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What do we want to describe:
Phenomenology of the superconducting phase




Two essential properties
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Secondary features

e Energy gap In excitation spectrum
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Standard theory: Bardeen — Cooper — Schrieffer (BCS)

For inhomogeneous superconductors, BCS takes the form of the
Bogoliubov- de Gennes equations:

h - — A u u
short-hand: [ hiff bl AAeff [ kj — gk( k]
At:ff _[heff — ] Vi Vi



Mean fields

Veff (r) Vlattlce j ‘ r— r‘ ( )d3 ’

!
Coulomb
Interaction
density
p(r)= (200, 0)

(r,r,) I aa (a0 ) x(r, ) d¥rd®r;

BCS model
) : order parameter
Interaction y s
anomalous density
(from

Frontich) | 20 1,) = (v () w, (1))




General (model-independent) characterization of superconductors:
Off-diagonal long-range order of the 2-body density matrix:

p'?(xx', yy') = <\TJI (XN O (Y ) (Y)>
x = <\|’¢( )\VT( )> <\,|}T(y)\’|}¢(yl)/>
2 S ) o)

X (r, r') = <(|}T (I’)\’|\I¢ (I")> order parameter of the N-S

phase transition



BCS theory describes the universal features that all
(weakly coupled phonon-driven) superconductors have
In common, e.g. universal ratio A,/ (kgT,).

BCS theory is not able to make predictions of
material-specific properties such as T, .
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freedom perfectly through o?F(o).

Electron-electron interaction not treated on same footing:
Adjustable parameter p*.



BCS theory describes the universal features that all
(weakly coupled phonon-driven) superconductors have
In common, e.g. universal ratio A,/ (kgT,).

BCS theory is not able to make predictions of
material-specific properties such as T, .

Eliashberg theory includes phonon degrees of
freedom perfectly through o?F(o).

Electron-electron interaction not treated on same footing:
Adjustable parameter p*.

Quotations:
“If I want to know T, of a superconducting material | ask my
experimental colleague next door to measure it.” (M. Fisher)

“In any known theory of superconductivity, T. is the first fudge
factor entering the theory” (D. Rainer)



DENSITY-FUNTIONAL THEORY OF
THE NORMAL-CONDUCTING STATE




ESSENCE OF DENSITY-FUNTIONAL THEORY

« Every observable quantity of a
guantum system can be calculated
from the density of the system
ALONE (Hohenberg, Kohn, 1964).

 The density of particles interacting
with each other can be calculated as
the density of an auxiliary system of
non-interacting  particles  (Kohn,
Sham, 1965).




Kohn-Sham Theorem (1965)

The ground state density of the interacting system of interest can
be calculated as ground state density of non-interacting particles
moving in an effective potential v (r):

(— PV, vs[p]<r)j<pi(r)= £0i(1) p(r)= Floy(r)f

2m N lowest €

VIR0 = volr) + [2E P + v, fpl(r)

Coulomb potential of nucleli ‘

Hartree potential

exchange-correlation potential

W. Kohn: KS potential is SE [ ]
“exactification” of Hartree MF V (r) _ O xlP universal
XC

5p(r)




DENSITY-FUNTIONAL THEORY OF
MAGNETIC SYSTEMS

Quantity of interest: Spin magnetization m(r)

In principle, Hohenberg-Kohn theorem guarantees that m(r) is a
functional of the density: m(r) = m[p](r). In practice, m[p] Is
not known.

Include m(r) as basic variable in the formalism, in addition
to the density p(r).




DFT for spin-polarized systems

e

H =T+W+ Jﬁ(r)v(r)d?’r = j m(r)- B(r)dr

o

KS scheme

VZ
o TV VL) () ]—uoc-[B(r)—Bxc(r)]j ¢ (N =< @ (1

B—— 0 limit

These equations do not reduce to the original KS equations for
B — 0 if, in this limit, the system has a finite m(r).




3 generations of approximations for E, .

