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Efimov effect in quantummagnets
Yusuke Nishida*, Yasuyuki Kato and Cristian D. Batista

Physics is said to be universal when it emerges regardless of the underlying microscopic details. A prominent example is
the Efimov effect, which predicts the emergence of an infinite tower of three-body bound states obeying discrete scale
invariance when the particles interact resonantly. Because of its universality and peculiarity, the Efimov effect has been the
subject of extensive research in chemical, atomic, nuclear and particle physics for decades. Here we employ an anisotropic
Heisenberg model to show that collective excitations in quantum magnets (magnons) also exhibit the Efimov effect. We
locate anisotropy-induced two-magnon resonances, compute binding energies of three magnons and find that they fit into the
universal scaling law. We propose several approaches to experimentally realize the Efimov effect in quantum magnets, where
the emergent Efimov states of magnons can be observed with commonly used spectroscopic measurements. Our study thus
opens up new avenues for universal few-body physics in condensed matter systems.

Sometimeswe observe that completely different systems exhibit
the same physics. Such physics is said to be universal and
its most famous example is the critical phenomena1. In the

vicinity of second-order phase transitions where the correlation
length diverges, microscopic details become unimportant and the
critical phenomena are characterized by only a few ingredients;
dimensionality, interaction range and symmetry of the order
parameter. Accordingly, fluids andmagnets exhibit the same critical
exponents. The universality in critical phenomena has been one of
the central themes in condensedmatter physics.

Similarly, we can also observe universal physics in the vicinity of
scattering resonances where the s-wave scattering length diverges.
Here low-energy physics is characterized solely by the s-wave
scattering length and does not depend on other microscopic details.
One of themost prominent phenomena in such universal systems is
the Efimov effect, which predicts the emergence of an infinite tower
of three-body bound states obeying discrete scale invariance:

En+1

En
! ⌦�2 (n! 1) (1)

with the universal scale factor ⌦ = 22.6944 (ref. 2). Because of its
universality and peculiarity, the Efimov effect has been the subject of
extensive research in chemical, atomic, nuclear and particle physics
for decades after the first prediction in 19703,4. In particular, the
recent experimental realization with ultracold atoms has greatly
stimulated this research area5.

In spite of such active research, the Efimov effect has not
attracted much attention in condensed matter physics so far.
However, because the Efimov effect is universal, it should emerge
also in condensed matter systems. In this article, we show that
collective excitations in quantum magnets (magnons) exhibit
the Efimov effect by tuning an easy-axis exchange or single-
ion anisotropy. We will locate anisotropy-induced two-magnon
resonances, compute the binding energies of three magnons and
find that they fit into the universal scaling law.We will also propose
several approaches to experimentally realize the Efimov effect in
quantummagnets, including frustrated cases. So far multi-magnon
bound states have been observed with different experimental
techniques, but mostly in quasi-one-dimensional compounds6–23.
Although the Efimov effect emerges only in three dimensions3,4,
the same spectroscopic measurements can be used to observe the
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emergent Efimov states of magnons. Our study thus opens up
new avenues for universal few-body physics in condensed matter
systems. Also, in addition to the Bose–Einstein condensation of
magnons24, the Efimov effect provides a novel connection between
atomic and magnetic systems.

Anisotropic Heisenberg model
To demonstrate the Efimov effect in quantummagnets, we consider
an anisotropicHeisenbergmodel on a simple cubic lattice:
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where
P

ê

is a sum over six unit vectors;
P

ê=±x̂,±ŷ,±ẑ

. Two types
of uniaxial anisotropies are introduced here: anisotropy in the
exchange couplings (Jz 6= J ) and single-ion anisotropy (D 6= 0)
which generally exist owing to the crystal field and spin–orbit
interaction. Spin operators S±
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)2S+1 = 0 for a spin S representation.
J , Jz > 0 corresponds to a ferromagnetic coupling and J ,Jz < 0 to
an antiferromagnetic coupling. In the latter case, by rotating spins
by ⇡ along the z-axis (S±

r
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) only for sites with odd-valued
x+y+z , we can choose J >0, which is assumed fromnowon.

