Topological classification of semi-metals
and nodal superconductors

Andreas P. Schnyder
MPI-FKF Stuttgart

in collaboration with:

Raquel Queiroz, Johannes Hofmann
Philip Brydon, Carsten Timm
Shinsei Ryu, Shunji Matsuura, Po-Yao Chang

Ching-Kai Chiu

ISSP University of Tokyo, June 2014



A

1. Introduction
- What is a topological superconductor?

- Chiral p-wave superconductor

gi* *:, =s* z§§

Mirror plane

2. Topological nodal superconductors

- Superconductors without inversion symmetry
- Spin polarization of topological surface states

3. Topological crystalline materials

- Mirror symmetry
- Classification schemes

4. Conclusions & Outlook
- Candidate materials




Topological superconductors (full gap)

Superconductor = Cooper pairs (boson) + Bogoliubov quasiparticles (fermions)

BCS mean field theory: decle = <cTcT>c c= A"cc
1 c Bogoliubov-de Gennes
H = 9 Z (CT C) Hpac o Hamiltonian
k

Built-in particle-hole symmetry: FLE =1y @ = O+

gap in spectrum —> can define top. invariant n = oy /]-“dk

states
with E<O

Topological equivalence:

BdG band structures are equivalent if they can be continuously
deformed into one another without closing the energy gap
and without breaking the symmetries of the SC.

Symmetries to consider:
particle-hole symmetry, time-reversal, reflection symmetry, etc.



Chiral p-wave superconductor (full gap)

Lattice BdG model: [Read & Green 00]

. . edge band structure
Hpac = (2t [cos k, + cosk,| — ) 7. + Ag (Tpsink, + 7, sink,) = m(k) - T  of chiral p-wave SC

E =+ |m(k)] Spectrum flattening: m (k) = m(k)
m (k)|
trivial phase non-trivial phase
L T uz
| > 4t 9 | < 4t
n=_0 > M, n=1 2 my
m, / m, / Majorana state
no edge state chiral Majorana edge state
“strong pairing” “‘weak pairing”
classified by n— Pl o, - [aku’m v (f%m}
Chern number: 8T Jpy,
Mapping (k) : Brillouin zone > m(k) € S? m(S?) =7

SroRuQO4 (n=2)



Summary: Topological superconductor (fully gapped)

Topological superconductors are:

e fully gapped unconventional superconductors that support stable
gapless edge states (or surface states)

e surface states are robust to perturbations (e.g. insensitive to disorder)
that respect the fundamental symmetries of the system

e the stability of the surface states is guaranteed by the bulk gap and
by the bulk topological invariant (bulk-boundary correspondence)
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Classification of topological superconductors (and insulators):

Symmetry dim , e
Class | T P S| 1 2 3 7. . integer classification
A 0 O O0lo Z o 7.o- binary classification
2 [ 0 : no topological SC
o Alll O 0 1| 7zZ 0 Z : POIOg
g § Al [1 0 0[O0 0 O
2 X BDI W11 11 Z 0 Q2 chiral p-wave superconductor
NS < . o 1 01z, 20 4— Z— nhon-centrosymmetric SC
B DIl |1 1 1|Zy Zo Z y
° ]
Z3 é:: 1 2 (1) % ZOQ %2 chiral d-wave superconductor
; \ c 0 100 Z time-reversal invariant topological
Cl [1 -1 1|0 0 Z=-—S_ "

singlet superconductor
Schnyder, Ryu, Furusaki, Ludwig, PRB (2008) A. Kitaev, AIP (2009)




Topological nodal
superconductors




Non-centrosymmetric superconductors

CeP13Si, CeRhSis, CelrSis LioPt3B, LaPtBi etc. Interfaces: LaAlOs/SrTiO3

(i) Lack of center of inversion causes anti-symmetric SO coupling.

