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Introduction

Dynamical mean field theory Metzner & Vollhardt (1989), Georges & Kotliar (1992)

e Replace lattice problem by a single site effective problem
e Neglect spatial, keep dynamical fluctuations
e Becomes exact in the infinite coordination number limit
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Introduction

Dynamical mean field theory Metzner & Vollhardt (1989), Georges & Kotliar (1992)

e Lattice model (Density of states D(e), Self energy >.:(iwn, k))
Higr = —p Y s (nig +niy) + U Y narniy + £33y o € o Ciio
® o © , ® O
V. R
® O (. @ 0>

o &6 6 o o
L N

e Single impurity (Hybridization V;, Self energy X;,,, (iwy,))
H = —p(ng +np) + Unpng + 305 655" 000" + 2 o (Vichagly" + h.c)

(v
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o Effective Action (Hybridization F'(7), Self energy X;,,,(iw))
S = [dr(—p(nt +ny) +Uniny) = 3, [drdr’c, (1) Fo (T — 7')ck ()

F(T-17)
-
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o Effective Action (Hybridization F'(7), Self energy X;,,,(iw))
S = [dr(—p(nt +ny) +Uniny) = 3, [drdr’c, (1) Fo (T — 7')ck ()

F(T-17)
-

e Self-consistency
S — Yiat(iwn) = Bimp(iwn) — Grat(iw,) = [ de- D(e) > S

1, €e—X W
ntp— tat (iwn) ISSP, Aug. 06




Previous QMC approaches

Hirsch-Fye solver Hirsch & Fye (1986)

e Hubbard model: Z = T+T.e~° with action S = Sg + S,
Sp=—>_, foﬁ drdr'co (T)Fy (T — 7l (7))
Sloc = — 4 foﬁ dr(ny +ny) + Ufoﬁ drnin,

e Discretize imaginary time into NV equal slices At

e Decouple Un;n| using discrete Hubbard-Stratonovich transformation
e_ATU(nTnl+1/2(nT+nl)) — %Zs:il eks(nT—I-nl)’ A\ = COSh(eATU/Q)

e Perform Gaussian integral A
q

/J = Zsi det Gaﬁ(sl, ceny SN)GEj(Sl, ceny SN)
e MC sampling of auxiliary Ising spins ~exp(~UT/2)

e Initial drop of Green function ~ e~ U7/2
— Matrix size: N ~ 58U
— Low temperatures not accessible
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Previous QMC approaches

Rubtsov solver Rubtsov et al. (2005)

e Hubbard model: Z = TrT,e~> with action S = Sy + Sy
So = —p [ dr(ng +ny) =X, [ drdr!cy () Fy (T — 1)k ()
Su = Ufoﬁ drnin,
e Continuous-time solver based on a diagrammatic expansion of Z
Prokof’ev et al. (1996)
o Treat quadratic part S, as unperturbed action and expand e~V J 471

. k
Z =3, S [ dr . dnTr[TreSong (m)ny (11) .. ng (T (7))

e Perform Gaussian integral

Z:Zk(_kL!)kfdﬁ...di

x det Go 1 (11, ..., 7)Go, | (T1, .., Tk) 1 + 8U + U@U + ..

e MC sampling of vertices
{nT(Ti)m(Tz‘)}z‘:m ..... k

e Matrix size: (k) ~ 0.56U
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New Impurity solver

Expansion in the impurity-bath hybridization F' (cond-mat/0512727)

e Non-interacting model: Z = TrT. exp(foﬂ drdr'c(T)F(r — 7))t (7))
e Expand exponential, evaluate in the occupation number basis
110), 1)}
o Z=g1Trl
—I—%TTTT [ dridrs e(mf)F( — )t (19)
+ATrT, [dridredrydrs o(rf)F(rf — ) (15) e(r§) F (15 — 75)cT (75)

+ ..
F(Ti-17)
| A n |+
0 B 0 ‘! 1 B
=
=] |
| S [ S [ | + | S [ (SAG S € | +
0 T T T U o © LT TT 3
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New Impurity solver

Expansion in the impurity-bath hybridization F' (cond-mat/0512727)

e Non-interacting model: Z = TrT. exp(foﬂ drdr'c(T)F(r — 7))t (7))
e Expand exponential, evaluate in the occupation number basis
110), 1)}
o Z=g1Trl
—I—%TTTT [ dridrs e(mf)F( — )t (19)
+ATrT, [dridredrydrs o(rf)F(rf — ) (15) e(r§) F (15 — 75)cT (75)

-+ ..
F(Tf=17})
| o+ & nd |+
0 B o U 1 B
>
U’u (_ :‘
-< |
| S [S] S (S | + | S [S] (SAG S [S] | +
0 L T L8 B B 0 T GO T3 T B

e Some diagrams have negative weight S5P. Aug. 06



New Impurity solver

Expansion in the impurity-bath hybridization F' (cond-mat/0512727)

e Non-interacting model: Z = TrT exp(foﬂ drdr'c(T)F(r — 7))t (7))

e Collect the k! diagrams with the same

{c(18), T (18) }iz1.. 1 Into @ determinant

Zi (13, 15575, 155 .5 T, T ) = det F(k)5:1’§
Fion = F(75, = 73)

— resums huge numbers of diagrams
— eliminates the sign problem

Z, can be visualized as a configuration
of £ segments on a circle

o 7 — 2"‘22021 foﬁ dTiS“’fé_l dTij f:}g’l dTg

S e. S e. . S e
X (T T T, TS o3 Ty T )
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Sign problem

Expansion in the impurity-bath hybridization F' (cond-mat/0512727)

e Example: F (1) = ¢, g-antiperiodic «— F(iw,)

e Diagrams: p(k) ~ k!

