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Preliminaries

@ One-particle Green’s function G
and the self-energy ~

@® Hedin’s theory: Self-consistent set
of equations for G, 2, W, /7, and I”
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1 > 2 ¥

/ GGG.’(r’ r ’t) ) . | (a) Electron Injection Sb) Hole Injection
Inject a bare electron with spinc” 7" - i ey 2

at site r’ at t=0; let it propage in M M

the system until we observe the B o0 o

propability amplitude of a bare M )

electron with spin c at site rat t (>0) = ol AAARMA,

= Electron injection process M ¢
(o, 05 () wafln, hxanna,

Reverse process in time: Pull a bare

electron with spin ¢ out at site r at t=0

first and then put a bare electron with

spin o’ back at site r’ at t.
- Hole injection process

(¢a’ )( ( ’l,ba- r, t

Nl == )
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SPECURINREPRESENLEON

Hin) = Ey|n)

Coo (5,8 0) = [ a6 Gogr(r,'58) = i [t ({1, 8), 42 () })

. Zeﬁ(ﬂ—Eﬂ)(eﬁ(En—Em)_l_l) (n| ;‘,(r’)lm} {m|s(r)|n)
o w+i0t+ E, - E,

Spectral Function Ay (r, r’; w)

Ager (T, T w) =— ;ll_—Im Goor(T,r';w)
=Y PO B 1) nlyd ()| m) (mfifo (1) In)S(w+ B — B

Gow(r,'58)==i8(8) [ dB e Aoy (r, ¥ E)

r'), lim Gy (r, Tt = 0g,0'8(r — ')

@dEAw(r’r;E)z e Bl o /
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hermal GreensiENRCLIoN
/ Thermal GF Gypt (r,1'; T) _ﬁ <T <ﬁ

Goor (1,15 7) = —(Trtho (r, T} (x))
= —6(7)(Wo (e, T3 (r)) + 6(=7) {5 (r' Yo (1, 7))

Yo (r,7) = e, (r)e~HT
Gaa"(r: rf; T) 2/;o:odEAa'o"(r: I'!; E)e_ET[*B('T)f(—E) =+ 9(—T)f(E)]

Fermi distribution function  f( E) = ( 11 ePE )—1
Antiperiodic function of period (3 Goo’ (I‘, ;T + ﬁ) = —Gg_ar(r, I"; T)

Fermion Matsubara frequency w, = 1T (2p + 1)
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\G’aa, (r, v w)vs G0 (r e z'wp) analytic continuation on ( plane, w+i0" H'éwp /




Efaa El2eifon Cels

e . L
I=Y |dritisf =—— hole =3 dhe. Baseill == et
H 2; / dri] (r u) Yo (r ), ¥ (r) ; UpCpg Base:Up = \/ﬁt
i Z,‘Epc;»ra@w =P '2'/ 2m —
GPUPU pr = —f dT Cpa- EWPT
= - ] dretive= 5P)"(cpac;r, )
EB(“‘JP"EP) 2 1
= wp — &p Sppr O [1 = f(6p)] = Gpprbor G (i)
TR, 1 3 _ ‘ __
GO (i) = =g, Ao (B)=0er s A (B)=6,:0,,8(B - &,)
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H=Y, e 3 6) (5 92+ 00) o) 5 5 e o 03 )50t o )0

TAETET) ) o o), () 1= (T [, 0 )5 )

oG(r,r'; 1 ' !
(IE;T Ly 6(r)é(r — ')+ (—%VE * U(r)) Glerim)

= Z /dx u(r, X) (TT'{b; (x-, T)’!pcr’ (X, T)¢6(r: T)‘ll);—(r’))
:/dx u(r, ) /OBdT'J(T—T')(T,wU(r, T)Z Wl (x, 7)o (x, )T (x')
[ e x) [ 05— T, o, 05 )

=
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SEIIEENERGY,

E(r, x; iwy) = —TZ/dz /dy u(r,z)G(r,y; iwy ) A(Y, 2, X; iwy , 1wp)

A(y,z X, pr!,ﬁwp /dy /dx/-d,rew f'rf deei(wp—ij)f' G—-l(y, yf; 1wp’)
X (T (¥, )p(2, T)95 (X)) s @ (X% 80p)

