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Model

Frustrated two-leg spin-ladder system

H = H1 +H2 +Hp

H1 = J1
�

j

�
Sj,u · Sj+1,u + Sj,l · Sj+1,l

�

H2 = J2
�

j

�
Sj,u · Sj+2,u + Sj,l · Sj+2,l

�

Hp = Jp
�

j Sj,u · Sj,l
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Model

Frustrated two-leg spin-ladder system

J1
J2

j,u(l)

j-1,u(l) j+1,u(l)
Frustrated spin-chain system (Jp=0)

J1 Jp

j,u j+1,u

j+1,lj,u

Non-frustrated spin-ladder system (J2=0)

H = H1 +H2 +Hp

H1 = J1
�

j

�
Sj,u · Sj+1,u + Sj,l · Sj+1,l

�

H2 = J2
�

j

�
Sj,u · Sj+2,u + Sj,l · Sj+2,l

�

Hp = Jp
�

j Sj,u · Sj,l

☛ This is a bridging model between the frustrated 
spin chain & non-frustrated spin ladder.
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Model

Ground-state phase diagram

A. Lavarélo, et al, PRB 84, 144407 (2011). 
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Columnar Dimer (CD):

Rung Singlet (RS):

: singlet pair

Model

Ground-state phase diagram

Ground state

A. Lavarélo, et al, PRB 84, 144407 (2011). 

13年6月17日月曜日



“Phase	  transi,on	  induced	  by	  magne,c	  field	  in	  a	  TLSL”	  T.	  Sugimoto	  et.	  al.,	  EQPCM13	  @	  ISSP,	  June	  17,	  2013.	  9

Columnar Dimer (CD):

Rung Singlet (RS):

: singlet pair

Model

Ground-state phase diagram

Ground state Elementary Excitation

= Frustrated spin chain

= Non-frustrated spin ladder

spinon

triplonA. Lavarélo, et al, PRB 84, 144407 (2011). 
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☛ J5 & J6 are much smaller than others.
☛ J2 (NNN in leg) may be comparable to J1.
☛ Effective model corresponds to J1-J2-J4 model.

c

J1
J2

a

b cBi Cu P O

J1
J3

J4
J5J6

a

b c

◆Crystal Structure of BiCu2PO6

◆Exchange energy by DFT calculation
Ref. J1 J2 J3 J4 J5 J6

1 1 0.67 � 0.79 0.41 � 0.69 1.0 � 1.2 -2.5 � 2.9 �10�3 -9.0 � 9.7 �10�3

2 1 0.88 � 0.97 -0.14 � 0.13 0.78 � 0.88 - -

[1] O. Mentré, et al, PRB 80, 180413(R) (2009).
[2]  A. A. Tsirlin, et al, PRB 82, 144426 (2010). 

Real compound
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magnetic field is applied parallel to the c axis,!L=L shows
a sharp increase at Hc and two additional steps at higher
fields. These steps persist up to 5.7 K and are similar to the
M!H" curves at the corresponding temperatures (see the
inset of Fig. 1). Below 6 K, MS measurements detect that
both high-field anomalies display strong hysteresis as a
function of field, suggesting first-order phase transitions.
Accordingly, MCE measurements in dc fields detect an
irreversible heat release on both field up- and down-sweep,
as shown by the thick (orange) curve in Fig. 3(a). The
observed heating reveals the presence of dissipation and/or
irreversibility, which can be the signature for first-order
phase transitions [15,19]. Taken together, hysteresis in
!L=L and irreversible heating in MCE provide firm evi-
dence that the anomalies correspond to first-order phase
transitions. When a magnetic field is applied along the a
and b axes, the !L=L curves exhibit broad structures. For
H==b, two broad anomalies can be seen atHc and at!0H #
35 T. The broad anomaly at higher field (indicated by an
arrow) seems to be connected to the observed magnetization

steps. Accordingly, it appears where the MCE data show
heating and cooling, as seen in Fig. 3(b). Symmetric MCE
curves are typically seen at second-order phase boundaries.
Figures 4(a) and 4(b) show the magnetic contribution to

the specific heat, CM!T" for H==b and H==c, respectively.
AboveHc,CM!T" exhibits "-type anomalies for bothH==c
and H==b. Sharp anomalies are characteristic of long-
range magnetic ordering, rather than a crossover expected
for low-dimensional systems [6]. When a magnetic field is
applied along the b axis, the peak position in temperature
and the size of the anomaly monotonically grow with
increasing field. On the other hand, for H==c, the peak
position in temperature first increases and then splits into
two peaks above 33 T. Figures 4(c) and 4(d) show the
magnetic-field dependence of CM for H==c and H==b,
respectively. In the spin-gapped region, H <Hc, CM!H"
monotonically increases as the magnetic field increases.

FIG. 3 (color online). Magnetic phase diagram for (a) H==c
and (b) H==b deduced from the Cp (circles), MS (squares), and
MCE (triangles) measurements taken at various temperatures
and as a function of magnetic field. The error bars are evaluated
from the size of the hysteresis and the width of the peaks. The
light gray (orange) curves correspond to MCE data measured in
a 35 T dc magnet. (a) The MCE traces have been multiplied by a
factor of 10. (b) MCE traces for H==b have been multiplied by
100 (at 1.3 K) and 50 (at 0.7 K), respectively.

FIG. 4 (color online). Specific heat CM vs T for (a) H==c and
(b) H==b. The low temperature upturn in CM is due to a nuclear
Schottky anomaly. CM vs H for (c) H==c and (d) H==b. The
temperature stability was 3% during magnetic-field sweeps.
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☛ M-H curve along c-axis is quite different from those along a- and b-axis.