The ground state for a sufficiently large magnetic field B < 0
is a fully polarized state with all spins pointing downwards;
Sz
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|0i = �S|0i and S�
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|0i = 0. Because of the U(1) symme-
try of the Hamiltonian (2) under rotation S±
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+ S) is a conserved quan-
tity. Accordingly, we can consider an excited state with fixed
N , which corresponds to a particle number of magnons. N -
magnon excitations on this ground state are described by a wave
function 9(r1,...,rN )⌘ h0|QN

i=1S
�
ri
|9i, which is symmetric under

any exchange of coordinates (Bose statistics) and satisfies the
Schrödinger equation:
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A1.  Continuous phase transitions  ⇔  ξ/ r0 → ∞

E.g.     Water                    vs.       Magnet

  Water and magnet have the same exponent β≈ 0.325

When physics is universal ?
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A2.  Scattering resonances  ⇔  a/r0→∞
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A2.  Scattering resonances  ⇔  a/r0→∞

E.g.     4He atoms                   vs.     proton/neutron

van der Waals force :             nuclear force :
a ≈ 1×10-8 m ≈ 20 r0             a ≈ 5×10-15 m ≈ 4 r0

Ebinding ≈ 1.3×10-3 K               Ebinding ≈ 2.6×1010 K

Physics only depends on the scattering length “a”

He

  Atoms and nucleons have the same form of binding energy

He p n

Ebinding � �
�2

m a2
(a/r0 ��)
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Volume 33B, nu mber  8 P H Y S I C S  L E T T E R S  21 December  1970 

ENERGY LEVELS ARISING FROM RESONANT T W O - B O D Y  FORCES 

IN A THREE-BODY SYSTEM 

V.  E F I M O V  

A.F.Ioffe Physico-Technical Institute, Leningrad, USSR 

Received 20 October  1970 

Resonant  two-body fo rces  a re  shown to give r i s e  to a s e r i e s  of levels  in t h r e e - p a r t i c l e  s y s t e m s .  The 

nu mber  of such levels  may be very large.  Poss ib i l i ty  of the exis tence  of such levels in s y s t e m s  of three  

a - p a r t i c l e s  (12C nucleus) and three  nucleons (3ti) is d i scussed .  

The  r a n g e  of n u c l e o n - n u c l e o n  f o r c e s  r o i s  

known  to be  c o n s i d e r a b l y  s m a l l e r  t han  the  

s c a t t e r i n g  l e n g t s  a. T h i s  f ac t  i s  a c o n s e q u e n c e  of 

the  r e s o n a n t  c h a r a c t e r  of n u c l e o n - n u c l e o n  f o r c e s .  

A p a r t  f r o m  t h i s ,  m a n y  o t h e r  f o r c e s  in  n u c l e a r  

p h y s i c s  a r e  r e s o n a n t .  The  a i m  of t h i s  l e t t e r  i s  to 

e x p o s e  an  i n t e r e s t i n g  e f f e c t  of r e s o n a n t  f o r c e s  in 

a t h r e e - b o d y  s y s t e m .  N a m e l y ,  f o r  a ' " r  o a 

s e r i e s  of bound  l e v e l s  a p p e a r s .  In a c e r t a i n  c a s e ,  

the  n u m b e r  of l e v e l s  m a y  b e c o m e  in f i n i t e .  

Le t  us  e x p l i c i t l y  f o r m u l a t e  t h i s  r e s u l t  in  the  

s i m p l e s t  c a s e .  C o n s i d e r  t h r e e  s p i n l e s s  n e u t r a l  

p a r t i c l e s  of e q u a l  m a s s ,  i n t e r a c t i n g  t h r o u g h  a 

t i c l e  bound  s t a t e s  e m e r g e  one a f t e r  the  o t h e r .  At 

g = go ( in f in i t e  s c a t t e r i n g  l eng th)  t h e i r  n u m b e r  i s  

i n f in i t e .  As  g g r o w s  on b e y o n d  go, l e v e l s  l e a v e  

in to  c o n t i n u u m  one a f t e r  the  o t h e r  ( s ee  fig.  1). 