1. Local Density Approximation (LDA):

E. Ip]=[d’rel(p(r), m(r))

2. Generalized Gradient Approximation (GGA):
E. lp]=[drg, (p,m Vp,vm..)

3. Orbital functionals (exact exchange, hybrids, meta-GGAs)

E.[p]= E lo,...0,]
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DENSITY-FUNTIONAL THEORY OF THE
SUPERCONDUCTING STATE

BASIC IDEA:

* Include order parameter, y , characterising

superconductivity as additional “density”
L.N. Oliveira, E.K.U.G., W. Kohn, PRL 60, 2430 (1988)

 Include N-body density matrix, I, of the

nuclel as additional “density”
T. Kreibich, E.K.U.G., PRL 86, 2984 (2001)




Hamiltonian

Ho =T, + W + [ ()vnder- [d*r[dr (7 (rr) A*(r.r') +He)



ANALOGY
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“proximity effect”



Hamiltonian

Ho =T, + W + [ ()vnder- [d*r[dr (7 (rr) A*(r.r') +He)



Hamiltonian

=T OO [ ) Av(0r) o

H, =T, +[d“"RI(R)W(R)
H = I:Ie +H, +U_,

3 densities:

p(1)={ 3 0:(007.(0))  lsvon it

=Tl
v (r,r') = <\|/T( )\yi( )> order parameter

Vel Vo

F(R)=(6"(R)$ (R,)-4(R,)4(R,)---)

diagonal of nuclear N -body density matrix



Hohenberg-Kohn theorem for superconductors

V()AL W(R)] «—=— [p(n),x(rr").T(R)]

_

Densities in thermal equilibrium
at finite temperature




Electronic KS equation

L_%z—w vs[p,x,F](r)jU(r)ﬂ AP I v(r)dr' = Eu(r)

2

J A TPl u(r )dSr'—(—%—w vs[p,x,r]mjv(r): Ev(r)

Nuclear KS equation

Ny 2
(Z— 2I\/T + Ws[p,x,F](g)j\V(E) =Ey(R)

3 KS potentials: V. A

Wi No approximation yet!
“Exactification” of BAG mean-field egs.

S S

KS theorem: There exist functionals v [p,x.I'l, AJdp.x.I'T, W[p,x,I'], such that
the above equations reproduce the exact densities of the
Interacting system




In a solid, the 1ons remain close to their equilibrium positions:

WSB):WSBO +g)
-W,R, )+ (Y W], -U

7

O (because forces vanish at
equilibrium positions)

13
+§ZZ(8€*8§WS(5))\ Uy +---






CONSTRUCTION OF APPROXIMATE F,.: H=H,+H,

H —ZI -(r) (———WFVS(VR )j \Vc(r)dB
-Jee e [.009,008:0:r) s J- T b,

develop diagrammatic many-body perturbation theory on the basis of the
H,-propagators:

G, normal electron propagator (in superconducting state)

F
////: * anomalous electron propagators

F*

S

D. phonon propagator

Immediate conseguence:
h
I:xc - ch +F

el
XC

all diagrams containing D, all others diagrams



Phononic contributions

First order in phonon propagator:

F [, T]= €55 + @

:__ZdeaF(Q) ! ‘(I(E —E,,Q)-I(E,.E,,Q))

——Zjdga F.(Q) K jI(E E;, Q)
[ ) ]I(E “E. Q)}
Input to chh . Full k,k’ ocZFnk’n.k.(Q) = Z gnﬂ,n.k. 25(9 — qu)
2

resolved Eliashberg function



Phononic contributions

First order in phonon propagator:

F [, T]= €55 + @

:__ZdeaF(Q) ! ‘(I(E —E,,Q)-I(E,.E,,Q))

——Zjdga F,(Q) K jI(E E,Q)

s

sQ-9,)

Inputto F' : Full kk’ OLZFnk,n.k.(Q)ZZ

A

q
gnk,n'k'

resolved Eliashberg function
Calculated ab-initio with ESPRESSO code



Construction of LDA-type functional
for purely electronic correlations

S. Kurth, M. Marques, M. Luders, E.K.U.G., PRL 83, 2628 (1999)

STRATEGY

» Calculate E,. for homogeneous superconductor

e Then use the result as LDA for inhomogeneous system



Normal state LDA:

Given an approximation of el (p) (xC energy per volume)

101 =] ar )

LDA for superconductors: Given an approximation of " [p, x(K)]