/ dzu(r,z)( ) (r,r'5iw,) — / dx X(r,x;1wp) G (x,1 4w, ) = 6 (r-1')

P(X)[E Lo ¥ (X)thor (x)] 5 (p(z))=)_G(z,2;,-0%)= X:TZG‘(z,z;iw,,)e“":‘"”']+
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Quole, i) == dr e7(T-ple,7)ple")

:; /0 dr’ €™ (T, 1, (r', —0") p(r, ') (r'))

=T ghp0t dx/dy G(r',y; iwy) Ay, T, X; 1wy, 1wyt iwg )G (X, T'; twp+ iwg)
a Wp

A(ya Z,X; iwp’, iwp) - F(y, Z,X; z'wp:, z'wp)

+/dz'/dz” Qop(2,2'; 1w, — twy) u(z', 2"\ (y, 2", X; iwy, iwp)

I(r,r'; iw,)

g

\ Qpp(r, 5 iwg) = —TI(r, r'; iw,) —/dz/dz’ Qpp(r, 25 1wg)u(z, 2')1(2', r'; iw,)

=->.T Zeiwpﬂydxfdy G(r',y;iwy) Dy, T, X; iwp, iwp,+iwg) G (X, ' dwyt iwg)

/
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PolanizateniElnchien

Q,,: Response to the external test charge
—/ 7. Response to the total (test+induced) charge

(1T (y,z,x;i0y,0,)

CE- D

(rriog)

@®@®
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~

EectVe EIECiron=EIectron Interacon

/ Tw: (Direct Coulomb )+(Charge-Fluctuation mediated)

W (r,r';iw,) = u(r,r') + /dx/dy u(r,x)Q (X, y; iwg)u(y, r')

= u(r, r")—/dx/dy W (r, x; iwg) II(x, y; twq ) u(y, r')

/dz u(r, 2)A(y, 2, X; twy , iw,) = /dz W (r, z; iwp — twy )L (Y, 2, X; twy, twp)

(r, x; twp) = —TZ/dz /dy u(r,z)G(r,y;iwy ) A(Y, 2, X; iwy , iwp)

\ =-T> /dy/dz G(r,y; iwy )W (r, z; iwp—iwy ) [(y, 2, X; iwy, iwp)/

N > 4
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Philosophy O

particle (G,) and the bare
interaction (u), we should 2 Wi -eeeee :+®

describe physics in terms 5 <. (3)- __@

of real physical quantities
like the quasi-particle (G) 4 II: @:
and the actual effective

interaction (W). 5 F:@z >+ @
—> Closed set of equations

/ L. Hedin: Phys. Rev. 139, A796 (1965) N\

Rather than using the bare | @ G0, M ++@_._

determining G, W, ¥, 17, _ 3% _ 5%
Qd I self-consistently. ®""‘L® 3G 8G3G
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(@] ComparsoRWith HDDED

Hedin Theory vs. TDDFT

Q,,(r,rt) = -i () [p(rt),p(r',0)])
I
1+ull

2) Basic component in TDDFT: [ 1,
Qpp: — l_Io'|'HO( l;l'l'fxc) QPP
Key quantity in TDDFT: f,.

1) Q,,=

OVye _ 52Exc ~_ 3% _ 5@

K x5 —amen = |~ 56 " 3GeG
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G\VSAPRREXINANGN

f In actual calculations, it is @ >=-GW e \

very often the case that T is
taken as unity, neglecting
the vertex correction
altogether.

—->GW approximation

Even the self-consistent
iterative procedure is
abandoned.

->G,W, calculation

=Gy
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Part I. GW/I Scheme

@ Introducing “the ratio function”

@ Averaging the irreducible electron-hole
effective interaction

@ Exact functional form for /I~
@ An approximation scheme for /7~
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\VEREXE=ENRCLIONS

/ Irreducible Electron-Hole Effective Interaction \

@_ 5T 3%
T 3G 8G8G

-0

Scalar and Vector Vertex Functions: I"and T
Bethe-Salpeter Equation
T(p+q,p)=1+> I(p+q,p;0 +¢,0)G® +)GW@ )L +q,p)
pl

L'(p+4¢,p)=Y(p+¢,p)+>_ I(p+4, ;0 +¢,9)G(P'+9)G®)T(p'+4q,7)
pl

\ &0+ 09 =epsa = T /
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\Ward ldentit

Those vertex functions satisfy the Ward identity,
representing the conservation of local electron
number:

@I'(p+9,0)—4-T(p+4¢,0) =G (p+ 9)—G~(p)
=%~ ¢pt+q+p—N(p+9)+X(p)
qO:iqu 'LQ?TTq (q =0, il, :{:2,;':3, .. )

In the GW approximation, this basic law is not
respected.