☛ Phase IV & V may occur caused by spin-lattice coupling. 

☛ Phase II & III may be spin-liquid phases. 

However, the transition between two different spin-liquid phases does not 
appear in non-frustrated two-leg spin ladder.

Y. Kohama, et al, PRL 109, 167204 (2012). 

M-H curve
The exchange interactions in BiCu2PO6 have recently

been studied in detail by inelastic neutron scattering and
magnetic susceptibility measurements on powder samples,
and by numerical calculations, and are estimated to be
JLeg ! 137:8 K, JNNN ! 73:3 K, and JRung ! 58:4 K, re-
spectively [11]. The potentially strong frustration between
JLeg and JNNN suggests that the gapped spin-singlet ground

state has an incommensurate dispersion [11,12]. NMR data
were used to estimate the spin gap !s=kB " 38:3 K [13],
which is consistent with the critical field !0Hc " 22 T
estimated frommagnetization measurements in a polycrys-
talline sample [10]. JIL cannot be accurately estimated
because numerical simulations show it to be very sensitive
to the choice of the other stronger exchange parameters
[10,11]. This leads to some controversy regarding the field-
induced ground state and the dimensionality of the spin
system. Tomonaga-Luttinger liquid [10] and Ising ground
states [12] have been predicted but remain an open ques-
tion in BiCu2PO6.

Single crystals of BiCu2PO6 were grown by the travel-
ing solvent-floating zone technique in an image furnace
(Model FZ-T-10000-H-VI-VP, Crystal System, Inc.,
Japan) using four 300 W halogen lamps as heat sources,
as described before [9]. Specific heat (Cp) and magneto-
caloric effect (MCE) measurements were performed in a
35 T dc magnet. Cp vs T was obtained using both thermal
relaxation time and dual slope techniques [14]. Specific
heat capacity as a function of H was measured using an ac
technique, simultaneously collecting the MCE data [15].
The magnetic contribution to the specific heat, CM, was
obtained by subtracting the lattice contribution determined
in its nonmagnetic analog BiZn2PO6 [16]. Longitudinal
magnetostriction (MS) measurements were performed by
using a fiber optic strain gauge in a 60 T pulsed magnet [17].
Magnetization measurements were performed in a magnetic
field up to 60 T [10]. The magnetic moment of the sample
was obtained by integration of the voltage induced in a
compensated pickup coil system surrounding the sample.
Details of the experimental procedure are described else-
where [10]. The field dependence of the magnetization
M#H$ was calibrated with low field magnetization data
measured through NMR (see, for instance, Kodama et al.
[18] for a detailed discussion of how NMR data can be used
to quantify magnetic moments in frustrated magnets) and a
Quantum Design! Vibrating Sample Magnetometer.

Magnetization data for three different magnetic-field
orientations, i.e., parallel to the main crystallographic
axes, are shown in Fig. 1. Depending on the field orienta-
tion, the magnetization data show a finite slope at low
magnetic fields. Upturns corresponding to the closure of
the spin gap are observed at !0Hc ! 23, 21, and 20 T for
magnetic fields applied along the a, b, and c axes, respec-
tively, in good agreement with !0Hc " 22 T measured on
a polycrystalline sample [10]. For H==a, a smooth mag-
netization curve is observed above Hc within the noise

level of our measurement. On the other hand, for fields
applied along the b and the c axes, the M#H$ curves
show unexpected transitions at !0H " 36 T, "34 T, and
"40 T, respectively.
The relative crystal length changes in the a, b, and c axes

(!L=L) are shown in Figs. 2(a)–2(c), respectively. When a

FIG. 1 (color online). Magnetization M vs H for H==a [light
gray (red) line], H==b [dark gray (blue) line], and H==c (black
line). Inset:M vs H for H==cmeasured at different temperatures
(the experimental data are vertically displaced for clarity).

FIG. 2 (color online). Magnetostriction !L=L vs H for
(a) H==a, (b) H==b, and (c) H==c. For clarity, the data at
different temperatures were shifted vertically.
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The exchange interactions in BiCu2PO6 have recently
been studied in detail by inelastic neutron scattering and
magnetic susceptibility measurements on powder samples,
and by numerical calculations, and are estimated to be
JLeg ! 137:8 K, JNNN ! 73:3 K, and JRung ! 58:4 K, re-
spectively [11]. The potentially strong frustration between
JLeg and JNNN suggests that the gapped spin-singlet ground

state has an incommensurate dispersion [11,12]. NMR data
were used to estimate the spin gap !s=kB " 38:3 K [13],
which is consistent with the critical field !0Hc " 22 T
estimated frommagnetization measurements in a polycrys-
talline sample [10]. JIL cannot be accurately estimated
because numerical simulations show it to be very sensitive
to the choice of the other stronger exchange parameters
[10,11]. This leads to some controversy regarding the field-
induced ground state and the dimensionality of the spin
system. Tomonaga-Luttinger liquid [10] and Ising ground
states [12] have been predicted but remain an open ques-
tion in BiCu2PO6.