Note: e/-"[p, x(K)] is already a FUNCTIONAL

Exe” [P, ] ::J o' [p (R), Xu(RK)J

where y,, 1S the Wigner transform of the nonlocal order parameter

2 (. F) = xR, 1 =) = [

' (2n)

r+r'

2

XW (R | k)eik(r—r')



Calculation of €"°"[p,y (k)] by diagrammatics

unperturbed system: uniform non-interacting superconductor

N N

Hy = TN+ [dk(7(k) a0 + 77 (K) AK)

perturbation = W, (bare Coulomb interaction)

many-body perturbation theory yields

er= e, TLA(K)]

p=p [LA(K)]
Finvert: p=ufp, ¥] (invertibility guaranteed
x(a) = x[mA(K)](a) A=A[p,x] by HK theorem)

|

"= e TP, x (K]




Complete RPA resummation of all normal and anomalous bubble
diagrams

R =%Zlog{l—W(q)-[He(q,vn)+HF(q,vn)]}+ w(a)-[Ts(a,v,) +I1:(q,v,)]

where w(q)=% and Tlg(qv,)=l ¢ TIe(qva)=] ¢
1 1 (Ek+ Ek)(Ek+q+ ek+q)
M, == - (f,(E.)-f,(E
: ngkEm{ e b BEIGE)
(Ek+ Ek)(Ek+q_ Ek+q)
Af.(E )T, (—E
T iVn+Ek+Ek+q (B( k) B( k+q))
(Ek_ Sk )(Ek+q + ek+q)
(f,(~E,) -1, (E
b e BRI EL)
(Ek_ek)(EkJrq_ekJrq)
Af.(-E, )-f.(—E
T ivn_Ek+Ek+q (B( k) B( k+q))






Contributions to condensation energy at r,=1




Improved approximation for the
purely electronic contributions

g

F=lp,x )= + FS[p]

RPA-screehed electron-electron interaction of
the Inhomogeneous system

Crucial point: NO ADJUSTABLE PARAMETERS




To separate the normal (band-structure) energy scale from the superconducting
energy scale, the Bogoliubov-KS equations are decomposed into:

j nk(r) Enk (Pnk(r)

tanh (g \/(en'k' _H)Z T |An'k'|2 j
\/(En‘k' _H)Z + |An'k'|2

A

W e (nk’ n k') = jd3rjd3r'jdngdsxl(l)2k(r) Z(—k)(rl) W et (I’, X, X') (Pn'k'(x)(Pn'(—k')(Xl)

W (1,1, X, X') =W (r,r',x,x") + W (r,r',x,Xx")

with W/ = 3" Rl 9.
T Sy (nr)dy




Transition temperatures from DFT calculation

M. Luders et al, PRB 72, 024545 (2005), M. Marques et al, PRB 72, 024546 (2005)



Calculated T, [ K]

10

@)

n

T.: Theory vs Experiment

[ | [ I [ I [
@—® Lree-clectron bands
B—& True bands, averaged Coulomb potential
True bands, calculated Coulomb matrix elements

Experimental T, [ K]

10



Phonon-only transition temperatures

(A [w[v]Talmcu

DFT with W _(r,r',x,x") =0
Eliashberg with n*=0

Confirmation that retardation effects are
fully included in the DFT framework



Isotope effect:

T.cM™

Calculations Experiment
Pb 0.47 0.47
Mo 0.37 0.33

The deviations from BCS value
o=0.5 are correctly described




Jump of specific heat at T,

Theory Experiment

Pb 2.93 3.07-3.71
Nb 2.87 2.8-3.07
Ta 2.64 2.63
Al 2.46 2.43




Gap A, (K) is a function of 3D k-vector for each band n.

How can one visualize the gap?

a) Define surface S,(E) = {k : ¢,(k) = E}.
In particular: S, (Er) = Fermi surface
—Plot the values of A (k) on S (E) by color coding.



Gap A, (K) is a function of 3D k-vector for each band n.

