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 Idea of this study 

material device 

Nanodevice Artificial 
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 Introduction 

Quasiparticle state formed by 

the Andreev reflection in S/N/S 

junctions 

 Conventional 2-terminal Josephson junction 

 Andreev bound state (ABS) 

Tunneling of Cooper pair through 

an insulating or a normal region 

 the Cooper pair transports via the ABSs 

𝐸𝑛(𝜑) = Δ0 1 − 𝑇𝑛sin
2(𝜑/2) 

𝜑 ≡ 𝜑L − 𝜑R 



12
th

 June 2015 NPSMP @ Kashiwa 

 Introduction 

Quasiparticle state formed by 

the Andreev reflection in S/N/S 

junctions 

 Conventional 2-terminal Josephson junction 

 Andreev bound state (ABS) 

Tunneling of Cooper pair through 

an insulating or a normal region 

 the Cooper pair transports via the ABSs 

𝐸𝑛(𝜑) = Δ0 1 − 𝑇𝑛sin
2(𝜑/2) 

𝜑 ≡ 𝜑L − 𝜑R 

𝑇 = 0.8
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 Multi-terminal Josephson junction 

 Introduction 

Plissard et al., 

Nature Nanotech. 8, 859 (2014). 

 N-1 independent phase differences 

 The  ABS energies 𝐸𝑛 are 2𝜋 periodic in all phases 

We can regard as a band structure, 𝐸𝑛 𝜑1, ⋯ , 𝜑𝑁−1 . 
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 Multi-terminal Josephson junction 

 Introduction 

Plissard et al., 

Nature Nanotech. 8, 859 (2014). 

 N-1 independent phase differences 

 The  ABS energies 𝐸𝑛 are 2𝜋 periodic in all phases 

We can regard as a band structure, 𝐸𝑛 𝜑1, ⋯ , 𝜑𝑁−1 . 

@ 𝜑3 = 0 
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 Topological materials 

 Introduction 

 Band structure: eigenenergy 𝐸(𝑞𝑥, 𝑞𝑦, 𝑞𝑧) 

 Berry curvature field: from eigenstates Ψ 𝑞  

𝐵𝑧 𝑞 = 𝑖
𝜕Ψ

𝜕𝑞𝑥

𝜕Ψ

𝜕𝑞𝑦
−

𝜕Ψ

𝜕𝑞𝑦

𝜕Ψ

𝜕𝑞𝑥
 

 2D topological invariant 

𝐶 =
1

2𝜋
 𝑑𝑞𝑥𝑑𝑞𝑦𝐵𝑧 𝑞  

 Quantum Hall effect          quantized transconductance 

 Topological physics (Weyl semimetal, spin Hall insulator, 

surface states, Majorana fermion, etc) 
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 Weyl singularity in band structure 

 Introduction 

 Weyl fermion: massless relativistic particle 

 Conical spectrum 

 In the vicinity of certain 𝑞 , 

𝐻 = 𝜎 ⋅ 𝛿𝑞  

 Theoretically predicted in materials 

 The points work as monopoles of the Berry curvature field 

X. Wan, PR 83, 

201202 (2011). 
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 This talk 

 Multi-terminal junction as topological material 

 Peculiarities and singularities of the ABS energy in 

multi-terminal junctions 

 Weyl singularity in Andreev spectrum 

 Spin-orbit (SO) interaction 

 Analogy of the ABS between 𝑬 = 𝟎 and 𝑬 = 𝚫 

 Superconducting gap edge touching 
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Model & formulation 
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 Beenakker’s formulation 

 Model & formulation 

det(𝑒𝑖2𝜒 − 𝑆 𝝋 ) = 0 

Beenakker, PRL 67, 3836 (1991). 