- /
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(¥ Stes te Determine the Functional Eorm for I3

1. Introducing “the ratio function”:R(p+q,p)

2. Introducing “the average of the irreducible

~

electron-hole effective interaction”: (I)piqp

3.Exact relation between B(p+4,p) and (I)p+q.
4.Exact functional form for I'(p+4,2) in terms

Of <f >p+q,p

5. Approximation to this functional form

\_ /
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RAGNEDRCLION

[ 10 Definition: Ratio between the scalar vertex and \

the longitudinal part of the vector vertex

I'(p+q¢,p)a-¥(p+qp)
aT'(p+q,p)

R(p+q,p) =

20 Represent the vertex functions in terms of R(p+q,p):

Glp+q9 ' -G’
do—(Ep+q—E€p)/ R(P+4,P)
Glp+q) ' -G
-1+R(p+4,0)%/(Ep+q—Ep)

I'(p+q,p) =

q-I'(p+q,p)=

3° Make an approximation through R(p+q,p),

K which automatically guarantees the Ward identity. /
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W AVErage oitthelirec ucIpie ERNEREcHVE e Cuon

10 Definition: ,; >y I(p+a,p,0'+4,9)G®)G(P'+9)T (0'+q,p) |

Dprap=
Ulrras Ty C@GW + T +4,7)
20 Rewrite the Bethe-Salpeter equation using (I)p+q» as

L(p+q,p)= 1 — (Dpigpll(q)

~

qQ-T'(p+q,p)= €prq — €p — QL) p+q,pI1(q)

- Z I(p+q,p;p'+4,P)[G(0'+ 9)— G(p')]

30 Accurate functional form for I'(p+q,p):
T(p+¢,0) =[1 = (D)prg511(a)| Pwi(p + ¢, p)

_Glp+9 " -G(p)"
) TG

K Gp) =G, (;v)_l-';f~ (p+4,p; '+, 0")G(D) /
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G
P(p+4,p) =ML EEP) Dyi(p+,p)=

1+ I(¢)wi(q) Go(p+4)~' = Go(p)™!

20 Dielectric Function
() =14V (q)II(q)

=1+V(q)o(q) - RPA

_ Iy(q) ) :
= 1+V(q)1—G+(q)V(q)Ho (¢) - Local Field Correction

I-IWI( ) c
K =1+V(q) 1+f(q)HqWI(q) : GWI 4
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T

{y Wlaelifidell Eiglelaretiiel Feipletion £4,()

/" Rewrite 7y, (q): [Tw(9)= —ZG(p+q)G(p)PWI(p+q,p)\

G(p+9)~'— G(p)~*
Go(p+9)~1— Go(p)™!

HW,(q) Is reduced to “the modified Lindhard function’:

F'wi(p+q,p)=

€p+q — Ep B

ITwi(g 42 o Corn— ) ) é rIS:é |RP|A b |Q=|pF | E

P )_’%LIEOTZG e %1: Wi :

Epiq — € 31 =

Io(q —4;9 pp—lpl)wngE’;iq_;p)z oA ;

This function has been intuitively introduced £ ? _E

and d?scussed by: 0mIIm|1||m|un2|un|.m3m 4~u|mr5
G. Niklasson, PRB10, 3052 (1974);  (units of E)

G. Vignale, PRB38, 6445 (1988);

C. F. Richardson and N. W. Ashcroft, PRB50
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/ Definition: 2 \
@ (0. _ Zyl(p+4,pp'+4,P)G0) G+ 9T (P +4, 1)
rep Xy GG + TP + ¢, p)
© Condition to be satisfied (Compressibility sum rule):
= K
lim [1 _{d) m ” - B
q—0 ( )p+q'p (Q) |p|=Pp,wq=0 Ko