How can one visualize the gap?

a) Define surface S,(E) = {k : ¢,(k) = E}.
In particular: S, (Er) = Fermi surface
—Plot the values of A (k) on S (E) by color coding.

b) Plot A, (E) as function of E, where for each E the
gap values A, (k) are plotted for a large random

set of k€S (E)



Gap as a function of energy, Nb
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j nk(r) Enk (Pnk(r)

tanh (2 \/(en'k' _“)2 T ‘An'k"2 j

B )2 + ‘An'k“2

A

Weff (nk’ n’ k') - jd3rjd3rljldngdgxl@>;k r)(P*(— )(rl) Weff (r’ r" X, Xl) (Pn'k'(x)q)n'(—k')(xl)

W (1,1, X, X' ) =W (r,r,x,x" ) + W (r,r',x,x")



j nk(r) Enk (Pnk(r)

tanh (g \/(en'k' _H)Z T |An'k'|2 j
\/(En‘k' _H)Z + |An'k'|2

A

W g (nk’ n’ k') - derJd3r'J.d3X_[d3Xl(P:k r) :(— )(rl) Wt (r’ ', X, Xl) (Pn'k'(x)(Pn'(—k')(Xl)

W (1,1, X, X' ) =W (r,r,x,x" ) + W (r,r',x,x")

w™ (nk,n'k') strongly attractive, short-ranged



j nk(r) Enk (Pnk(r)

tanh (g \/(en'k' _H)Z T |An'k'|2 j
\/(En‘k' _H)Z T |An'k'|2

A

Weff (nk’ n k') - deFJdgr'J.dBXJdSX'(p:k r)(PZ(—k)(rl) Weff (r’ r" X, XI) (Pn'k'(x)(Pn'(—k')(Xl)

W (1,1, X, X' ) =W (r,r,x,x" ) + W (r,r',x,x")

w™ (nk,n'k') strongly attractive, short-ranged

we (nk,n'k')  repulsive, very long-ranged






MgB, T=395K

2-D o-bonding hole pockets
3-D = and t* Fermi surfaces

Energy (eV)

[ I ] I 1 1 T ] I [ r ] I ]
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Fermi Surface of MgB,

-1.08-04
12604 ©
1.46-04 -
16004 ©
1.86-04 *
-2.08-04
2.26-04
-2.46-04
-2.86-04
2.86-04



ColyT

1.5

0.5

Specific heat of MgB,

| | | | 1 | | I |
SC-DFT calculation -
L e Puttiet al., PRB 68, 94514 (2003) -
o | . | . | | . | .
0 0.2 0.4 0.6 0.8 1
T/T,

A. Floris et al, Phys. Rev. Lett. 94, 037004 (2005)



A [ meV]

MgB,

—_27d

%

o O“o.... | :

® lavarone PRL 89, 187002 (2002)
m  Szabo’ PRL 87, 137005 (2002)
m  Schmidt PRL 88, 127002 (2002)
& Gonnelli et al., PRL 89, 247004 (2002)
@—® SC-DFT calculation

0

S 10 15 20 25 30 35 | 40
T[K]
A. Floris et al, Phys. Rev. Lett. 94, 037004 (2005)



A [meV]

T

I]]I][

T

T TTTT T I

T TTTT

T

T TTTT

(]

T

T Average
@ Experiments

— G Average

4=
.a—-m-um,
2_
D.—
2
I|||I|I| 1 | I|II|I| 1 |I|II|I| | |I|II|I|
0.001 0.01 0.1 | 10

e—u [eV]




Anisotropy in MgB2: effects on Tcand A

MaB? Tc (K) Tc (K) A (meV), | A(meV),
J OFT) | @exp) | OFT) | (exp)
Coulomb c=7.3 c=7.1

36.5 38.2
RPA-ME n=2.06 nt=29
El-ph
20.8 3.8
Averaged
Coulomb 50.9 c=94
averaged n=1.5

o El-ph interaction anisotropy: increases Tc

e Coulomb interaction anisotropy: decreases Tc

A. Floris, A. Sanna, M. Luders, G. Profeta, N.N. Lathiotakis, M.A.L. Marques,
C. Franchini, E.K.U. Gross, A. Continenza, S. Massidda, Physica C 456, 45 (2007)



L1 and Al under high pressure

Simple metals? 20
16

: & 12

LI e

Al

~ 0.8
p

B 0.6

T, decreases under P [

4
2

0

| ' |

" +—+ Lin (1986)

- =] Struzhkin (2002)
- S Deemyad (2003)

Pressure (GPa)

B <}—<] Sundqvist (1979)
L Gubser (1975)
- _“i 5
] ] ] 1 1 ] ] ] ] ] ] ]
0 1 2 % 4 5 6 7 8



0.5 e—e SCDFT
m—m Mc-Millan (0.13)
| o=0 Gubser [9]
Sundqvist [10]
O 1 1 L 1 1 |
0 2 4 6 P(GPa)

Calculated and experimental critical temperatures for fcc-Al as a function of
pressure.