e Determinants: p(k) ~

k (c8*)"

probability

16-05 }
1e-10 |
1e-15 |

16-20 |

1

diagrams

c132=1
cB?=100

c[32:1 L
cp’=100

determinants

30 40 50
order

ISSP, Aug. 06



Monte Carlo sampling

Expansion in the impurity-bath hybridization F' (cond-mat/0512727)

e Sampling of Z through local updates jo— o o—0 IB
(i) insertion/removal of segments | 1local updates
(i) insertion/removal of anti-segments I(I)O—O O—e O—® O—e |
(i) shifts of the segment end points |(ii2:
(iii)
|

® O |

e Detailed balance

Sk — Sk1 = Sk + 5 Pins(5) _ Zk11(5k41) Blmas i
prem(s) Zk:(sk) k41

e Store and update the matrix M = F—!
— access to determinant ratios
— efficient computation of G

G(r) = <% iy My AT, 7 — TJ$)>
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Monte Carlo sampling

Expansion in the impurity-bath hybridization F' (cond-mat/0512727)

e Hubbard model (U # 0): Segment configurations for spin up/down

spin up

| — —:— ---------- »E

0 B

| | —
0 ! ’ 3

e Acceptance rate for MC moves now also depends on segment overlap
e Detailed balance

S 3 p(s — 3) _ Zk(S)e(Z—z)u—U(szoverlap

p(§—s)  Zi(s)

e Obviously: E,,; = U(itotal

overlap
ne = Gy (B) = =kt
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Number of segments

Expansion in the impurity-bath hybridization F' (cond-mat/0512727)

Efficiency of the algorithm depends on the matrix size k

0.1

Computational effort O(k?)
Order of diagrams (k) ~ 3
(k) decreases with increasing U

p(k)

— small matrices
— works even at very low T°

0.09 |
0.08 |
0.07
0.06 |
0.05 |
0.04
0.03
0.02 |
0.01

0 10 20 30 40 60 70

order k

50

Hirsch-Fye ExpansioninU Expansionin F

Method

Matrix size (k) ~ 3 ~
pt =100,U/t =3 1500 150
pt =100,U/t =4 2000 200
Bt =100,U/t =5 2500 250

~
32
26

17
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e Semi-circular density of states (Bethe lattice) with band width 4t
e Enforce paramagnetic phase

e Self-consistency condition: F(7) = t*G(—7)
e Phase diagram (sketch)

Th
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Results - Green functions

e Can map out steep drop of G(7) with almost perfect resolution

e Different large-r behavior for metallic/insulating Green functions
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Results - Kinetic energy

e Low temperature physics near Mott transition easily accessible

e Hirsch-Fye: systematic errors due to insufficient time-resolution

0.53
exact diagonalization e
® continuous-time @
0.52 '\o Hirsch-Fye —e—
°
[ J
°
- 0.51 L4 U/it=4
& ®e
X
ul
0.5
0.49
0.48 : '
0 0.001 0.002

0.003

Eyin = —2t* [ d7G(T)?

ED method:

M. Capone et al., cond-mat/0512484

'Ekin/t
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e
(X J e o

0
T )

0.05 —

0.0002 0.0004 0.0006 0.0008 0.001 0.0012
(Th)?

6 65 Ut
ISSP, Aug. 06



Results - Free energy

e Access to low temperature allows to compute the entropy
C’met (T) — dEmet/dT

St (T) = [F dT? Cmet )

Sins (T) = In(2)

e Crossing of free energy curves yields first order transition point

E/t
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Results - Doping dependence

e Algorithm works away from half filling — compute n(u) for U = U,,.
e Doping dependent Mott transition (for 7' > 0) is first order
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Results - Doping dependence

e Doping dependent Mott transition remains first order down to 7' = 0

e Changein F = E — TS — un yields precise location of the transition
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General formalism

Expansion in the impurity-bath hybridization function
e General model: Z = TrT.-e~° with action S = Sg + S,
Sp ==Y, [ drdr'va(T)Fulr — )0} (7")
Stoc = = Jo dr(¥1Qu - T + U™ plpfietsa)

Hloc

e Expandin F,, resum diagrams into determinants
Z = TrTre S [, S0 o [ drs, ... dr, det(Fy™ ({7.}))

. Ak,

<P (e a(7,) - Wl(Ts, al(Ts,)

e Configurations consist of k, creation (annihilation) operators at times
T <...<T75 (15, <...<75 )

ai

| 0O @O 60 00 e Oe o
0 B
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General formalism

Expansion in the impurity-bath hybridization function

e General model: Z = TrT.-e~° with action S = Sg + S,
Sp = =3, J drdr'va (1) Fal(r — 7)1 ()
Stoc = = Jo dr(¥1Qu - T + U™ plpfietsa)

® Welght of | @ co -+ @ o | IS (K(T):e_HlocT)
0

w ~ [1; det(FYNTr[K (8 — 78, )b

(
(T VK (15, — 78 )0 (7 K (78, — 7o )0k (75 ) K (75,)]

o K, 1, are n x n matrices

e Use eigenbasis of K

K(7) = diag(e=®17,e=27, .. e )
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Conclusions

Strong-coupling continuous-time impurity solver, based on a
diagrammatic expansion in the impurity-bath hybridization

Matrix size (k) decreases with 300
iIncreasing U 250 |
200

Hirsch-Fye
5BU

Rubtsov
0.5pU

Allows access to low T, even at

large U 150

matrix size

No detectable sign problem 100}

50 strong-coupling |

Can be generalized to models with | | . .
exchange — Conference talk 0 1 2 3 4 5

On-going and future projects
e Multi-orbital models and clusters
e Small (or truncated) systems using matrix formalism
e Large systems using double expansion in F and J
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