



Effective One-Body Model 

channel order 
a=1 

a=2 

superconductivity and channel orders  
are degenerate at half filling 

Affleck et al.: PRB (1992) 

         : effective one-body mean field 
         : pseudofermion that describes low-energy behavior of localized spin 

SO(5) at half filling 

channel SU(2) gauge U(1) 



Effective One-Body Model 

SO(5) 
rotation 

Anomalous local self energy 
of conduction electrons 

staggered 
odd-frequency SC 

DMFT results 



Mean-Field Approximation 

1. pseudofermion representation of localized spin 

2. mean-field decoupling for present odd-frequency SC 

MFA for ordinary Kondo lattice:  G. -M. Zhang & L. Yu: PRB (2000) 



Mean-Field Approximation 

Combination between V and W is necessary for pairing among conduction electrons 

hybridization processes 

No pairing among c electrons 



Three-Dimensional  Lattice 



Meissner Kernel in Lattice System 
DJ Scalapino et al.:  PRL (1992) 

Peierls phase (simple cubic in 3D) 

paramagnetic current diamagnetic current 



Meissner Kernel 

“weak” positive Meissner effect 

3D simple cubic with hopping t=1 
half filling 



(A) uniform odd-freq. pairing 

(B) staggered even-freq. pairing 

(C) uniform even-freq. pairing 

Negative Meissner effect 

Negative Meissner effect 

Positive Meissner effect 

Related Models 

(positive: ordinary physical Meissner effect) 



(5) without Hermite relation 

Belitz & Kirkpatrik: PRB (1999) 
Solenov et al.: PRB (2009) 
Kusunose et al.: JPSJ (2011) 

Proposals to resolve thermodynamic unstability 

(1) strong coupling corrections 
(2) first-order phase transition 
(3) inhomogeneous state 
 
 
(4) composite-operator description 

Coleman et al: PRL (1993) 
Heid: Z. Phys. B (1995) 

No ordinary MF Hamiltonian 

effective MF Hamiltonian 
(Lehmann representation can be used) Abrahamas et al. PRB (1995) 

Balatsky et al.: New J. Phys. (2009) 

two-channel Kondo lattice 
belongs to the case (3) 



Remaining theoretical issues 

Goldstone mode? 

instability inside staggered pairing state ? 

geometrically frustrated lattices ? 

long-ranged Coulomb interaction 
(charged-particle system) 

staggered pairing uniform pairing 

No entropy in ground state 
but 

possible Fermi surface instability 
even inside of pairing state 

internal current state? 

120 Neel stripe 

? 



Relevance to real materials… 

●Two-channel Kondo lattice 
        → A model for Pr- or U-based non-Kramers doublet systems 
● Staggered OF superconductivity directly from non-Fermi liquid 

■ ｆ-electron charge degrees of freedom 
 
 
■ anisotropic exchange interactions 
 
 
■ realistic conduction-band structures 
 
 
■ spatial correlations 
 
 

Improvements 

 
LDA 

+ 
 DMFT  

 

    CDMFT     

Two-channel Anderson lattice 
Anders: PRL (1997) 



Summary 

Odd-frequency superconductivity with staggered ordering vector 
 in two-channel Kondo lattice 

● DMFT+CTQMC approach 
 Divergent pairing susceptibility and phase diagram. 
 Composite order parameters and wave functions. 
 
 
● Effective low-energy model 
 Hermitian mean-field Hamiltonian. 
 Electron-pairing through hybridization with pseudofermions.  
 Positive but “weak” Meissner effect. 
 

S. Hoshino and Y. Kuramoto: PRL 112 (2014) 167204 

S. Hoshino: arXiv:1406.1983 