The  n u m b e r  of l e v e l s  i s  g i v e n  by the  e q u a t i o n  

N ~ 1 l n ( j a l / r o )  (1) 
7T 

All  the  l e v e l s  a r e  of the  0 + kind;  c o r r e s p o n d i n g  

wave  funcLions  a r e  s y m m e t r i c ;  the  e n e r g i e s  

EN .~ 1/r o2 (we u s e ~ = m  = 1); the  r a n g e  of t h e s e  

bound  s t a t e s  i s  m u c h  l a r g e r  t han  r o. 

We wan t  to s t r e s s  tha t  t h i s  p i c t u r e  is  va l id  f o r  

Efimov (1970)
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Efimov effect

a→∞

 When 2 bosons interact with infinite “a”, 
 3 bosons always form a series of bound states

Efimov (1970)
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Efimov (1970)

R
22.7×R

(22.7)2×R

. . .

Discrete scaling symmetry

. . .

 When 2 bosons interact with infinite “a”, 
 3 bosons always form a series of bound states
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Efimov (1970)

. . .

Discrete scaling symmetry

. . .

 When 2 bosons interact with infinite “a”, 
 3 bosons always form a series of bound states

R

1.3 × R
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g1

g2

g1

g2

Renormalization group flow diagram in coupling space

RG fixed point
⇒ Scale invariance
E.g. critical phenomena

RG limit cycle
⇒ Discrete scale invariance
E.g.  Efimov effect

Rare manifestation in physics !
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△ 4He atoms (a ≈ 1×10-8 m ≈ 20 r0) ?
  2 trimer states were predicted
  1 was observed (1994)

He He

He

He He

He

Eb = 125.8 mK (Eb = 2.28 mK)

Ultracold atoms !

× Originally, Efimov considered 
 3H nucleus (≈ 3 n) and 12C nucleus (≈ 3α)

?
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Ultracold atoms are ideal to study universal quantum physics
because of the ability to design and control systems at will

Ultracold atom experiments
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Ultracold atoms are ideal to study universal quantum physics
because of the ability to design and control systems at will

C.A. Regal & D.S. Jin
PRL90 (2003)

Universal
regime

Ultracold atom experiments

✓ Interaction strength by Feshbach resonances

10 ~ 100 a0
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Florence group
for 39K  (2009)

Bar-Ilan University
for 7Li  (2009)

Rice University
for 7Li  (2009)

≈ 25

≈ 22.5 ≈ 21.1
Discrete scaling
& Universality !
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scattering length a/a0
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Can we find the Efimov effect
in other physical systems ?

• Efimov effect is “universal”
   = appears regardless of microscopic details
       (physics technical term)

• Efimov effect is not “universal”
   universal = present or occurring everywhere
                      (Merriam-Webster Online)
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Anisotropic Heisenberg model on a 3D lattice

exchange anisotropy single-ion anisotropy

fully polarized state (B➔∞)

Spin-boson correspondence

No boson = vacuum

N spin-flips N bosons = magnons

⇔

⇔
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N spin-flips N bosons = magnons

⇔

xy-exchange coupling
⇔  hopping

single-ion anisotropy
⇔  on-site attraction

z-exchange coupling
⇔  neighbor attraction



/ 35Quantum magnet 22

H = �
XXX

r

"XXX

ê
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Anisotropic Heisenberg model on a 3D lattice

xy-exchange coupling
⇔  hopping

single-ion anisotropy
⇔  on-site attraction

z-exchange coupling
⇔  neighbor attraction

Tune these couplings to induce
scattering resonance between two magnons

⇒  Three magnons show the Efimov effect
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Scattering length between two magnons

Two-magnon resonance  (as➔∞)

•  Jz/J = 2.94  (spin-1/2)

•  Jz/J = 4.87  (spin-1, D=0)

•  D/J = 4.77  (spin-1, ferro Jz=J>0)

•  D/J = 5.13  (spin-1, antiferro Jz=J<0)

•  . . .