𝑟 eh𝑠 h𝑟 he𝑠 e𝝍 = 𝝍 

𝑒−𝑖𝜑 = diag 𝑒−𝑖𝜑0 , 𝑒−𝑖𝜑1 , ⋯ , 𝑒−𝑖𝜑𝑁−1  

𝑟 he = 𝑒−𝑖𝜑 𝑒𝑖𝜒 

𝜒 = arccos(𝐸/Δ) 

𝑆 𝝋 = −𝑔 𝑠∗ 𝝋,−𝐸 𝑔 𝑠 𝝋, 𝐸  

𝑠 𝝋, 𝐸 ≡ 𝑒−𝑖𝜑 /2𝑠e 𝐸 𝑒+𝑖𝜑 /2 

*The phase breaks time-reversal invariance: 𝑠 𝝋,−𝐸 ≠ −𝑔 𝑠∗ 𝝋, 𝐸 𝑔  

𝑠h −𝐸 = −𝑔 𝑠e
∗ 𝐸 𝑔  

𝑔 = −𝑖𝜎 𝑦 
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 Model & formulation 

 Scattering matrix with/without SO interaction 

: given by random matrix 

 no SO interaction  with SO interaction 

𝑆 𝝋 = −𝑢∗𝑢 𝑆 𝝋 = 𝑠∗𝑠 

𝑠e = 𝑈Λ𝑈† 

𝑢 ≡ 𝑔 𝑠 −𝑔 𝑠𝑔 = 𝑠 

𝑔 = −𝑖𝜎 𝑦 

𝑆 𝝋 = −𝑔 𝑠∗𝑔 𝑠 

Single parameter 𝑝SO 

(0 ≤ 𝑝SO ≤ 1) 

𝑈: orthogonal 𝑈: symplectic 

Yokoyama, Eto, and Nazarov, JPSJ 82, 054703 (2013). 
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Band gap closing point 
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 4-terminal junction 

 “Band structure” 

4 gap closing points  
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 Conical spectrum of the ABS 

 Property of Weyl point 

 𝜑2 and 𝜑3 are fixed. 

 Time-reversal invariant guarantees 𝐸𝑛 𝝋 = 𝐸𝑛 −𝝋 . 

 The conical points come in group of 4. 
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 Split by SO interaction 

 Property of Weyl point 

 Split of conical point in spin 

 2D surface of zero energy 
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 Property of Weyl point 

topological protection: Weyl fermion 

 The Weyl point is present even in the absence 

of SO interaction! 

 No  exotic materials! 

 Topological protection and pair annihilation 
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 Berry curvature 

 Suppose fixed 𝜑3 

 𝑑𝜑1𝑑𝜑2𝐵3 = 2𝜋𝐶 𝐶 : Chern number 

𝐵3 =  𝑛𝑘 − 1/2 𝐵𝑘,3𝑘   

if the band is trivial, 

if the Weyl point is presesnt, 

𝐶 ≠ 0 between two points 

𝐶 = 0 for all 𝜑3 

|𝜓𝑛(𝝋)  : Wavefunction of the ABS  

𝐵𝑛,3 𝜑1, 𝜑2, 𝜑3 ≡ −2Im
𝜕𝜓𝑛
𝜕𝜑1

𝜕𝜓𝑛
𝜕𝜑2

 

Riwar et al., arXiv: 1503.06862 
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 Transconductance 

𝜑 1 = 2𝑒𝑉1/ℏ 
𝜑 2 = 2𝑒𝑉2/ℏ 

 Phase sweep by small voltage 

𝐵 3 =
1

2𝜋 2
 𝑑𝜑1𝑑𝜑2𝐵3 = 𝐶/(2𝜋) 

 Current correction 

𝐼1/ 2𝑒 =
𝜕𝐸

𝜕𝜑1
− 𝜑 2𝐵 3 𝐼2/ 2𝑒 =

𝜕𝐸

𝜕𝜑2
− 𝜑 1𝐵 3 

𝜎12 = − 2𝑒 2𝐵 3/ℏ = −
2𝑒2

𝜋ℏ
𝐶 

 Transconductance 

Riwar et al., arXiv: 1503.06862 
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Gap edge touching point 
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 What’s expected? 

 Mathematical analogy 

−𝜓 = −𝑢∗𝑢𝜓 

−𝜓 = 𝑠∗𝑠𝜓 

𝑢 = 𝑔 𝑠 

𝑒𝑖2𝜒 = −1 𝑒𝑖2𝜒 = +1 

 Zero energy  Super. gap edge 

no SO 

with SO 𝜓 = −𝑢∗𝑢𝜓 

𝜓 = 𝑠∗𝑠𝜓 

Weyl point 

2D surface at 𝐸 = 0 

det(𝑒𝑖2𝜒 − 𝑆 𝝋 ) = 0 𝑆 𝝋 = −𝑔 𝑠∗𝑔 𝑠 

Another singularity? 