Normal state: 'H = chu Ex00 + Qg - 0), kas kas s
o - tky
Spin basis: u =T, | Helicity basis: s = =
Spin-split energy spectrum:
kx
+ o L >
x = €k T |Gk
(i) Lack of center of inversion allows for admixture of singlet

and triplet pairing components
A(k) = f(k) (Ayo0 + Avdy, - o) i,

d;. is constrained by SO interaction: gk | di

Gaps on the two Fermi surfaces: |A] = A, + A, |dy|




Non-centrosymmetric superconductors

CePt3Si, CeRhSis, CelrSiz, Li2Pt3B, LaPtBi, etc.

Interfaces: LaAlO3/SrTiO3

(i) Lack of center of inversion causes anti-symmetric SO coupling.

Normal state: H = Z C};M (eko0 + agi - ), Cr,, =

kuv

Spin basis: u =T, | Helicity basis: s = =

Spin-split energy spectrum:

EF = e £ |gu

(i) Lack of center of inversion allows for admixture of singlet

and triplet pairing components

A(k) = f(k) (ASO'Q + Atdk - O

) iy

d;. is constrained by SO interaction: gk H dy,

Gaps on the two Fermi surfaces:

AZ A, -

= Ay |y




Non-centrosymmetric SCs: Structure of pairing state

positive helicity
Fermi surface

negative helicity
Fermi surface

full gap line nodes full gap

\ /

Topologically non-trivial
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Nodal non-centrosymmetric superconductor

Non-centro SC:  Hpaa (k) = ( ExO0 + A8k -0 [Agog + Ady - 7] (wy))

(—iO'y)[ASO'O—FAtdk%ﬂ —Ex00 — ALk - O

» Symmetries:
oarticle-hole symmetry: = Hpac(k)Z7! = —Hpag(—k) E* = +1

time-reversal symmetry:  OHpag(k)O® ' = +Hpac(—k) ©2% = —1 DI
chiral symmetry (TRS+PHS): SHpaq(k) + Hpac(k)S =0 S ==

Gaps on the two Fermi surfaces: A;ct = A, + A \dk|

A, ~ /A; —> nodal lines on negative helicity Fermi surface

P Problem: Global topological number ill-defined (no gap!)

Solution: (assume translational symmetry)

> Define momentum-dependent Vo = i 7{ ]—"(k)dkl
topological number 21 Je

A k.

P Topological characteristics depend on the symmetries of
BdG Hamiltonian restricted to contour C




Nodal non-centrosymmetric superconductor

Ak, Symmetry dim
»T loaical ch terist Class | T P S| 1 2 3
opological characteristics - A |0 0 0|0 Z 0
depend on the symmetries of O |All O 0 1]Z 0 Z
BdG Hamiltonian restricted to k, "§ BA[;I 1 ? ? ; 8 8
contour (. ..c% b lo 1 0lz, z o0
Schnyder, Brydon, Timm PRB (2012) o D11 12, Zy Z
S Al |1 0 0|0 Z Zo
dic = (sin kg + sin ky, sin k, + sin k,, sin k, )" © a4z 0z
A, ~ A, cl |1 11 1/0 0 zZ

(i) 1D contour is not centrosymmetric: TRS x PHS x TRS+PHS (chiral sym S) \/
Alll: 1D Winding number:

2D surface
| Brillouin zone 3D Brillouin zone

We = 27r dkl Ok, [arg(fk + 1A, )]

flat band surface states

non-trivial = +/-1

/ /
1D class Alll Hamiltonian

irivial = 0~ courtesy P. Brydon



Nodal non-centrosymmetric superconductor

P Topological characteristics
depend on the symmetries of
BdG Hamiltonian restricted to
contour .

dy = (sin kg, sink,,sink,)’

ASNAt

Classification

Symmetry dim
Class | T P S| 1 2 3
A O 0 0|0 zZ O
Al |0 0 1] Z 0 Z
Al 1 0 00 O O
BDI |1 1 1] Z 0 O
D O 1 0% #Z O
DIl |1 1 1 |Zy Zo Z
All -1 0 0| 0 Zy Zo
Cll -1 -1 1 4Z 0 Zs
C O 1 0|0 Z O
Cl i1 -1 110 0 Z

