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| Outline

# Introduction to basics of the quantum Hall effect
s Sample geometry, measurement technique
» Incompressibility = quantized Hall resistance
» mMmicrosocpic origin of incompressibility
» role of disorder

#® Overview of exotic interaction effects
guasiparticles with fractional charge and statistics;

composite fermions; chiral Luttinger liquids; quantum
Hall ferromagnets

# fractional guantum Hall effect in rotating atomic gases I



Intr oduction to the basicsof the
guantum Hall effect

o

£,
‘I \a



I Two—dimensionalelectron systems

#® Quantum Hall (QH) effect observed in 2D electron
systems placed in a perpendicular magnetic field

2DES with density n IT\
B
|
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Important parame-
ter:
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I Two—dimensionalelectron systems

#® Quantum Hall (QH) effect observed in 2D electron
systems placed in a perpendicular magnetic field
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|IIustrat|on taken from: Jeckelmann and Jeanneret '01

# typically realized in semiconductor heterostructures
using band—gap engineering: (Ga,ADAs, (In,Al)As, ...
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I Two—dimensionalelectron systems

#® Quantum Hall (QH) effect observed in 2D electron
systems placed in a perpendicular magnetic field

(a) (b)

Conduction

v illustration taken from: Jeckelmann and Jeanneret '01

# typically realized in semiconductor heterostructures
using band—gap engineering: (Ga,Al)As, (In,ADAs, ...

# original discovery of QH effect in silicon MOSFETs I
Klitzing, Dorda, Pepper '80
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| Setupfor transport measurement

#® mesoscopic current and voltage probes attached to
sample, measure resistances R = V;,/I and Ry = Vg/I

voltage probes

Source
urelp

Buttiker '86 source: PTB webpage

B



| Setupfor transport measuement

® mesoscopic current and voltage probes attached to
sample, measure resistances R = V;,/I and Ry = Vg/I
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® observe plateaux in Ry where, with great precision

(error < 1079), Ry' = 1. &, concomitant with R — 0 I



| Classicalmagnetotransporttheory

—

#® electrodynamics in 2D: j:? E, E=0 -7, o=

30

# simple Drude theory yields (with w. = eB/m):

A
z: E (wCT)_l 1
\n/e/ —1 (WCT)_l
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= guantum Hall system not a classical conductor <

# at plateau: both longitudinal resistivity and conductivity
vanish (possible because oy finite)

= guantum Hall system: perfect conductor or insulator? <« I



I Quantized oy: Thermodynamic argument

#® reasonable hypothesis: quantum Hall system is a bulk
insulator, i.e., is incompressible in the bulk: dn/du — 0

A
/ R__l@_V_l(WE)_l_ldn

vorP vV \avZ) T n2du
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I Quantized oy: Thermodynamic argument

#® reasonable hypothesis: quantum Hall system is a bulk
insulator, i.e., is incompressible in the bulk: dn/du — 0

”A u+6u' ‘wéu
/

T >
#® Iincompressibility at magnetic—field—dependent density
n* implies quantization of Hall resistance! Widom '82

SM = (%—f‘j) S = (2Y) oy I
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#® reasonable hypothesis: quantum Hall system is a bulk
insulator, i.e., is incompressible in the bulk: dn/du — 0
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I Quantized oy: Thermodynamic argument

#® reasonable hypothesis: guantum Hall system is a bulk
insulator, i.e., is incompressible in the bulk: dn/du — 0

IJA p+5u’ ’p+6p
- 8
. L

T >
#® Incompressibility at magnetic—field—dependent density
n* implies quantization of Hall resistance! Widom '82

1= (§)n=55)0n = Ru=2 =4 (00 55)” |



Take—homemessaget 1:
Quantized Hall resistancedueto
Incompressibility (mobility gap).
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I Incompressibility at integer v

#® Schrodinger eq. for 2D electrons in a perpendicular
magnetic field reads H, ¢ () = E () with

= 2
. [ﬁ+eA(:c,y)} hw, (202 2 L.
0 = om 2 {7*472‘?}
L 1 L
Alx,y) = §F><B



I Incompressibility at integer v

#® Schrodinger eq. for 2D electrons in a perpendicular
magnetic field reads H, ¢ () = E () with

= 2
. [ﬁ+eA(:v,y)} ho, (202 @ L,
0 = om 2 {7*472‘?}
. 1 ,

» find representation of Hy = hw. (a'a + 1) and angular
momentum L, = & (b'b — a'a) in terms of independent
harmonic—oscillator ladder operators {a,a'} and {b, b}