2D surface ? 
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 Super. gap edge 

 2D surface of gap edge touching 

When the SO interaction is 

present, only 4 lines remain 

symmetry line 
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 Super. gap edge 

 Removing by SO interaction 
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 Super. gap edge 

 Symmetry line 

Three of the four phase are equal, 

𝜑0 = 𝜑1 = 𝜑2 ≠ 𝜑3. 

𝜑0,1,2𝜑3
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 Conclusions 

 Multi-terminal Josephson junction 

 Band structure of the Andreev spectrum 

 Weyl singularity     even without SO interaction 

 Peculiarity of gap edge touching 

 Higher dimensional physics 

Yokoyama and Nazarov, (in preparation) 
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Effective Hamiltonian 
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 Effective Hamiltonian (1) 

det(𝑒𝑖2𝜒 − 𝑆 𝝋 ) = 0 

𝑒𝑖2𝜒 ≈ −1 + 𝑖2𝐸/Δ 

𝑠 𝝋 = 𝑠 𝝋c 𝑒
𝑖𝑋 𝛿𝝋 ≈ 𝑠 𝝋c 1 + 𝑖𝑋  

𝐻𝐸=0 = Δ 𝑋𝑗Σ 𝑗
𝑗=13

+ Δ𝝈 ⋅ 𝑲0 

𝑠∗ 𝝋c 𝑠 𝝋c |𝑎, 𝑏 = −|𝑎, 𝑏   Two states at Weyl points: 

𝑠 𝝋c, 𝑲 = 𝑠 𝝋c 𝑒
𝑖𝝈 ⋅𝑲 ≈ 𝑠 𝝋c 1 + 𝑖𝝈 ⋅ 𝑲  

𝑋1 + 𝑖𝑋2 = − 𝑏 𝑋 𝑎  

𝑋3 = 𝑏 𝑋 𝑏 − 𝑎 𝑋 𝑎 /2 
𝑲0 = 𝑏 𝑲 𝑏 − 𝑎 𝑲 𝑎 /2 
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 Effective Hamiltonian (2) 

𝑒𝑖2𝜒 ≈ 1 + 𝑖 8𝜖 

𝐻𝐸=Δ = 𝑋0Σ 3 + 𝝈 ⋅ 𝑲𝑗Σ 𝑗
2

𝑗=0
+ 𝐷𝑗Σ 𝑗

2

𝑗=0
 

𝑠∗ 𝝋c 𝑠 𝝋c |𝑎 ↑, 𝑏 ↓ = |𝑎 ↑, 𝑏 ↓   Two states at gap edge: 

𝜖 = 1 − 𝐸/Δ 

𝐻𝐸=Δ|Ψ = 2𝜖|Ψ  

𝑠 𝝋c, 𝑑 = 𝑠 𝝋c 𝑒
𝑖𝐸𝑑 ≈ 𝑠 𝝋c 1 + 𝑖Δ𝑑  

𝐷1 + 𝑖𝐷2 = 𝑏 𝐷 𝑎  

𝑋0 = 𝑎 𝑋 𝑎 − 𝑏 𝑋 𝑏 /2 

𝑲0 = 𝑎 𝑲 𝑎 + 𝑏 𝑲 𝑏 /2 

𝑲1 + 𝑖𝑲2 = 𝑏 𝑲 𝑎  

𝐷0 = 𝑎 𝐷 𝑎 + 𝑏 𝐷 𝑏 /2 

causality: (𝐷0 > 𝐷1
2 + 𝐷2

2) 
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 Effective Hamiltonian (2) 

 Eigenenergies of 𝐻𝐸=Δ = 𝑋0 

𝜆± = 𝑋0
2 + 𝐿 𝑲𝑗 ± 2𝑀 𝑲𝑗 , 𝑋0   

𝐿 𝑲𝑗 = 𝑲0 ⋅ 𝑲0 + 𝑲1 ⋅ 𝑲1 +𝑲2 ⋅ 𝑲2 

𝜆− can be zero when the SO interaction 𝑲𝑗=0,1,2 satisfies 

some conditions in 6D (𝑲𝑗 , 𝑋0) parameter space. 