(i) 1D contour is centrosymmetric: TRS \/PHS \/TRS+PHS (chiral sym S) \/

2

NP =11

a=1

DIIl: 1D Z2 number:

1 Surface DOS

Enerqgy

)kw

= *1

Pflw(Aa)] 13[ Pfq"(Aa)]
Vet [w(Ag)] 55 v/det [g(Aq)]
4 y-spin pol. of SDOS
W
. _1‘. 0 .‘1 . 2" s)/{x

helical Majorana state

—_—
—




Nodal non-centrosymmetric superconductor

k-
P Topological characteristics
depend on the symmetries of ¢
BdG Hamiltonian restricted to
contour .

Classification

At % 07 As =0 Y

Symmetry dim
Class | T P S| 1 2 3
A O 0 0|0 zZ O
Al |0 0 1] Z 0 Z
Al 1 0 00 O O
BDI |1 1 1] Z 0 O
D O 1 0% #Z O
DIl |1 1 1 |Zy Zo Z
All -1 0 0| 0 Zy Zo
Cll -1 -1 1 4Z 0 Zs
C O 1 0|0 Z O
Cl i1 -1 110 0 Z

(iif) 2D contour is centrosymmetric: TRS \/ PHS \/TRS+PHS (chiral sym S) \/

Dill: 2D Zs number: NP = T @@l _ 7 M (4" (Ad)]

o Vet [w(Aa)] 5 v/det[g(Aq))

Surface density of states 2D Z> number
pY(E=06) p!(E=0.6)

20r 05 0.04; | +1_*_
1.0 by
k. 0.0 g t
z M| >
~1.0F ¢T f kz
a0 =004
~1.0 -05 00 05 1.0 -1

Ky

= x1

arc surface state




Topological classification of gapless materials

Classification for Fermi surfaces off high-symmetry points

SHe A phase /

Two-dimensional systems

Three-dimensional systems

Weyl semimetal

Class T P S| line point d-wave SC  Class | surface line _paip W

A 0 0 0] Z 0 A Z 0 TRI SC w/
AL |0 0 1| 0O Alll 0 - . een
Al +1 0 O Z v Al Z J 0 '
BDI | +1 +1 1| Z Z BDI Zs Z \GA\

D 0 +1 0 7o Zo D Zo 7 7 Non-centro SC
DIl [ -1 +1 1] 0 Zs DIl 0 e

Al 1 0 0| Z 0 Al Z = =7

ch |1 -1 1] 0 Z cli 0 Z 0

C 0 -1 0| O 0 C 0 0z

Cl S 1 1| 0 0 Cl 0 0 0

( NB: Zo invariant only protects surface states, but not bulk nodes!)

* Topological invariants:

7. . integer classification
7.o- binary classification
O : no top. stable nodes

NCopio =

1 ]{ (i A
I‘ —_
(n —|— ].)' CQn—|—2 27T

(—1)"n! ( i

(2n + 1)!

Matsuura, Chang, Schnyder, Ryu NJP (2013)

VCopi1 —

Zhao, Wang, PRL (2013)

n+1
) % €a1a2---tr [q—laalq.q—lgo@q...} d2n—|—1k
2m Con+1




Consequences of the
surface-state spin polarization




Robustness of flat-band surface states against disorder

» Interband scattering: surface states are spin polarized . :
— scattering requires change in spin polarization
(7| Voy, | ¥ ) =0 (UT | Vil |9 ) small N ¥ 1|
» Intraband scattering: surface states have definite chirality “i; 00 0
N 05

(
-1

0
gt — [ Xk - 0.5 L
= (0) v = (o)

/
L
|

<\Ijki’ Vkof_k }\If,f/ =0 for all £k and &’ 10 |, | y !
10 05 00 % 5 10
—- some degree of protection against non-magnetic surface disorder " a4