B



I Incompressibility at integer v

#® Schrodinger eq. for 2D electrons in a perpendicular
magnetic field reads H, ¢ () = E () with

[ﬁ+ eA(z, y)} 2

2m

. 1 .
Az,y) = 5T X B

Hy =

» find representation of Hy = hw. (a'a + 1) and angular
momentum L, = & (b'b — a'a) in terms of independent
harmonic—oscillator ladder operators {a,a'} and {b, b}

® eigenstates of H, labelled by Landau—level index n and
L, quantum # M; localized at ry; = /2(n + M + 1)/ I




I Incompressibility at integer v

# finite sample: external potential V' (z,y) confines
electrons; Hamiltonain given by Hy + V (z,y)



I Incompressibility at integer v

# finite sample: external potential V' (z,y) confines
electrons; Hamiltonain given by Hy + V (z,y)

# oscillator (Landau) levels degenerate in bulk but
bent upwards at sample boundary

Lt .
> = bulk gap at integer v
S | second Landay fevel = at the same time: chiral
Q :
L2 bbbty el 1D edge currents flowing
®©
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I Incompressibility at integer v

# finite sample: external potential V' (z,y) confines
electrons; Hamiltonain given by Hy + V (z,y)

# oscillator (Landau) levels degenerate in bulk but
bent upwards at sample boundary

= bulk gap at integer v
e = at the same time: chiral

----------------- 1D edge currents flowing

chiral 1D
Fermi point é aEM

[y — — — 22
M7 h oM

2
. ® Hall conductance: & = < _I
W p h
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single—particle energy \
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| Role of disorder

#® observe quantum-—Hall effect in large (mm-sized)
samples with plateaux extending over AB > 1 Tesla

» expect, however, &2 ~ ﬁ ~ 1072...10~* typically

#® resolution of puzzle: samples are disordered!

E A
U+6M' ‘u+6u

3_

# #
B=0 B,>0 B;>0 Density of states
no scatteting scattering




Take—homemessaget 2:
Finite width of Hall plateauxin
large samplesdue to disorder.
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I Incompressibility at fractional v

Tsui, Gossard, Stérmer '82
# fractional filling factor = occupy only states in lowest

Landau level (LLL), these are labelled by M and
(except close to edge) have the same (kinetic) energy




I Incompressibility at fractional v

Tsui, Gossard, Stérmer '82
# fractional filling factor = occupy only states in lowest

Landau level (LLL), these are labelled by M and
(except close to edge) have the same (kinetic) energy

22 . .
# wave function: ¢ (z,y) = Ny 2 e~ with 2z = 2 + 1,

2

general LLL wave function: ¢ (x,y) = f(2) e~ where
f(2) ... polynomial with, at most, N, = BA/¢, zeroes

|



I Incompressibility at fractional v

® two—electron wave functions classified by relative and
center—of—mass angular momenta m and M are
uniquely determined by analyticity requirement:

Ui (21, 22) = (21 — 22)" (21 + zQ)M o121 +]z2?)




I Incompressibility at fractional v

#® two—electron wave functions classified by relative and
center—of—mass angular momenta m and M are
uniquely determined by analyticity requirement:

Ui (21, 22) = (21 — 22)" (21 + zQ)M o121 +]z2?)

® are eigenstates for arbitrary interaction Vi (|21 — 23))




I Incompressibility at fractional v

#® two—electron wave functions classified by relative and
center—of—mass angular momenta m and M are
uniquely determined by analyticity requirement:

Ui (21, 22) = (21 — 22)" (21 + zQ)M o121 +]z2?)

® are eigenstates for arbitrary interaction Vi (|21 — 23))

#® many-body Hamiltonian for electrons in LLL:

H = vatﬂzz — Z]l) — va ’].7?%72)

1<g

= has discrete matrix elements in mM representation!



I Incompressibility at fractional v

= electron wave functions characterized by their zeroes! <

consider finite sample with
N electrons, N, flux quanta

= many-body wave function
for electrons changes sign
upon particle exchange

U(z1,...,28) = Q({2}) H(Zi — z) o= 1 2 |22

1<J I



I Incompressibility at fractional v

= electron wave functions characterized by their zeroes! <

consider finite sample with
N electrons, N, flux quanta

= must be polynomial in
each particle coordinate with
N, zeroes: sample size!