𝑀 𝑲𝑗 , 𝑋0 = 𝑲0 ⋅ 𝑲1
2 + 𝑲0 ⋅ 𝑲2

2 + 𝑋0𝑲0 −𝑲1 × 𝑲2
2 

27𝑏4 + 2𝑎𝑏2 𝑎2 − 9𝑐 − 𝑐 𝑎2 − 𝑐 2 = 0 

𝑎 = −𝐾0
2 + 𝐾1

2+𝐾2
2 𝑏 = −2𝑲0 ⋅ 𝑲1 ×𝑲2  

𝑐 = 𝐾0
2 + 𝐾1

2+𝐾2
2 2 − 4 𝑲0 ⋅ 𝑲1

2 + 𝑲0 ⋅ 𝑲2
2 − 4𝐾1

2𝐾2
2 + 4 𝑲1 ⋅ 𝑲1

2 
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Transconductance 

R.-P. Riwar, M. Houzet, J. S. Meyer, and Yu. V. Nazarov, 

arXiv: 1503.06862 
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 Berry curvature 

 Suppose fixed 𝜑3 

 𝑑𝜑1𝑑𝜑2𝐵3 = 2𝜋𝐶 
𝐶 : Chern number 

𝐵3 =  𝑛𝑘 − 1/2 𝐵𝑘,3𝑘   

if the band is trivial, 

if the Weyl point is presesnt, 

𝐶 ≠ 0 on the 𝜑1𝜑2 plane Weyl point 

𝐶 = 0 for all 𝜑3 

|𝜓𝑛(𝝋)  : Wavefunction of the ABS  

𝐵𝑛,3 𝜑1, 𝜑2, 𝜑3 ≡ −2Im
𝜕𝜓𝑛
𝜕𝜑1

𝜕𝜓𝑛
𝜕𝜑2
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 Transconductance 

𝜑 1 = 2𝑒𝑉1/ℏ 
𝜑 2 = 2𝑒𝑉2/ℏ 

 Phase sweep by small voltage 

𝐵 3 =
1

2𝜋 2
 𝑑𝜑1𝑑𝜑2𝐵3 = 𝐶/(2𝜋) 

 Current correction 

𝐼1/ 2𝑒 =
𝜕𝐸

𝜕𝜑1
− 𝜑 2𝐵 3 𝐼2/ 2𝑒 =

𝜕𝐸

𝜕𝜑2
− 𝜑 1𝐵 3 

𝜎12 = − 2𝑒 2𝐵 3/ℏ = −
2𝑒2

𝜋ℏ
𝐶 

 Transconductance 

Riwar et al., arXiv: 1503.06862 



12
th

 June 2015 NPSMP @ Kashiwa 



12
th

 June 2015 NPSMP @ Kashiwa 

 Formulation 

 Scattering matrix with/without SO interaction 

: given by random matrix 

 Absence: circular orthogonal ensemble 

 Presence: circular symplectic ensemble 

𝑆 𝝋 = −𝑢∗𝑢 

𝑆 𝝋 = 𝑠∗𝑠 

𝑈: real unitary 

𝑠e = 𝑈Λ𝑈† 

𝑈: complex unitary with time-reversed eigenstates 

𝑢 = 𝑔 𝑠 

−𝑔 𝑠𝑔 = 𝑠 

𝑔 = −𝑖𝜎 𝑦 

𝑆 𝝋 = −𝑔 𝑠∗𝑔 𝑠 
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 Formulation 

 Tuning parameter 𝒑𝐒𝐎 of scattering matrix 

𝑈 = 𝜓1, 𝑔 𝜓1
∗, ⋯ , 𝜓𝑀, 𝑔 𝜓𝑀

∗  

𝜓 𝑗 = Re
𝑢 𝑗
0

+ 𝑝SO 𝜓𝑗 − Re
𝑢 𝑗
0

 

𝜓𝑗 =
𝑢𝑗
𝑑𝑗

 

orthonormalization for 𝑢𝑗  

𝑢 𝑗
0

 

Orthonormalize 𝜓 𝑗 , 𝑔 𝜓 𝑗
∗  again 