Single crystals of BiCu2PO6 were grown by the travel-
ing solvent-floating zone technique in an image furnace
(Model FZ-T-10000-H-VI-VP, Crystal System, Inc.,
Japan) using four 300 W halogen lamps as heat sources,
as described before [9]. Specific heat (Cp) and magneto-
caloric effect (MCE) measurements were performed in a
35 T dc magnet. Cp vs T was obtained using both thermal
relaxation time and dual slope techniques [14]. Specific
heat capacity as a function of H was measured using an ac
technique, simultaneously collecting the MCE data [15].
The magnetic contribution to the specific heat, CM, was
obtained by subtracting the lattice contribution determined
in its nonmagnetic analog BiZn2PO6 [16]. Longitudinal
magnetostriction (MS) measurements were performed by
using a fiber optic strain gauge in a 60 T pulsed magnet [17].
Magnetization measurements were performed in a magnetic
field up to 60 T [10]. The magnetic moment of the sample
was obtained by integration of the voltage induced in a
compensated pickup coil system surrounding the sample.
Details of the experimental procedure are described else-
where [10]. The field dependence of the magnetization
M#H$ was calibrated with low field magnetization data
measured through NMR (see, for instance, Kodama et al.
[18] for a detailed discussion of how NMR data can be used
to quantify magnetic moments in frustrated magnets) and a
Quantum Design! Vibrating Sample Magnetometer.

Magnetization data for three different magnetic-field
orientations, i.e., parallel to the main crystallographic
axes, are shown in Fig. 1. Depending on the field orienta-
tion, the magnetization data show a finite slope at low
magnetic fields. Upturns corresponding to the closure of
the spin gap are observed at !0Hc ! 23, 21, and 20 T for
magnetic fields applied along the a, b, and c axes, respec-
tively, in good agreement with !0Hc " 22 T measured on
a polycrystalline sample [10]. For H==a, a smooth mag-
netization curve is observed above Hc within the noise

level of our measurement. On the other hand, for fields
applied along the b and the c axes, the M#H$ curves
show unexpected transitions at !0H " 36 T, "34 T, and
"40 T, respectively.
The relative crystal length changes in the a, b, and c axes

(!L=L) are shown in Figs. 2(a)–2(c), respectively. When a

FIG. 1 (color online). Magnetization M vs H for H==a [light
gray (red) line], H==b [dark gray (blue) line], and H==c (black
line). Inset:M vs H for H==cmeasured at different temperatures
(the experimental data are vertically displaced for clarity).

FIG. 2 (color online). Magnetostriction !L=L vs H for
(a) H==a, (b) H==b, and (c) H==c. For clarity, the data at
different temperatures were shifted vertically.
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Magnetostriction

Phase diagram

Real compound
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Purpose

☛ To determine the ground-state phase of BiCu2PO6, we use the magnetic excitation, 
which can be addressed by inelastic neutron scattering.

☛ The dynamical spin correlation function (DSCF):

 Our purposes are
to determine the ground-state phase of BiCu2PO6, 
and to clarify the phase transition induced by magnetic field.

�(q,�) = � 1
�
�

� �

0
dtei�t�0|Sz†(q, t)Sz(q, 0)|0�

☛ To clarify the phase transition, we can use the bond-operator transform.  
Then, boson-like quasi-particle “triplon” is important to understand the phase 
transition.
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DMRG method:

• This is a variational method to optimize the basis 
for the best description of physical quantities of 
interest.

• The main idea of the DMRG method is a 
systematic selection of kept states after 
diagonalization of the reduced density matrix.

• The reduced density matrix is made with proper 
target states.

Method

13年6月17日月曜日



“Phase	  transi,on	  induced	  by	  magne,c	  field	  in	  a	  TLSL”	  T.	  Sugimoto	  et.	  al.,	  EQPCM13	  @	  ISSP,	  June	  17,	  2013.	  14

Target state (e.g. the ground state):

Variational procedure of DMRG:

1.Target states are obtained for the super block.

2.Reduced density matrix is obtained by using the 
target states.

3.Diagonalization of the reduced density matrix is 
used to select kept states.

4.Basis of new sys. block is given by orthonormal 
matrix obtained by the diagnoralization.

the basis of the sys. block 
and the left added site.

the basis of the env. block 
and the right added site.

Reduced density matrix:

⇢ril =
X

j

 ij 
⇤
jl.| i =

X

i,j

 ij |iis|jie.

|iis :

|jie :

Method
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Diagonalization of RDM:

1.Target states are obtained for the super block.

2.Reduced density matrix is obtained by using the 
target states.

3.Diagonalization of the reduced density matrix is 
used to select kept states.

4.Basis of new sys. block is given by orthonormal 
matrix obtained by the diagnoralization.

Basis of new sys. block:

⇤kk :

Ukl :

diagonal matrix.

unitary matrix.

⇢ril =
X

k

U⇤
ik⇤

2
kkUkl. |u↵is =

X

i

U⇤
i↵|iis.

↵ = 1, 2, . . . ,M.

M : truncation number of DMRG.

Variational procedure of DMRG:

Method
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�(q,�) = � 1
�
�

� �

0
dt ei(�+i�)t�0|S†(q, t) · S(q, 0)|0�

= � 1
�
��0|S†(q)

1
� �H + E0 + i�

S(q)|0�.

◆Dynamical spin correlation function

|0�, S(q)|0�, and
1

� �H + E0 + i�
S(q)|0�.

◆Density-matrix renormalization-group method

◆Target states

☛ We use the DMRG method to obtain the DSCF numerically.
☛ We calculate the DSCF in 32*2 sites ladder.

Method
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Numerical Results

a, b) Incomm. CD phase (★)
        J2/J1=0.6, Jp/J1=0.2
c, d) Comm. RS phase (★)
        J2/J1=0.1, Jp/J1=1.0
e, f) Incomm. RS phase (★)
        J2/J1=0.6, Jp/J1=1.0

DSCF for three points:

A. Lavarélo, et al, PRB 84, 144407 (2011). 
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Numerical Results

a, b) Incomm. CD phase (★)
        J2/J1=0.6, Jp/J1=0.2
c, d) Comm. RS phase (★)
        J2/J1=0.1, Jp/J1=1.0
e, f) Incomm. RS phase (★)
        J2/J1=0.6, Jp/J1=1.0

☛ We can distinguish CD and RS 
phases by comparing the spectral 
weight in qy=0 plane with that of 
qy=π.