— for strong surface disorder: reappearance of flat-band states in 2nd layer

T | T | I | T | T I T T I | T
(a) Yimp = 04, (b) Yimp = 240, (e) Yimp = 2004,
layer 0.1 T 0.1 _T 0.1 -T
0.2— 1 % - — 3%XA | | - — 3%A | |
E — | | 0.175 | 0.160
- 0 A o
2 1 layer 4 ’\ 1 layer 4
<
<. 0.1 _ i 4 L I’ \ i
= | I\ I/‘ \ /\
' \ I\ AR
:.../:a—\/\\:/:\‘\ II/‘\ /'/\‘\/f-~-: :’.—.‘:::J/u\\\///'/\\v/ ‘_/\2'7?_":::
~_ 3 Y i - T ~\.. X NG
0 TN TSNS
' B | | | | | i B | | | | | i
-05-025 0. 025 05 -05-025 0. 025 05

w/A; w/A;

Queiroz & Schnyder, PRB (2014)

Hofmann, Queiroz, Schnyder, PRB (2013)



Spontaneous interface currents due to flat-band states

p» ferromagnetic moment couples to

M
spin polarization of flat-band states -
9
e perturbative shift of energies: K o« M - S# ] W/
Y
——> both flat bands acquire dispersion \L, x<0 0
——> spontaneous chiral interface current i >0
——> break down of linear response Schnyder, Brydon, Timm, PRL 111, 077001 (2013)
(singular dependence on exchange field) Brydon, Timm, Schnyder, NJP 15, 045019 (2013)

red:(S¥) > 01 blue: (S¥) <0}
r=AJA, =04
no flat bands

1.0 & - |

v
05 | 1M o5 =
>
oy A e
= 0.0 0 @ —
v§ v IE 1 oo me e
05 0 -IGC_J’ ‘0.2 B | | v—‘— -
7T Il B S04 f = ERT :
>
@) _06 I 1 [ 1 1 I I I I I
10 fo \l 04 02 00 02 04 -04 02 00 02 04
-1. -0.5 0.0 0.5 1.0 . .
/ o exchange field in FM

—ve shift



Topological crystalline materials

Mirror plane




Topological crystalline materials

Topological insulator/superconductor protected by global symmetry & crystal symmetry

e 32 crystallographic point groups (230 space groups)
e Surface states can exist if:

(i) there are points/lines in the surface Brillouin zone
that are invariant under the symmetry

(i) symmetry group has a two-dimensional irreducible representation
P Consider, e.g., mirror symmetry R: * — —x
R YH(~ke, by, k)R = H(ky, ky, k2)
—for spin-1/2 systems: 12 = s,
— H(0,ky,, k.)R— RH(0,k,,k.) =0 Mirror plane

— define Chern number for each eigenspace of R:
(i.e., s, = +£1)

1
mirror Chern number: | Ao = —/ (Fpr — F_)d*k
4T Jop BZ




Topological crystalline materials

» Snie is a topological crystalline insulator: Teo, Fu, Kane, 2008, Fu 2011

Tanaka, Ando, et al., 2012, 2013
H =ce(k)o, +v(sinkys, —sinkys;) ® 0, + v, sink, o,

(s;: spin; o : orbitals)
Time-reversal symmetry (class All): (is,)H*(k)(is,) "' = +H(-k) O =is,K
Reflection symmetry: R = s,, R~ H(—k., ky, k)R =H(ky, ky, k)

— OR = —RO

— project H onto eigenspaces of R: ( i.e., s, = £1)

Hi =eko, Fusink,o, +v,sink, 0, =my(k)-o

—> class D:o,H} (k)o, = —H(—k)

1
2 ~ ~ ~
T 8_/ "k ey - [Op, i X O, Ty | ARPES on SnTe
T J2D BZ
mirror Chern number: nx ¢ = (ng. —n_)

nam = #  Dirac cones surface states




Classification topological crystalline materials

Mirror symmetry: RV H(—ky, ky, k)R = H(ky, ky, k)

é

» Classification of fully gapped mirror symmetric Mirror plane
topological materials depends on:

