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Outline 

• Introduction to 3D topological insulators. 
• Topological phase transition via accidental band touching 
• Direct topological transition between two insulators  

• Topological phase transition of pressured BiTeI (First-principle cal.) 
• Unusual band dispersion near the quantum critical point 
• Physical properties at the quantum critical point 

1. Accidental band crossing and topological phase transition 

2. (Direct) topological phase transition in BiTeI 



 3D narrow gap semi-conductors with 2D helical Dirac metal on the surface 

(Hasan and Kane, Rev. Mod. Phys. 2010) 

2D helical metal 

Topologcal stability of the surface states :  
bulk gap and time-reversal symmetry 

3D topological insulator 



Accidental band crossing is not easy to achieve ! 

Topological phase transition 
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Accidental band crossing 



Conditions for accidental band crossing 

Depends on the symmetry and dimensionality of the system 

(1) Symmetry : number of equations to be satisfied (DC: codimension )  

(2) Dimensionality : total number of parameters (NP) of (k,P)   

TRS(O), inversion (X) TRS(O), inversion (O) 
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DC=3  DC=5  

(i) NP = 3 in 2D (kx,ky,P),   (ii) NP = 4 in 3D (kx,ky,kz,P) 

Accidental band crossing is possible for NP  DC 

2-fold 4-fold 



Phase diagram in 3D noncentrosymmetric   
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S. Murakami, New. J. Phys. 
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Realized in BiTeI 



Ionic 

Covalent 

Van-der Waals 

Van-der Waals 

ÑV

Broken I-symmetry + Strong atomic SOI of Bi  

Lattice structure of BiTeI  

• BiTeI : polar layered semiconductor 



Bulk band structure : Rashba spin-splitting 

Broken inversion symmetry 
Spin splitting  

due to spin-orbit coupling (SOC) 

Ishizaka et al. (2011) 

Rashba spin splitting in bulk bands ! 
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Topological phase transition under pressure  
• Energy spectrum E(kx,ky;z) of a system with finite length along the z-direction  

• Spin helicity of the top and bottom surface states are the same ! 
cf) Inversion symmetric TI : opposite spin helicity 

I-terminated 
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Direct insulator-insulator transition  
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Highly unusual phase diagram ! 

cf) Generic phase diagram in 3D noncentrosymmetric systems 

S. Murakami, New. J. Phys. 
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Band crossing in 3D non-centrosymmetric systems  

k 

E 

 
Crossing of two bands 

H= f0 + f11 + f22 + f33  

f1 (kx , ky , kz , P) = 0 

f2 (kx , ky , kz , P) = 0 

f3 (kx , ky , kz , P) = 0 

One free parameter ! 

Trajectory of gap-closing point  : kC =kC (P) 

Econduction =f0 + (f1
2 +f2

2 +f3
2 )1/2, 

Evalence =f0 - (f1
2 +f2

2 +f3
2 )1/2 

A curve in 3D momentum space with a parameter P ! 

P P1 P2 

k1 
k2 

TRS(O), inversion (X) 

2-fold 



Intermediating semi-metallic states  

S. Murakami, New. J. Phys. 

Trivial  Topological  Stable semi-metal  

P<P1 P=P1 P1<P<P2 P=P2 P>P2 P 

H= (v1k)1 +(v2k)2 +(v3k)3  
Chiral charge =    

v1  (v2  v3) 

|v1  (v2  v3)| 

“Weyl fermions !” 

+1  -1  

+1  -1  



How to achieve a direct transition ? 

2. Small number of constraints :  NParameter=4 > NConstraint=3    

Impose additional constraint from crystalline symmetry ! (NC  NC +1) 

H= f0 + f11 + f22 + f33  

f4 (kx , ky , kz , P) = 0 Add 

P 

kC=kC (P) 

+1 

-1 

Pc 

(+1)+(-1)=0 

recombination 
(pair-annihilation) 

1. Zero chiral charge at the critical point 



Constraint from crystalline symmetry 

A H 

Rashba Warping 

Conduction band: 



Evidence for direct insulator-insulator transition 

Anisotropic dispersion  

Saddle point  



Unusual properties at the quantum critical point 

1. Unusual temperature dependence   

2. Anisotropic DC conductivity :  

(1) Coulomb scattering (e-e interaction) : 

(2) Disorder scattering (Born approx.): 

11 /33  T 



Long-range Coulomb interaction at QCP 

• One loop RG analysis 

Stable fixed point 
(=0,0) 

Anisotropic screened Coulomb interaction ! 
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Linear dispersion (D~E 2) : marginally irrelevant 

Quadratic dispersion (D~E 1/2) : relevant (E.G.Moon) 
Anisotropic dispersion (D~E 3/2) :    ??? 



Summary 
1. Generic phase diagram of 3D non-centrosymmetric system  

achievable via accidental band crossing 

3. Anisotropic dispersion at the critical point  

2. Direct insulator-insulator transition due to crystalline symmetry 

4. Unusual thermodynamic properties and anisotropic transport properties 



•  Semi-metal phase has topological stability ! 

The shape of the trajectory of the gap-closing points  
determines the phase diagram! 

1. kC=kC (m)  open curve 
: a curve with finite torsion 

2. kC=kC (m)  closed curve 
: a curve with zero torsion 
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Insulator Metal 

m 
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Insulator Metal Insulator 

mc2 

Fate of semi-metallic phase 



Spin-orbit coupling induced band inversion 

(H. Zhang et al., Nat. Phys. (2009)) 

Searching for new topological insulators 
• Guiding principle: spin-orbit coupling induced band inversion  
 (parity exchange through accidental band crossing) 

Crystal field 
splitting  

Spin-orbit  
coupling 

Chemical  
bonding  

Bi2Se3 

Band inversion ! 



Conditions for the direct insulator-insulator transition 

•  Away from the critical point (m<mc and m>mc ): 

H= f11 + f22 + f33,  

E2 = f1
2  + f2

2  + f3
2     

Examine the condition for extremum : E/p1 = E/p2 = E/p3 = 0 

m 
mc 

• Condition for the direct transition 
   :The location of the extremum should move along a straight line. 

Conduction and valence bands should have an extremum ! 



Anisotropic dispersion at the quantum critical point 

Density of states : D(E)  E3/2 

Cf) Weyl semi-metal  D(E)  E2, 
    Quadratic band dispersion  D(E)  E1/2 

HWeyl = (v1k)1 +(v2k)2 +(v3k)3  

HWeyl = c1Qchiral p11 + c2p22 + c3p33  

Unitary transform   

QCP with zero chiral charge 

• Anisotropic dispersion at QCP : direct consequence of zero chiral charge 