Blue circles represent the ab initio SCDFT values, green squares are the
semi-empirical McMillan results (with p* = 0.13).



@—@® SCDFT /
20 |HE—M McMillan (0.13) ‘
= [ McMillan (0.22)
L. Deemyad [6] ,
3%  Shimizu [4] ] *
Struzhkin [5]
- & Lin [3] ?

40 60 80
Pressure (GPa)

Calculated and experimental critical temperatures for fcc-Li as a function of pressure.
Blue circles: SCDFT results (dashed part: fcc structure unstable);

Green full squares: McMillan's formula with u* = 0.13;

Green empty squares: McMillan’s formula with p* = 0.22.

Vertical dashed lines indicate the structural transition pressures for Li (experimental).
Inset: e-ph coupling constant A vs pressure in GPa.

G. Profeta et al, Phys. Rev. Lett. 96, 047003 (2006)



Superconducting gap A as function of
temperature for compressed fcc Li

oo 41.2GPa, T =17.6

A [ meV]

34.6 GPa, T: = 162K
09 320GPs, T = 14K
@0 294GPa, T = 115K
®-® 26.5GPa, T =10.7K

22.6GPa, T, =9 K

@9 153GPa, T ,=63K
e 84GPa, T =26K
-9 45GPa, T = 10K
@9 25GPa, T =05K



WHY ARE THE TWO MATERIALS DIFFERENT?

25 . —25
Al | Li o
2- [ AT 92 &
= I 1 % e | A %‘0
R ' ELNE Ll P
L5t | . e MIsE
A ! o i I PR
< TP 1 { £ 1
0.5/%000 00 ¢. 40 O & ' 405 4 L by
o fee 0 os} — e
g i | 28.
o ' I 390 GPa
Z 05k 05 . >
v l l r, 0-6 azF — 517 GPa
% | . r!"'l5 o
7 ! : 045 \
Z04fmeeeeng, | | 04 I PN
g ! 0.2 1 Yo
) [ i L | B o
z A P T SR U SRR SRR B " ] ! ] . | =
035 5 01520 5 30 3 0] 0
Pressure (GPa) — 0.8 (ch
~ i : — 113 GPa
= |_| — 287 GPa
£ 0.6 39.0 GPa
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u 517 GP
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300E : 20GPa T

| — & 1 GPa
—_— 9.5 GPa
_— 200 28.6 GPa A
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Upper panel: phonon dispersion of Li along the X-K-I" line, at several different pressures,
for the lower frequency mode. (Frequencies below the zero axis denote imaginary
values.) Lower panel: electron-phonon coupling 2., and phonon line-width y,.;.



Prediction: T, rises with pressure

15
- | Potassium (fcc phase) oY
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- O McMillan (u* =0.23)
I ¢ SCDFT .
0-.I....I....I....I....I.._
20 22 24 26 28

Pressure (GPa)

A. Sanna, C. Franchini, A. Floris, G. Profeta, N.N. Lathiotakis, M. Liders, M.A.L. Marques,
E.K.U. Gross, A. Continenza and S. Massidda, Phys. Rev. B 73, 144512 (2006).



Analysis of K under pressure

sp to d transfer at E- under pressure
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Fermi surface
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Gap on Fermi surface

a_De—05 N
8 5e—05 -
% 8.0s05 -
7.5e-05 _
59 i
?,%%—DE. |
i ;
q ]
§.56-05
E{j
& M_os
( h
5.8 (s
4 N
A N y 3

<

.\LL__—'!'“



A [meV]

Pb (GapatT =0.01 K)

SCDFT (fully anisotropic)

SCDFT (averaged el-ph interaction)

EXP: Lykken PRB, 4 1523 (1971)

EXP: Blackford Phys. Rev, 186 397 (1969)
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History:

Graphite doped with K (1965), Na (1986), Li (1989):
T.= 1K

Graphite doped with Ca, Yb (2005):
CaCy T.=115K, YDbC, T.=6.5K







A(g)[meV]

0.1 0.01 0.001

e<0[eV]

Calculated T.: 9.5 K
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1 1

Hydrogen

H

1.008

How does hydrogen behave under extreme pressure?