* non-spatial symmetries: TRS, PHS, and chiral SLS

e whether R commutes or anti-commutes with TRS, PHS, SLS

e spatial dimension of the system d

» Classification of gapless mirror symmetric
topological materials depends on:

e global symmetries: TRS, PHS, and chiral SLS N2
k
e whether R (anti-)commutes with TRS, PHS, SLS ¥
e co-dimension p = d — dps of Fermi surface Mirror plane "
— k
Yy

 how Fermi surface transforms under mirror and |
non-spatial symmetries r
)



Classification of fully gapped topological crystalline materials

Classification in terms of mirror symmetries
R_ : R anti-commutes with T (C or 5)

R. : R commutes with T' (C or S)

Reflection | top. insul. and top. SC d=1 d=2 d=3 d=4 d=5 d=6 d=T7 =8
R A M7 0 M7 0 MZ 0 M7, 0
R Alll 0 M7 0 MZ 0 M7 0 M7
R_ AIIl MZ & 7 0 M7 & 7 0 MZ & 7 0 M7 & 7 0

Al M7 0 0 0 2M 7, 0 M7Zo M7Zo

BDI M7Zo M7, 0 0 0 2M7, 0 M7Zo
D M7 M 7o M7 0 0 0 2M7. 0

n. R DIII 0 M7Zo M7Zo MZ 0 0 0 2M7Z,
ot All 2MZ 0 M7, M7, MZ 0 0 0
CII 0 2M7. 0 M7Z- M7 M7, 0 0
C 0 0 2M7. 0 M7 M7 M7 0

CI 0 0 0 2M 7. 0 M7Zo M7Zo M7,
Al 0 0 2M7, 0 T7- Lo M7 0

BDI 0 0 0 2M 0 T75 Lo M7,
D MZ 0 0 ‘%nTQZMZ 0 TZ, s

R R DIII Zio M7, 0 0 0 2M7, 0 T75
T All T75 Zio 0 0 0 2M7. 0

CII 0 T75 7:5 M7 0 0 0 2M7.
C 2M7, 0 17 Lo M7 0 0 0
CI 0 2M 7 0 T75 Lo M7 0 0
R_ BDI, CII 27, 0 2M7, 0 27, 0 2M 7o 0
R, DIII, CI 2M7, 0 27, 0 2M7, 0 27, 0

R+_ BDI M7 & 7 0 0 0 2M7, D 27 0 Mo D Zio MZio D Zio

R__|_ DIII MZo ®lo Mo D Zo MZDZ 0 0 0 QM7 B 27, 0
Ri_ CII 2M7, D 27, 0 MZo ® 7o MZo D Zo MILDZ 0 0 0
R_ CI 0 0 2M7Z & 27 0 MZo ®Zo MZo®Zo MZDZL 0

Chiu & Schnyder 2014; Chiu, Yao, Ryu, PRB 2013; Morimoto & Furusaki PRB 2013; Shiozaki & Sato 2014




Conclusions & Outlook

—_—

- Topological properties of fully gapped and nodal -
superconductors (and insulators and semi-metals)

* Classification in terms of global non-spatial symmetries 4
* Classification in terms of mirror symmetries <

g

- Experimental fingerprints of surface states
* tunneling spectroscopy: zero-bias peak
* Fourier-transformed STS: absence of backscattering

* NCS-FM junction: spontaneous interface currents

- Candidate materials for topological superconductivity

- Non-centrosymmetric SCs: CeP13Si, Li2Pt3B, BiPd, LuPtB, LaPtB, etc. (class DIl)
- Locally non-centrosymmetric SCs: SrPtAs (class A ?)

- Centrosymmetric SCs: SroRuQyg (class D), CuxBi2Ses?, Cux(PbSe)s(Bi2Ses)s (class DIlI),
LuP1Bi, YPtBi (class CllI), UrPts, URu2Siz, CeColns

- Interfaces: LaAlOs/SrTiO3? (class DIll), InSb + Nb (class D)