© Approximation schemes:
O Apply perturbation theory from both weak- and strong-
coupling limits
OBorrow some useful accurate results obtained by QMC

O Adopt physical arguments, leading to the concept of “local
field correction” G,(q,) or “the exchange-correlation

\\\ kernel” f,(g,») appearing in the TDDFT. /

Self-Energy beyond the GW Approximation (Takada) 24




GWWIESCHEME

© Original GWT scheme r
[YT, PRL87, 226402 (2001)]: TGWT

(1) Time consuming in calculating IT;
v

(2) Difficulty associated with the V=Tevm
divergence of IT at r.=5.25 where
k diverges in the electron gas. II=-GGT
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Part 1l. lllustrations

@ Localized limit: Single-site system
with both electron-electron and
electron-phonon interactions

@ Extended limit: Homogeneous electron gas

\_ /
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SINGIEESIE PROPIEM

©Hamiltonian:
H = Unyny — p(ngy +ny) + woa'a + Vawe(ny +n))(a + af)

©Thermal Green’s function:

‘Gg(’r) = —(TTCJ(T)C;")“ Ng — 6 Cpy ColT) = o™

The result for A(?) at T < 1: (Exact result)

oo £
AQ)=e")Y % [fo(p + awe) 6 (Q—Lwy+p+awo) + f1 {p+ awg) S (Q = bwo +H— U+ 3aw,)
=0 *

+f1(p + awg)d(Q + bwo + p + awy) + fa(p + aw)d(Q + bwo + p — U + 3awy))]

fO(Q) = 1+ ZGXP(Q/T) + exp[(ZQ U+ 204600)/T]

) =exp(Q/T)fo(Q)  f2() = exp[(22 = U + 2aw0) /T] fo(8)

(No) _ [ %0 A(Q)
= [ dQf(QAQ) _ f _Avy
N /—oo Gl =) o —a |
N 4
Self-Energy beyond the GW Approximation (Takada) 27

SinGlIEESIeNs Uk arENVIGEE]

Exact Result for the thermal Green’s Function
Gu(r) = —0(7){cr ()} + 0(—7){cf er(7))
= () |l T el i (=
+6(—7)[e7#=* n(1 = ny)) + 0" (nimy )|
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(W SElfEEReray.for the'single=Site Elubhard Viodel

/ At half filling (Electron-hole symmetric case): \

1 1 1 1 u uv? 1
. E—— - . + —— -
Gliwy) = 530 702 T 21wy~ U2 Blw+i0%) = 5+ o or
4
3
>
- 2
T
g
20
]
1
2
AE
Y 4
On-shell value: poles of G(w)=> Two solutions of wt+U/2=%_(w);
On the other hand, there is only single solution in the mean-filed approximation.
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(&

Delsle=Siier s Uhkare Vier el atE alitEiiiine
Hamiltonian

H=-t Z(Cf’dc&g + C;_a.clg) — [.LZTHU +U Z NitNi|

Cios * c2a)

c =i(
T2

One-electron Green’s function

S
G+ (iwp)= _/ d7 e“r"(Tr e (T)Ck,)

0
AT \/1—')/)2 -
=3 (vViFr = iw,F t—/U%[4 + 482
1

1 2
+-(\/1+7:t 1- ) :
1 V) it t+ /U4 + 422

K where 7 = U/VU? + 1682 /
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@ SEIFERERGNVAGITtHENDERIE=SIteNS istaraIVIiedel

- Self-energy \

) . z'wp F 3t (0) . _ 1
G (itp) = Gon 782 — 4 —U2ja O W) = 10—
. 1
G+ (twy) =

wp £t + p— Ty (fwp)

v, U1

2 u 4 w, F 3t

cf. Self-energy of the One-site Hubbard Model

\

Self-energy at half filling with U=2a.m, \

1
twp + 4 — X(iwp)

G(iwp) =

G'(w)

=w+i0++u—ER(w)

4

ea
*® of  (w+i0)?

1 i
o0 - Ok

SRw)=w|1-

(4]

Inclusion of 7y, gives correct
excitation energies, while GW
does not.