as

a
=

3
2⇡

h
1 � D

3J �
Jz
J

⇣
1 � D

6SJ

⌘i

2S � 1 + Jz
J

⇣
1 � D

6SJ

⌘
+ 1.52

h
1 � D
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At the resonance, three magnons form bound states
with binding energies En

n En/J
p

En�1/En

0 �2.09 ⇥ 10�1 —
1 �4.15 ⇥ 10�4 22.4
2 �8.08 ⇥ 10�7 22.7

n En/J
p

En�1/En

0 �5.16 ⇥ 10�1 —
1 �1.02 ⇥ 10�3 22.4
2 �2.00 ⇥ 10�6 22.7

n En/J
p

En�1/En

0 �5.50 ⇥ 10�2 —
1 �1.16 ⇥ 10�4 21.8

n En/J
p

En�1/En

0 �4.36 ⇥ 10�3 —
1 �8.88 ⇥ 10�6 22.2

•  Spin-1/2 •  Spin-1, D=0

•  Spin-1, Jz=J>0 •  Spin-1, Jz=J<0
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At the resonance, three magnons form bound states
with binding energies En

n En/J
p

En�1/En

0 �2.09 ⇥ 10�1 —
1 �4.15 ⇥ 10�4 22.4
2 �8.08 ⇥ 10�7 22.7

n En/J
p

En�1/En

0 �5.16 ⇥ 10�1 —
1 �1.02 ⇥ 10�3 22.4
2 �2.00 ⇥ 10�6 22.7

Universal scaling law by ~ 22.7

confirms they are Efimov states !

•  Spin-1/2 •  Spin-1, D=0
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      whose anisotropy is close to the critical value

      E.g.  Ni-based organic ferromagnet with D/J~3  (critical 4.8)
      R. Koch et al., Phys. Rev. B 67, 094407 (2003)

Toward experimental realization27
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C.f.  TDAE-C60

      of  three magnons with

•  absorption spectroscopy

•  inelastic neutron scattering

•  electron spin resonance
          (see Y.N., arXiv:1302.5908)

      with pressure to induce
      the two-magnon resonance

1.  Find a good compound

3.  Observe the Efimov states

2.  Tune the exchange coupling
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      whose anisotropy is close to the critical value

      E.g.  Ni-based organic ferromagnet with D/J~3  (critical 4.8)
      R. Koch et al., Phys. Rev. B 67, 094407 (2003)

Toward experimental realization28
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C.f.  TDAE-C60

      of  three magnons with

      with pressure to induce
      the two-magnon resonance

1.  Find a good compound

3.  Observe the Efimov states

2.  Tune the exchange coupling

Find interested experimentalists !

•  absorption spectroscopy

•  inelastic neutron scattering

•  electron spin resonance
          (see Y.N., arXiv:1302.5908)
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condensed
matter

atomic
physics

Efimov effect:  universality,  discrete scale

                               invariance,  RG limit cycle

nuclear
physics

•  exchange anisotropy

•  single-ion anisotropy

•  spatial anisotropy

•  fructration

Efimov effect in quantum magnets induced by

[Y.N., Y.K, C.D.B, Nature Physics 9, 93-97 (2013)]
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condensed
matter

atomic
physics

Efimov effect:  universality,  discrete scale

                               invariance,  RG limit cycle

nuclear
physics

Atomic BEC  (1995           )

Efimov effect  (2006           )

Magnon BEC  (1999           )

Efimov effect  (201?           )?
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condensed
matter

atomic
physics

Atomic BEC  (1995           )

Efimov effect  (2006           )

Magnon BEC  (1999           )

Efimov effect  (201?           )

New link between atomic and magnetic systems

Efimov effect:  universality,  discrete scale

                               invariance,  RG limit cycle

?
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condensed
matter

atomic
physics

Efimov effect:  universality,  discrete scale

                               invariance,  RG limit cycle

Few-body
physics

Many-body
physics

How interplay ?