DSCF for three points:
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Result: Columnar-Dimer phase

DSCF in Incomm. CD phase:

J2/J1=0.6, Jp/J1=0.2 

J2/J1=0.6, Jp/J1=0.2 
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Result: Columnar-Dimer phase

DSCF in Incomm. CD phase: DSCF for Frustrated spin chain (Jp=0)
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Result: Columnar-Dimer phase

DSCF in Incomm. CD phase: DSCF for Frustrated spin chain (Jp=0)
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Result: Columnar-Dimer phase

DSCF in Incomm. CD phase:

☛ The DSCF in incomm. CD phase is 
quite similar to that for the spin chain 
with frustration.
☛ Elementary excitations are spinons, 
which are not bounded on rung bond.

DSCF for Frustrated spin chain (Jp=0)
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Result: Rung-Singlet phase

DSCF in Comm. RS phase:

J2/J1=0.1, Jp/J1=1.0 

J2/J1=0.1, Jp/J1=1.0 
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Result: Rung-Singlet phase

: singlet
: triplet

triplon

DSCF in Comm. RS phase: DSCF for Non-frustrated spin ladder

J2/J1=0.1, Jp/J1=1.0 

J2/J1=0.1, Jp/J1=1.0 

☛ In comm. RS phase, anti-bonding mode (qy=π) can 
be understood as triplon mode for non-frustrated 
spin ladder.

N. Haga and S. Suga, PRB 66,132415 (2002).
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Result: Rung-Singlet phase

: singlet
: triplet

triplon

bound triplon

= +

DSCF in Comm. RS phase: DSCF for Non-frustrated spin ladder

☛ In comm. RS phase, anti-bonding mode (qy=π) can 
be understood as triplon mode for non-frustrated 
spin ladder.
☛ Bonding mode (qy=0) can be understood as the mode 
of bound triplon.

J2/J1=0.1, Jp/J1=1.0 

J2/J1=0.1, Jp/J1=1.0 

N. Haga and S. Suga, PRB 66,132415 (2002).
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Result: Frustration Effects

DSCF in Incomm. RS phase:

13年6月17日月曜日



“Phase	  transi,on	  induced	  by	  magne,c	  field	  in	  a	  TLSL”	  T.	  Sugimoto	  et.	  al.,	  EQPCM13	  @	  ISSP,	  June	  17,	  2013.	  29

Result: Frustration Effects

DSCF in Incomm. RS phase:
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Result: Frustration Effects

DSCF in Incomm. RS phase:

q*

�T(qx) �= Jp + J1 cos(qx) + J2 cos(2qx) +
3
4

�
J2

1

Jp
+

J2
2

Jp

�Strong rung-coupling limit (J1, J2≪Jp)

q� �= cos�1

�
� J1

4J2

�

☛ Frustration affects the 
wave number of the lowest 
excitation, and change it from 
π to incommensurate one.
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Result: Frustration Effects

�2/�1= 0 
1/8
2/8
3/8

1.6 2.0 2.40

0.2

D
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F

�/Jp

�2/�1

�
/J

p

0 1/42.0

2.2
�'BT

(1)
calc.

DSCF in Incomm. RS phase:

q*

☛ With large frustration, the 
bound triplon is smeared over 
the continuum.

☛ Frustration affects the 
wave number of the lowest 
excitation, and change it from 
π to incommensurate one.

�T(qx) �= Jp + J1 cos(qx) + J2 cos(2qx) +
3
4

�
J2

1

Jp
+

J2
2

Jp

�Strong rung-coupling limit (J1, J2≪Jp)

q� �= cos�1

�
� J1

4J2

�
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Grand-state phase:

Inelastic neutron scattering for BiCu2PO6

Triplon excitation with an incomm. wave number 
is observed.

K.W. Plumb, et al, arXiv:1301.5324. 

Experiment: inelastic neutron scattering
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Grand-state phase:

Inelastic neutron scattering for BiCu2PO6

Triplon excitation with an incomm. wave number 
is observed.

☛ BiCu2PO6 is located in the incomm. rung-singlet phase.

☛ The triplon dispersion relation indicates comparable 
magnitudes of exchange energies,  J1 ~ J2 ~ Jp.

K.W. Plumb, et al, arXiv:1301.5324. 

Experiment: inelastic neutron scattering
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Experiment: inelastic neutron scattering

Grand-state phase:

Inelastic neutron scattering for BiCu2PO6

Triplon excitation with an incomm. wave number 
is observed.

☛ BiCu2PO6 is located in the incomm. rung-singlet phase.

☛ The triplon dispersion relation indicates comparable 
magnitudes of exchange energies,  J1 ~ J2 ~ Jp.

BiCu2PO6K.W. Plumb, et al, arXiv:1301.5324. 

A. Lavarélo, et al, PRB 84, 144407 (2011). 
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He� =
�

q,� �(q)n�
q + sgn(�)hzn�

q

s†j |0� = |s�j = 1�
2
(| ��j,u| ��j,l � | ��j,u| ��j,l)

t0j
†|0� = |t0�j = 1�

2
(| ��j,u| ��j,l + | ��j,u| ��j,l)

t+j
†|0� = |t+�j = | ��j,u| ��j,l

t�j
†|0� = |t��j = | ��j,u| ��j,l

H = H1 +H2 +Hp +HZ

H1 = J1
�

j

�
Sj,u · Sj+1,u + Sj,l · Sj+1,l

�

H2 = J2
�

j

�
Sj,u · Sj+2,u + Sj,l · Sj+2,l

�

Hp = Jp
�

j Sj,u · Sj,l

HZ = hz
�

j(S
z
j,u + Sz

j,l)

�(q) = J1 cos(q) + J2 cos(2q) + Jp

n� = t�†t� (� = +, 0,�)

Frustrated two-leg spin ladder

Non-interacting triplon (NIT)

☛ Triplon is a hard-core boson.
☛ Bose-Einstein condensation is expected induced 
by magnetic field. 