Rex'(@) (unitsof o)

o,
-—“‘"

ceuvarnes®

e senersancesasavessnn
o ot s o e

2 3 4

K o ( units of g ) /
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dallezitjan o ifld Eldeifonl Cels

Choose I(q)=—-G+(a)V(q) with using the modified local
field correction G,(q,i®,) in the Richardson-Ashcroft
form [PRB50, 8170 (1994)].

ST TT T[T I T T[T T T T[T T T T[T TTT[TTT]

Niklasson's limit: ,’%‘ [1-g(0)]

Accuracy in using this G,(q,i®,) :
was well assessed by M. Lein, %
K. U. Gross, and J. P. Perdew,

Richardson—Ashcroft —|

This G, (i) is not the usual F r=5 A
one, but is defined for the true B Moroni-Caperley-Senatore .
. . o) —
partICIe Or . terms Of HWI(q) 6: g Compressibility sum rule g
S 5

PRB61, 13431 (2000). e

C —
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- Density Response

. ~ | f=9  o:MonteCarlo |
Function Q.(q,) > L cur M
I{(q, w) - R ' i

c\q,w) = — §10— ]
Qela:) e(q,w) 5 [ 7

» Monte Carlo data at »=0: j | N
S. Moroni, D. M. Ceperley, & | —
and G. Senatore, PRL75, = | N |
689 (1995). 7 A bbb

0 1 2 3 4 5

g (unitsofp_)
N\ —
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T oo || YT, PRL8, 226402 (2001); nt. J. Mod.
L LA Phys. B15, 2595 (2001).
v,—"[._12 I I ‘ﬁ M‘ ‘L 1 g j|\||\||||\|H|H|\|IHI|II||||HI|HH|HI\|HH|IHI|IHJ£
o e T *‘< B w02 1=l Re X(p,0)
@ ol % ! H ,'% — S E bp=p
E | p=18p; |“‘i _ % = F =
T 4 p=1.6p, 7774'*/" X - go.of —f
‘3’ | =t || _J‘K_ R | = i_ —i
gl P=T2P !. iJLn\ E-o.zi— =
N R L\-”J.'t p=0.6p F [%-0'45_ -
—(::‘ EI?MD - n & G;I\Il\llILHH'HHQHI'IIII|I\\Il\IH|2HI\|HHLIHI|IIH:6
2t'/_J‘Logp | - -cn (units of E)
.p:&—l—u%\!\...l..\l.. I T SRR . . .
SE i ¢ ° ° Note: This Z(p,w) is shifted by p,..
- Nonmonotonic behavior of the life time of the quasiparticle
(related to the onset of the Landau damping of plasmons)

- Plasmon satellites (Plasmaron)
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TorP e L T T T T T 1T 'I.OE|||||||||||||||||||E
[ [re=1 (@) g E
| o :EPX | E =
= - GWI | 0.8 §_ _§
‘E 0.5? _, E_ _E
B | __0sE =
i 1 L =
_\ IR B L‘h—g; l | 1_ o 0.4 é_ _;
0.0 0.5 1.0 2.0 = 3
p (unlts of pF) = 3
T T T ® | 0.2; rs=8 ;
0.9 - Eoo by =
PP 0.0 0.5 1.0 15 2.0
0.8 - 4 p (units of p.)
N *
0.7 o * _
e e 1 cf. EPX (Effective-Potential Expansion) data:
06 ©:GW P,
w : FHINC YT & H. Yasuhara, PRB44, 7879 (1991).
K 0% j
S
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18

16

14

—
N

-y
(]

A(p.w) (units of ;)

20—

[#%]

)

-1

E

N

=

A (p,m) (units of E

@p =p, rg=4
Ep=3.1eV
o= 1.9E¢

:GWI
————— CGW
- RPA

[ : Noninteracting

4 2

Ny

—_

A (p.) (units of E.)