U(z1,...,28) = Q({2}) H(Zi — z) o= 1 2 |22

1<J I



I Incompressibility at fractional v

= electron wave functions characterized by their zeroes! <

consider finite sample with
N electrons, N, flux quanta

= at least one zero at posi-
tion of every other electron,
due to antisymmetry

\If(zl, e ,ZN) = Q({zj}) H(ZZ — Zj) e_iz:k |25 |2

1<J I



I Incompressibility at fractional v

= electron wave functions characterized by their zeroes! <

consider finite sample with
N electrons, N, flux quanta

= position of remaining ze-
roes arbitrary in the absence
of interactions

U(z1,...,28) = Q({z}) H(Zi — z) o= 1 2 |22

1<J I



I Incompressibility at fractional v

= electron wave functions characterized by their zeroes! <

consider finite sample with
N electrons, N, flux quanta

= v < 1/3: to minimize inter-
action energy, nucleate more
zeroes at other electrons

U(z1,...,2n) = | [(zi — 2))° ema Exlal

1<J Laughlin '83
- I



I Incompressibility at fractional v

= electron wave functions characterized by their zeroes! <

consider finite sample with
N electrons, N, flux quanta

= not enough zeroes when
v > 1/3I origin of incom-
pressibility at v = 1/3




I Incompressibility at fractional v

= electron wave functions characterized by their zeroes! <

consider finite sample with
N electrons, N, flux quanta

= stray/missing zeroes are
guasiholes/electrons w/ frac-
tional charge and statistics




| Compositebosons/ fermions

= zeroes of many-body wave
function can be understood as flux
vortices (phase winding!)

= singular gauge transformation
eliminates winding phase, intro-
Source: Website of Bell Labs _dUCES fictitious magnetic field

many—electron wave function for v = 1/(p + 1):
U = Q({z}) [ic;(zi — )P — Ve = Q({2})

many—boson wave function in zero magnetic field
Zhang, Hansson, Kivelson '89



| Compositebosons/ fermions

= zeroes of many-body wave
function can be understood as flux
vortices (phase winding!)

= singular gauge transformation
eliminates winding phase, intro-
Source: Website of Bell Labs _dUCES fictitious magnetic field

many-electron wave function for v ~ 1/(p + 1):
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many—fermion wave function at vcr = 1
Jain '89



| Compositebosons/ fermions

= zeroes of many-body wave
function can be understood as flux
vortices (phase winding!)

= singular gauge transformation
eliminates winding phase, intro-
Source: Website of Bell Labs _dUCES fictitious magnetic field

many-electron wave function for v ~ 1/(p + 1):

U = Q({z}) [Tic;(zi— 2P = Ver = Q({z;}) [, (2 — %)
many—fermion wave function at vcr = 1
Jain '89

more generally: v.. =v 1 —p
vecp =n... Integer = quantum Hall effect at v = = I
o




| Compositebosons/ fermions
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more generally: vo. =v 1 —p

vop =n... Integer = quantum Hall effect at v = =

v = 1/p: composite—fermion liquid I
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~Overview of nontri vial
Interaction physicsin the

gquantum Hall regime
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| Electron.fractionalization

= Laughlin state has all
electrons saturated with
three flux tubes




| Electron.fractionalization

= make hole excitation,
l.e., physically remove an
electron: leaves 3 zeroes




| Electron.fractionalization

= three Independent
fractionally charged quasi-
holes generated!




| Electron.fractionalization

= experimental verification: shot—noise measurements

Saminadayar et al. '97; Reznikov et al. '97
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| Quantum—Hall edgeexcitations

iInteger v: energy gap due to Landau quantization
Z

AE
009000 X y

-©0-09O0O00
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edge potential = low-lying 1D edge excitations

v 3




| Chiral Luttinger liquids

At fractional filling factors, e.g., v = 5= energy gap due

to interactions Laughlin '83

® n branches of chiral edge excitations predicted that
form chiral Luttinger liguids Wen '91

# tunneling from 3D contact into edge: expect I(V) < V*
ObServe aexp, # Qheo

e M
B g
O Chang °
| Theory »
o o Grayson et al. '98
2 S o o——| Graysonetal. '01
Soxl g Chang et al. 01
e Fr 220 1] Hilke et al. 01
quantum well 2DEG " A
cleaved edge _ 0 2
barrier o 12,3 4
— overgrowth
0



| Newtunneling geometry: 2p contact

/ 5 p, conserved in tunneling!
y (Huber et al. '02)
L),

-~

=2p, Aj(e=eVop)

—
<

di/dV (arb. units)

—_
|

Sn/K R
s 0
> =X/l > k=X/] i Vi)
Landau—level spectroscopy chiral Luttinger liquids atv = 2, 2
UZ, Shimshoni, Governale '02
#§§ 4
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| Quantum Hall ferromagnets