Bond-operator transform & Mean-field approx.

Field effect
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�(q) = J1 cos(q) + J2 cos(2q) + Jp

Non-interacting triplon (NIT)
H(�)

e� =
�

q �(q)n�q � hzn�q

Bose-Einstein condensation
Bose gas NIT

boson particle triplon

boson num. (N) magnetization (M)

chem. potential (µ) magnetic field (hz)Dispersion relation & triplon occupation

Bose-Einstein condensation

Energy

D
O
S

�0��0

J1/4J2 > 1

Energy

D
O
S

�0��0

J1/4J2 < 1

�*

Density of states

☛ Without frustration , there are 
three phases: 
    Phase I: hz < ϵπ, M = 0, gapped.

    Phase II: ϵπ<hz<ϵ0, 0<M<1, gapless.

    Phase III: ϵ0 < hz, M=1, gapped.

☛ With frustration, a new gapless 
phase appears,
    Phase IV: ϵ*<hz<ϵπ, 0<M<1, gapless.IPhase: II III I II IIIIV
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The exchange interactions in BiCu2PO6 have recently
been studied in detail by inelastic neutron scattering and
magnetic susceptibility measurements on powder samples,
and by numerical calculations, and are estimated to be
JLeg ! 137:8 K, JNNN ! 73:3 K, and JRung ! 58:4 K, re-
spectively [11]. The potentially strong frustration between
JLeg and JNNN suggests that the gapped spin-singlet ground

state has an incommensurate dispersion [11,12]. NMR data
were used to estimate the spin gap !s=kB " 38:3 K [13],
which is consistent with the critical field !0Hc " 22 T
estimated frommagnetization measurements in a polycrys-
talline sample [10]. JIL cannot be accurately estimated
because numerical simulations show it to be very sensitive
to the choice of the other stronger exchange parameters
[10,11]. This leads to some controversy regarding the field-
induced ground state and the dimensionality of the spin
system. Tomonaga-Luttinger liquid [10] and Ising ground
states [12] have been predicted but remain an open ques-
tion in BiCu2PO6.

Single crystals of BiCu2PO6 were grown by the travel-
ing solvent-floating zone technique in an image furnace
(Model FZ-T-10000-H-VI-VP, Crystal System, Inc.,
Japan) using four 300 W halogen lamps as heat sources,
as described before [9]. Specific heat (Cp) and magneto-
caloric effect (MCE) measurements were performed in a
35 T dc magnet. Cp vs T was obtained using both thermal
relaxation time and dual slope techniques [14]. Specific
heat capacity as a function of H was measured using an ac
technique, simultaneously collecting the MCE data [15].
The magnetic contribution to the specific heat, CM, was
obtained by subtracting the lattice contribution determined
in its nonmagnetic analog BiZn2PO6 [16]. Longitudinal
magnetostriction (MS) measurements were performed by
using a fiber optic strain gauge in a 60 T pulsed magnet [17].
Magnetization measurements were performed in a magnetic
field up to 60 T [10]. The magnetic moment of the sample
was obtained by integration of the voltage induced in a
compensated pickup coil system surrounding the sample.
Details of the experimental procedure are described else-
where [10]. The field dependence of the magnetization
M#H$ was calibrated with low field magnetization data
measured through NMR (see, for instance, Kodama et al.
[18] for a detailed discussion of how NMR data can be used
to quantify magnetic moments in frustrated magnets) and a
Quantum Design! Vibrating Sample Magnetometer.

Magnetization data for three different magnetic-field
orientations, i.e., parallel to the main crystallographic
axes, are shown in Fig. 1. Depending on the field orienta-
tion, the magnetization data show a finite slope at low
magnetic fields. Upturns corresponding to the closure of
the spin gap are observed at !0Hc ! 23, 21, and 20 T for
magnetic fields applied along the a, b, and c axes, respec-
tively, in good agreement with !0Hc " 22 T measured on
a polycrystalline sample [10]. For H==a, a smooth mag-
netization curve is observed above Hc within the noise

level of our measurement. On the other hand, for fields
applied along the b and the c axes, the M#H$ curves
show unexpected transitions at !0H " 36 T, "34 T, and
"40 T, respectively.
The relative crystal length changes in the a, b, and c axes

(!L=L) are shown in Figs. 2(a)–2(c), respectively. When a

FIG. 1 (color online). Magnetization M vs H for H==a [light
gray (red) line], H==b [dark gray (blue) line], and H==c (black
line). Inset:M vs H for H==cmeasured at different temperatures
(the experimental data are vertically displaced for clarity).

FIG. 2 (color online). Magnetostriction !L=L vs H for
(a) H==a, (b) H==b, and (c) H==c. For clarity, the data at
different temperatures were shifted vertically.

PRL 109, 167204 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending

19 OCTOBER 2012

167204-2

M-H curve

M-H curve

☛ With frustration, the cusp-like 
singularity appears in M-H curve.

J1/Jp=0.1, J2/Jp=0

J1/Jp=0.1, J2/Jp=0.05

☛ The phase transition in the 
compound BiCu2PO6 can be 
understood using triplon picture 
with frustration. 

Y. Kohama, et al, PRL 109, 167204 (2012). 
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Summary

We determine the ground-state phase of BiCu2PO6, with excitation spectra 
obtained by DDMRG calculation and INS experiment.