* Metallic phase?

e High-T, superconductor?

N.W. Ashcroft (1968); C.F. Richardson and N.W. Ashcroft, PRB (1996),

K.A. Johnson and N.W. Aschcroft, Nature (2000);
N.W. Ashcroft, J. Phys. C (2004)



The idea comes from Jupiter:

e 90% of Jupiter’s mass Is hydrogen
« extremely high magnetic field
(suggesting large circulating currents)



In search for the metallic phase, experiments (on earth) showed
so far only insulating phases
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In search for the metallic phase, experiments (on earth) showed
so far only insulating phases
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In search for the metallic phase, experiments (on earth) showed

so far only insulating phases
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In search for the metallic phase, experiments (on earth) showed
so far only insulating phases

! 1 M=

Ti#] HYOROGEN -

hcp: rotational
disorder

rotational degrees still molecular crystal,
of freedom frozen increased IR activity



In search for the metallic phase, experiments (on earth) showed
so far only insulating phases
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Calculated phase diagram of hydrogen
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Calculated phase diagram of hydrogen

AH (eV) 0.05 I I
— e Molecular phase (Cmca)
[ S e | stable until ~ 500 GPa

—
| — - . oy — —
0.05 Tmm—e

C.J. Pickard R.J. Needs, Nature Physics 3,
473 (2007)
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Calculated phase diagram of hydrogen

AH (eV) 0.05

Molecular phase (Cmca)

B S e | stable until ~ 500 GPa
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C.J. Pickard R.J. Needs, Nature Physics 3,
473 (2007)
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Energy (eV)

Band structure

60 60
P=0GPa
4_0 -
20 b
0 -
-
20 |-
-40 -40
X 0017 T [100] T X

P = 414 GPa

[100] T

Band-overlap metallization found

at P=400 GPa

M. Stadele, R.M. Martin, PRL 84, 6070 (2000)



DOS (states/eV)

0.1

DOS at 414 GPa

FS at 414 GPa



Three types of vibrational modes:
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a’F(Q) at 414 (solid line) and 462 (dashed line) GPa.
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a’F(Q) at 414 (solid line) and 462 (dashed line) GPa.
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Hydrogen under extreme pressure

20

0 300
205
< | R d
414 GPa =150~
S )
" . L 5L
Q 20 40 60 80 425
T (K) P(GP&)
Predictions:

e Three-gap superconductivity

 Increase of T, with increasing P until T, ~ 242K at 450 GPa

P. Cudazzo, G. Profeta, A. Sanna, A. Floris, A. Continenza, S. Massidda, E.K.U.G., PRL 100,
257001 (2008)



Correlation of T, with bonding properties
(localization of ¢ charges)

CaBeSi: T.= 0.4 K (experiment and calculation)
CaBeB: T.= 3.1 K (calculation)

MgB,: T.= 39.5 K (experiment and calculation)
LIBC: T.= 75K (calculation: Picket et al)



Fermi Surface of CaBeSi




o charge In CaBeSi vs MgB,

C. Bersier, A. Floris, A. Sanna, G. Profeta, A. Continenza, EKUG, S. Massidda, Phys. Rev. B 79, 104503 (2009)
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In MgB, much stronger o charge localization than in CaBeSi




Ab-initio calculation of SC order parameter y(r,r’) for MgB2

- . x(Rs) as function of R

for fixed s.
. .
.

s=0

x(rr’) = x(R.s) *

R=(r+r’)/2, s=r-r’




v(R,s) as function of s for fixed R (at center of B hexagon)




Description of pnictide superconductors

o ) too small to allow for phononic mechanism

e paramagnon suspected to be responsible for
mechanism of superconductivity



Imy " (qu) FeSe




Spin-dependet effective interaction

o) T 0
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Use A as effective interaction in the gap equation







SUMMARY of DFT for Superconductors

Coulomb and el-ph interactions
enter the theory on the same footing

|

no adjustable parameters, such as p*, are used

|
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