# for 2D electrons in GaAs heterostructures in a high
(~ 10 Tesla) magnetic field, Zeeman splitting is small

cyclotron energy: hw. = 20 K - B[Tesla] 200 K
Coulomb exchange: e?/e/ =50 K- /B[Tesla] 150 K
Zeeman splitting:  gugB = 0.5 - B[Tesla] 5K

|



| Quantum Hall ferromagnets

# for 2D electrons in GaAs heterostructures in a high
(~ 10 Tesla) magnetic field, Zeeman splitting is small

cyclotron energy: hw. = 20 K- B[Tesla] 200 K
Coulomb exchange: e?/e/ =50 K- /B[Tesla] 150 K
Zeeman splitting:  gugB = 0.5 - B[Tesla] 5K

® electron system at v = 1 iIs 100% spin polarized even
In the absence of Zeeman splitting: ideal ferromagnet




| Quantum Hall ferromagnets

#® |ow-lying excitation in typical ferromagnets: spin waves

: s - A B
with wave vector ¢; created by S = ) ; Crva) Cht



| Quantum Hall ferromagnets

#® |ow-lying excitation in typical ferromagnets: spin waves
. . _— B 1 B
with wave vector ¢; created by S = ) ; Crva) Cht

#® generalization to the LLL quantum Hall ferromagnet:
1D wave vector ¢ related to real-space distance ¢¢>
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| Quantum Hall ferromagnets

#® |ow-lying excitation in typical ferromagnets: spin waves
. . _— B 1 B
with wave vector ¢; created by S = ) ; Crva) Cht

#® generalization to the LLL quantum Hall ferromagnet:
1D wave vector ¢ related to real-space distance ¢¢>

E ,
A :
20

=5 19 |
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q v Barret et al. '95
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| Skyrmions

#® |ow-lying charged excitations in quantum Hall ferro—

magnets: skyrmion spin textures m(r)
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Sondhi et al. '93



| Skyrmions

#® |ow-lying charged excitations in quantum Hall ferro—
magnets: skyrmion spin textures m(r) Sondhi et al. '93

#® spin texture results in additional (topological,
Berry—phase) vector potential fTB(fF) such that



| Skyrmions

#® |ow-lying charged excitations in quantum Hall ferro—
magnets: skyrmion spin textures m(r) Sondhi et al. '93

#® spin texture results in additional (topological,
Berry—phase) vector potential fTB(fF) such that

#® skyrmion texture reduces effective magnetic flux by

—

o [ dr V x Ag = Q[m] ... integer, hence quantum
Hall gap occurs at electron number shifted by vQ|[m]

=- skyrmion carries electric charge vQ|m| <« I
o



| QHE.In ultracold bosegases

® Interacting atoms confined in a 2D harmonic trap: H =

S, {(ﬁ%fw)z + (5—:;)2}% Yoy 87 —)
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| QHE.In ultracold bosegases

® interacting atoms confined in a 2D harmonic trap: H =
w D e 2 T 2 5 5
%Zj{(ph ) +<Z> }"‘V()ijé(ri_rj)_QZjLZj

#® when trap is rotating with frequency €2: additional term;
for {2 = w: recover guantum-Hall Hamiltonian (w. = 2w)

B



| QHE.In ultracold bosegases

® interacting atoms confined in a 2D harmonic trap: H =
w D e 2 T 2 5 5
%Zj{(ph ) +<Z> }"‘V()ijé(ri_rj)_QZjLZj

#® when trap is rotating with frequency €2: additional term;
for {2 = w: recover guantum-Hall Hamiltonian (w. = 2w)

® bose system: incompressible at v = 1/2 (minimization
of contact—interaction energy possible only for v < 1/2)

®(21,...,28) = Q({z}) 1_[(2z — Zj)2 o3 2k 12kl

1<J

= analog of fractional quantum Hall effect <=
Cooper, Wilkin '99; Wilkin, Gunn '00



| Creationof Laughlin quasiparticles

® intense Laser beam simulates disorder potential,
create fractionally charged quasiparticle  paredes etal. ‘01

t=0 : t=54 ; =300 ;

# direct spatial control: something condensed—matter

experimentalists do not have!




| Measurementof fractional statistics

# at intermediate Laser intensities: create superposition
of initial state and state with one more quasiparticle

® use this to directly measure fractional statistics of
Laughlin quasiparticles Paredes et al. '01




| Conclusions

#® Basics of the quantum Hall effect
» Incompressibility = quantized Hall resistance
s Integer effect: Landau quantization
» fractional effect: interactions
s finite plateau width due to disorder
#® quenching of kinetic energy in the lowest Landau level

gives rise to novel interaction effects: laboratory for
multitude of correlated—electron states

#® new avenues for the study of such effects in trapped

cold atomic gases
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