K.W. Plumb, et al, arXiv:1301.5324. 

We clarify the phase transition in BiCu2PO6, with M-H curve of DMRG 
calculation, non-interacting triplon analysis, and the experiment. 
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The exchange interactions in BiCu2PO6 have recently
been studied in detail by inelastic neutron scattering and
magnetic susceptibility measurements on powder samples,
and by numerical calculations, and are estimated to be
JLeg ! 137:8 K, JNNN ! 73:3 K, and JRung ! 58:4 K, re-
spectively [11]. The potentially strong frustration between
JLeg and JNNN suggests that the gapped spin-singlet ground

state has an incommensurate dispersion [11,12]. NMR data
were used to estimate the spin gap !s=kB " 38:3 K [13],
which is consistent with the critical field !0Hc " 22 T
estimated frommagnetization measurements in a polycrys-
talline sample [10]. JIL cannot be accurately estimated
because numerical simulations show it to be very sensitive
to the choice of the other stronger exchange parameters
[10,11]. This leads to some controversy regarding the field-
induced ground state and the dimensionality of the spin
system. Tomonaga-Luttinger liquid [10] and Ising ground
states [12] have been predicted but remain an open ques-
tion in BiCu2PO6.

Single crystals of BiCu2PO6 were grown by the travel-
ing solvent-floating zone technique in an image furnace
(Model FZ-T-10000-H-VI-VP, Crystal System, Inc.,
Japan) using four 300 W halogen lamps as heat sources,
as described before [9]. Specific heat (Cp) and magneto-
caloric effect (MCE) measurements were performed in a
35 T dc magnet. Cp vs T was obtained using both thermal
relaxation time and dual slope techniques [14]. Specific
heat capacity as a function of H was measured using an ac
technique, simultaneously collecting the MCE data [15].
The magnetic contribution to the specific heat, CM, was
obtained by subtracting the lattice contribution determined
in its nonmagnetic analog BiZn2PO6 [16]. Longitudinal
magnetostriction (MS) measurements were performed by
using a fiber optic strain gauge in a 60 T pulsed magnet [17].
Magnetization measurements were performed in a magnetic
field up to 60 T [10]. The magnetic moment of the sample
was obtained by integration of the voltage induced in a
compensated pickup coil system surrounding the sample.
Details of the experimental procedure are described else-
where [10]. The field dependence of the magnetization
M#H$ was calibrated with low field magnetization data
measured through NMR (see, for instance, Kodama et al.
[18] for a detailed discussion of how NMR data can be used
to quantify magnetic moments in frustrated magnets) and a
Quantum Design! Vibrating Sample Magnetometer.

Magnetization data for three different magnetic-field
orientations, i.e., parallel to the main crystallographic
axes, are shown in Fig. 1. Depending on the field orienta-
tion, the magnetization data show a finite slope at low
magnetic fields. Upturns corresponding to the closure of
the spin gap are observed at !0Hc ! 23, 21, and 20 T for
magnetic fields applied along the a, b, and c axes, respec-
tively, in good agreement with !0Hc " 22 T measured on
a polycrystalline sample [10]. For H==a, a smooth mag-
netization curve is observed above Hc within the noise

level of our measurement. On the other hand, for fields
applied along the b and the c axes, the M#H$ curves
show unexpected transitions at !0H " 36 T, "34 T, and
"40 T, respectively.
The relative crystal length changes in the a, b, and c axes

(!L=L) are shown in Figs. 2(a)–2(c), respectively. When a

FIG. 1 (color online). Magnetization M vs H for H==a [light
gray (red) line], H==b [dark gray (blue) line], and H==c (black
line). Inset:M vs H for H==cmeasured at different temperatures
(the experimental data are vertically displaced for clarity).

FIG. 2 (color online). Magnetostriction !L=L vs H for
(a) H==a, (b) H==b, and (c) H==c. For clarity, the data at
different temperatures were shifted vertically.

PRL 109, 167204 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending

19 OCTOBER 2012

167204-2

Y. Kohama, et al, PRL 109, 167204 (2012). 
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Appendix
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Strong rung-coupling limit

G.S.

unperturbed 1st order of J1

1st E.S.

2nd E.S.

singlet triplet

1
2

S=0

S=1

L

L-1, L+1

Purbation analysis
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◆ Field dependence (experiment) ref. ICM poster 
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☛ Field effects on lowest excitations 
seems Zeeman splitting of triplet.

☛ Spin interaction between two spins 
forming triplet has anisotropy.

Zeeman splitting
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increases with increasing J2 and J4 !Fig. 3"b#$. It follows that
the fitted J2 /J1 and J4 /J1 ratios are underestimated due to the
effect of J3 in the real system.

To further probe the spin frustration in BiCu2PO6, we car-
ried out INS measurements for powder samples of BiCu2PO6
using the thermal and cold triple axis spectrometers at the
LLB-Orphee reactor. Use of powder samples leads to a par-
tial loss of the anisotropic information about the dispersion
of magnetic excitations. The intensity of neutron scattering,
proportional to a powder averaged spin-spin correlation
function, gives a measure of the density of state. A !!Q
mapping of the low-temperature "T=11 K# INS intensity
obtained by constant-energy scans is presented in Fig. 4"a#,
the most prominent features of which are the opening of a
spin gap and the two maxima observed at 4 and 6 meV.
These peaks are magnetic in nature because they vanish
above 50 K. The lowest excitation energy centered at 4 meV
is consistent with the spin gap "=2.9 meV deduced from
#"T#. The !!Q mapping of Fig. 4"a# clearly indicates a sig-
nificant dispersion of the first magnetic excitation, with mini-
mum at Q%1 Å!1. The Q dependence at energy just above
the spin gap is also of great interest. This is illustrated in Fig.
4"b#, which presents a constant-energy scan taken at !
=4 meV and T=1.7 K. The corresponding structure factor
exhibits a maxima centered at Q=1 and 2 Å!1 followed by a
number of small subsequent oscillations.