•  magnetism
•  superconductivity
•  superfluidity
•  ...
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Super Efimov Effect of Resonantly Interacting Fermions in Two Dimensions

Yusuke Nishida,1 Sergej Moroz,2 and Dam Thanh Son3

1Theoretical Division, Los Alamos National Laboratory, Los Alamos, New Mexico 87545, USA
2Department of Physics, University of Washington, Seattle, Washington 98195, USA

3Enrico Fermi Institute, University of Chicago, Chicago, Illinois 60637, USA
(Received 18 January 2013; published 4 June 2013)

We study a system of spinless fermions in two dimensions with a short-range interaction fine-tuned to a

p-wave resonance. We show that three such fermions form an infinite tower of bound states of orbital

angular momentum ‘ ¼ "1 and their binding energies obey a universal doubly exponential scaling EðnÞ
3 /

expð%2e3!n=4þ"Þ at large n. This ‘‘super Efimov effect’’ is found by a renormalization group analysis and

confirmed by solving the bound state problem. We also provide an indication that there are ‘ ¼ "2 four-

body resonances associated with every three-body bound state at EðnÞ
4 / expð%2e3!n=4þ"%0:188Þ. These

universal few-body states may be observed in ultracold atom experiments and should be taken into

account in future many-body studies of the system.

DOI: 10.1103/PhysRevLett.110.235301 PACS numbers: 67.85.Lm, 03.65.Ge, 05.30.Fk, 11.10.Hi

Introduction.—Recently topological superconductors
have attracted great interest across many subfields in phys-
ics [1,2]. This is partially because vortices in topological
superconductors bind zero-energy Majorana fermions and
obey non-Abelian statistics, which can be of potential use
for fault-tolerance topological quantum computation [3,4].
A canonical example of such topological superconductors
is a p-wave paired state of spinless fermions in two
dimensions [5], which is believed to be realized in
Sr2RuO4 [6]. Previous mean-field studies revealed that a
topological quantum phase transition takes place across a
p-wave Feshbach resonance [7–9].

In this Letter, we study few-body physics of spinless
fermions in two dimensions right at the p-wave resonance.
We predict that three such fermions form an infinite tower of
bound states of orbital angular momentum ‘ ¼ "1 and their
binding energies obey a universal doubly exponential scaling

EðnÞ
3 / expð%2e3!n=4þ"Þ (1)

at large n. Here " is a nonuniversal constant defined modulo
3!=4. This novel phenomenon shall be termed a super
Efimov effect, because it resembles the Efimov effect in
which three spinless bosons in three dimensions right at an
s-wave resonance form an infinite tower of ‘ ¼ 0 bound
states whose binding energies obey the universal exponential

scaling EðnÞ
3 / e%2!n=s0 with s0 ' 1:00624 [10] (see Table I

for comparison).While the Efimov effect is possible in other
situations [11,12], it does not take place in two dimensions or
with p-wave interactions [12–14]. We also provide an indi-
cation that there are ‘ ¼ "2 four-body resonances associ-
ated with every three-body bound state at

EðnÞ
4 / expð%2e3!n=4þ"%0:188Þ; (2)
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We study a system of spinless fermions in two dimensions with a short-range interaction fine-tuned to a

p-wave resonance. We show that three such fermions form an infinite tower of bound states of orbital

angular momentum ‘ ¼ "1 and their binding energies obey a universal doubly exponential scaling EðnÞ
3 /

expð%2e3!n=4þ"Þ at large n. This ‘‘super Efimov effect’’ is found by a renormalization group analysis and

confirmed by solving the bound state problem. We also provide an indication that there are ‘ ¼ "2 four-

body resonances associated with every three-body bound state at EðnÞ
4 / expð%2e3!n=4þ"%0:188Þ. These

universal few-body states may be observed in ultracold atom experiments and should be taken into

account in future many-body studies of the system.
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Introduction.—Recently topological superconductors
have attracted great interest across many subfields in phys-
ics [1,2]. This is partially because vortices in topological
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obey non-Abelian statistics, which can be of potential use
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A canonical example of such topological superconductors
is a p-wave paired state of spinless fermions in two
dimensions [5], which is believed to be realized in
Sr2RuO4 [6]. Previous mean-field studies revealed that a
topological quantum phase transition takes place across a
p-wave Feshbach resonance [7–9].

In this Letter, we study few-body physics of spinless
fermions in two dimensions right at the p-wave resonance.
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boson, respectively. The p-wave resonance is defined by
the divergence of the two-fermion scattering amplitude at
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