® (units of Eg)

R | Dispersion 0123 r‘ee‘ elé:ctlron
p=3.8pF
— p:S,BpF
— p=3.4p
61 ;
[l
— =0.6
P r«=4
[ L p=04p S
S =7 T=0.001Ef
=0
L PTA L L b b
-5 0 10

= -2
® (units of E¢)
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[0] 2 4 6
w (units of E¢)
L L LN DL B R Y IR
I~ |(b)p=0 ]
- = —e" [N =
TR F et d bt T L
5 -1 0

_1)

E

A (p.ow) (units of E

o
n

A(p.w) (units of E.)

o

S
S

Re X(p.a), Im S(p.a} (unils of E)

eanbiin o b ilevnelenbeliondlenialing

-2 0 2
@ {units of EF)

LLLI 2L T AL AL AL LU A1) LU LU R RAL LU ) A

Re Z{p,®)

Re E{p.@), Im Z(p,®) (units of EF)

3IIH|\III|HHllll\ll\llll\ll ||\\||||||HII|||H||III|H||
- @p=p rg=4 |
B EF=3'1BV 7]
2— mp:‘I.QEF —
: :GWT :
1: ————— CGW __
- - RPA |
— —_— : Noninteracting | —
0_|Ju|\|||IHWJHJL|HIMMHHIH|T
6 -4 0 2 6
 (units of E¢)
3_\II\|II\I|I\II|\II\|II\\'I\\I_
~ (b)p=0 B
- i; -
L nj |
i.
- | |
11— | —
- i ) —
= j EL Y B
5 i EN—
0_‘ I vt ,-‘hthfl-d—,-hr#:t--:ﬂ-’—-l-"["'iajl\h L
6 -5 0

-3 -2
® (units of E)

w

E

coELLia il

6 -4 2 0 2 4 6
 (units of Eg)
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(& AlY) el =
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No abrupt changes in Z(p,w).
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S(q)w) = _l

T 1

clearly seen, wh

(2002).
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1_ e—o/T ImQc(q, w)

Although it cannot be seen in
the RPA, the structure a can be

the electron-hole multiple
scattering (or excitonic) effect.

YT and H. Yasuhara,PRL89, 216402
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YT, J. Superconductivity 18, 785 (2005).
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@® ARPES and the problem of occupied
bandwidth of the Na 3s band
@ High-Energy Electron Escape Depth

Part I11. Comparison with Experiment

\_

v

Self-Energy beyond the GW Approximation (Takada)

44




Observation of photo electron ejected by soft x-ray (20—-40eV)
—> Direct observation of quasiparticle
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Conventional assumption:
\The final state is well described by “the free-electron model”/
4
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In-Whan Lyo & E. W. Plummer,
PRL60, 1558 (1988)

FREE ELECTRON
BAND OR LDA.

o : Experiment

% -1 (Lyo & Plummer, rs= 4

= 1988) E.=3.13eV
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2 Bandwidth narrowing by 18%
1= |

=

“ 3 This is quantitatively reproduced

I by the GW approximation:
YRR TS regarded as Hallmark of GW

\\ k, (A7) /
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ﬂ. Yasuhara, S. Yoshinaga, & M. Higuchi, PRL83, 3250 (1999\

Yasuhara claims that the final states of energies
less than about 100 eV should be considered as
“an interacting electron-gas model”.

Based on this model, the bandwidth is not narrowed.

Yasuhara’s calculation of the self-energy is not a self-consistent
one, violating some sum-rules; an important question raised by
Ku, Eguiluz, & Plummer, PRL85, 2410 (2000).

Compared my fully self-consistent result of X(p,w)

\\\ with properly including the vertex corrections /
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for the final state > The experimental data analyzed on the free-
electron model should be compared with E ", defined by

E}"=cp+ReZ(p, Bp)- ReZ(p+K[110) Ep+K ;)
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* Final state should be
analyzed with using
the interacting
electron-gas model.
*Actual bandwidth of

Na is not narrowed
but slightly widened.
—> a clear indication
of the flaw of GW.
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Interacting electron-gas model must be valid

at least up to the region of minimum I,. /
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(@) SUIMIMENR

/ 19 Suggested an useful functional form \

for the vertex function /-

29 Given an important message that
ARPES should be not analyzed in
terms of a free-electron model but
an interacting electron-gas model.

3% Shown that the occupied bandwidth
of sodium is not narrowed but slightly
widened, which cannot be reproduced

\\\ in the GW approximation. /
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© Need to calculate:
(1) My () € Tg(g) in GW
cf. F. Aryasetiawan and O. Gunnarsson, Rep. Prog. Phys. 61, 237 (1998).
(2) I(a) € f,.(q,0) in TDDFT

K cf. L. Reining et al. PRL94, 186402(2005) ;PRB72, 125203 (2005). j
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