To confirm the validity of the leading J1!J2!J4 frustrated
spin ladder model in BiCu2PO6, we simulate the powder-INS
data19,20 using MAGPACK,21 which enables one to compute
the structure factor S"Q ,!# of a magnetic system with up to
14 spins in terms of a Heisenberg spin Hamiltonian. We es-
pecially calculate S"Q ,!0#, where !0 is the energy of the
lowest excited state. Simple spin-lattice models, such as an
isolated dimer "J3 or J4# and a non-spin-frustrated chain "J1#,
fail to describe the neutron data. Among various 1D spin
lattices we tested "i.e., J1!J2, J1!J3, J1!J4, J1!J2!J3 or
J1!J2!J4#, only the J1!J2!J4 spin ladder model with strong
spin frustration reproduces the two experimental maxima at
Qmax=1 and 2 Å!1, as summarized in Figs. 4"b# and 4"c#. It
should be noted that the J1!J2!J3 frustrated spin ladder
model does not match the experimental INS data even with a
strong frustration J2 /J1 ratio !Fig. 4"c#$.

The relative J1!J2!J4 values obtained from our GGA
+U calculations "typically, $&J2 /J1=0.75 and J4 /J1=1
with U=8 eV; see Table I# yields the correct positions for
the S"Q# maxima at Qmax=1 and 2 Å!1. Moreover, S"Q ,!0#
calculated for J4 /J1=1 shows that the frustration ratio $
=J2 /J1 should be in the 0.7–1 range to reproduce the experi-
mental INS data !Fig. 4"d#$. In our J1!J2!J4 frustrated spin
ladder model, the splitting of the first S"Q ,!0# peak occurs
above the critical value $c%0.5 !Fig. 4"d#$; this frustration-
induced phenomenon is the clear signature of a Lifshitz
point, where the S"Q ,!0# peak starts moving away from a
commensurate Q value.22,23 This analysis shows that
BiCu2PO6 is located in the incommensurate region of the
phase diagram not far from the critical Lifshitz point. In
reproducing the S"Q ,!0# peaks at 1 Å!1 and 2 Å!1 in terms
of the J1!J2!J4 frustrated spin ladder model, the region of
the required J2 /J1 ratio is narrow "i.e., '0.75# but that of the
required J4 /J1 ratio is rather wide, i.e., 0.25%J4 /J1%1 !Fig.
4"c#$. This indicates that the spin frustration within each leg
chain is largely responsible for the split of S"Q ,!0# peaks. It
should be noted that for a weakly frustrated ladder system,
such as La4Sr10Cu24O41, the observed dispersion is
commensurate.24

The frustrated spin ladder model for BiCu2PO6 forms a
rich playground for reaching exotic quantum ground states.
In the limit of J1, J2&J3, J4, the spin lattice becomes a
simple frustrated chain, in which the frustration ratio J2 /J1

FIG. 3. "Color online# Analysis of the magnetic susceptibility
and spin gap of BiCu2PO6 using the J1!J2!J4 frustrated spin lad-
der mode: "a# experimental "circles# and fitted "red line# magnetic
susceptibility. The typical gapped behavior "black solid line# is
shown after removing the paramagnetic contribution "black dotted
line#. "b# Evolution of the normalized spin gap " /J1 as a function of
the frustration ratio J2 /J1 "with J4 /J1 fixed at 0.25# and the rung to
leg ratio J4 /J1 "with J2 /J1 fixed at 0.50#.

FIG. 4. "Color online# "a# Map of S"Q ,!# measured for
BiCu2PO6 at 11 K on the three-axis cold spectrometer 4F1 "color
online#. "b# Experimental Q scan measured at 4 meV; the energy of
the lowest magnetic excitation in BiCu2PO6 at T=1.7 K"from the
thermal triple axis spectrometer 2T in counts per 2 minutes of ac-
quisition time#. "c# Magnetic structure factor S"Q ,!0# at the energy
!0 of the lowest magnetic excitation using the J1!J2!J4 and J1
!J2!J3 frustrated spin ladder models. The curves 1 and 2 are ob-
tained from the J1!J2!J4 model and the curve 3 from the J1!J2
!J3 model "curve 1: J4 /J1=1 and J2 /J1=0.75; curve 2: J4 /J1
=0.25 and J2 /J1=0.75; and curve 3: J3 /J1=1 and J2 /J1=0.75#. The
intensity is in arbitrary units. "d# Mapping of S"Q ,!0# as a function
of the frustration ratio $=J2 /J1. The color scale represents the am-
plitude of S"Q ,!0#.
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☛ Fitting (paramag. impurity + frustrated 
ladder) gives better coincidence, than fitting by 
using the ladder model.

Here, fitting function is as follows,

� J1/kB = 137 K, J2/kB = 73 K, J4/kB = 58 K.

�fit(T ) = C/T + �1�2�4(T ).

increases with increasing J2 and J4 !Fig. 3"b#$. It follows that
the fitted J2 /J1 and J4 /J1 ratios are underestimated due to the
effect of J3 in the real system.

To further probe the spin frustration in BiCu2PO6, we car-
ried out INS measurements for powder samples of BiCu2PO6
using the thermal and cold triple axis spectrometers at the
LLB-Orphee reactor. Use of powder samples leads to a par-
tial loss of the anisotropic information about the dispersion
of magnetic excitations. The intensity of neutron scattering,
proportional to a powder averaged spin-spin correlation
function, gives a measure of the density of state. A !!Q
mapping of the low-temperature "T=11 K# INS intensity
obtained by constant-energy scans is presented in Fig. 4"a#,
the most prominent features of which are the opening of a
spin gap and the two maxima observed at 4 and 6 meV.
These peaks are magnetic in nature because they vanish
above 50 K. The lowest excitation energy centered at 4 meV
is consistent with the spin gap "=2.9 meV deduced from
#"T#. The !!Q mapping of Fig. 4"a# clearly indicates a sig-
nificant dispersion of the first magnetic excitation, with mini-
mum at Q%1 Å!1. The Q dependence at energy just above
the spin gap is also of great interest. This is illustrated in Fig.
4"b#, which presents a constant-energy scan taken at !
=4 meV and T=1.7 K. The corresponding structure factor
exhibits a maxima centered at Q=1 and 2 Å!1 followed by a
number of small subsequent oscillations.

To confirm the validity of the leading J1!J2!J4 frustrated
spin ladder model in BiCu2PO6, we simulate the powder-INS
data19,20 using MAGPACK,21 which enables one to compute
the structure factor S"Q ,!# of a magnetic system with up to
14 spins in terms of a Heisenberg spin Hamiltonian. We es-
pecially calculate S"Q ,!0#, where !0 is the energy of the
lowest excited state. Simple spin-lattice models, such as an
isolated dimer "J3 or J4# and a non-spin-frustrated chain "J1#,
fail to describe the neutron data. Among various 1D spin
lattices we tested "i.e., J1!J2, J1!J3, J1!J4, J1!J2!J3 or
J1!J2!J4#, only the J1!J2!J4 spin ladder model with strong
spin frustration reproduces the two experimental maxima at
Qmax=1 and 2 Å!1, as summarized in Figs. 4"b# and 4"c#. It
should be noted that the J1!J2!J3 frustrated spin ladder
model does not match the experimental INS data even with a
strong frustration J2 /J1 ratio !Fig. 4"c#$.

The relative J1!J2!J4 values obtained from our GGA
+U calculations "typically, $&J2 /J1=0.75 and J4 /J1=1
with U=8 eV; see Table I# yields the correct positions for
the S"Q# maxima at Qmax=1 and 2 Å!1. Moreover, S"Q ,!0#
calculated for J4 /J1=1 shows that the frustration ratio $
=J2 /J1 should be in the 0.7–1 range to reproduce the experi-
mental INS data !Fig. 4"d#$. In our J1!J2!J4 frustrated spin
ladder model, the splitting of the first S"Q ,!0# peak occurs
above the critical value $c%0.5 !Fig. 4"d#$; this frustration-
induced phenomenon is the clear signature of a Lifshitz
point, where the S"Q ,!0# peak starts moving away from a
commensurate Q value.22,23 This analysis shows that
BiCu2PO6 is located in the incommensurate region of the
phase diagram not far from the critical Lifshitz point. In
reproducing the S"Q ,!0# peaks at 1 Å!1 and 2 Å!1 in terms
of the J1!J2!J4 frustrated spin ladder model, the region of
the required J2 /J1 ratio is narrow "i.e., '0.75# but that of the
required J4 /J1 ratio is rather wide, i.e., 0.25%J4 /J1%1 !Fig.
4"c#$. This indicates that the spin frustration within each leg
chain is largely responsible for the split of S"Q ,!0# peaks. It
should be noted that for a weakly frustrated ladder system,
such as La4Sr10Cu24O41, the observed dispersion is
commensurate.24

The frustrated spin ladder model for BiCu2PO6 forms a
rich playground for reaching exotic quantum ground states.
In the limit of J1, J2&J3, J4, the spin lattice becomes a
simple frustrated chain, in which the frustration ratio J2 /J1

FIG. 3. "Color online# Analysis of the magnetic susceptibility
and spin gap of BiCu2PO6 using the J1!J2!J4 frustrated spin lad-
der mode: "a# experimental "circles# and fitted "red line# magnetic
susceptibility. The typical gapped behavior "black solid line# is
shown after removing the paramagnetic contribution "black dotted
line#. "b# Evolution of the normalized spin gap " /J1 as a function of
the frustration ratio J2 /J1 "with J4 /J1 fixed at 0.25# and the rung to
leg ratio J4 /J1 "with J2 /J1 fixed at 0.50#.

FIG. 4. "Color online# "a# Map of S"Q ,!# measured for
BiCu2PO6 at 11 K on the three-axis cold spectrometer 4F1 "color
online#. "b# Experimental Q scan measured at 4 meV; the energy of
the lowest magnetic excitation in BiCu2PO6 at T=1.7 K"from the
thermal triple axis spectrometer 2T in counts per 2 minutes of ac-
quisition time#. "c# Magnetic structure factor S"Q ,!0# at the energy
!0 of the lowest magnetic excitation using the J1!J2!J4 and J1
!J2!J3 frustrated spin ladder models. The curves 1 and 2 are ob-
tained from the J1!J2!J4 model and the curve 3 from the J1!J2
!J3 model "curve 1: J4 /J1=1 and J2 /J1=0.75; curve 2: J4 /J1
=0.25 and J2 /J1=0.75; and curve 3: J3 /J1=1 and J2 /J1=0.75#. The
intensity is in arbitrary units. "d# Mapping of S"Q ,!0# as a function
of the frustration ratio $=J2 /J1. The color scale represents the am-
plitude of S"Q ,!0#.
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☛ Inelastic Neutron scattering is done for 
powder sample.  The gap is estimated at 
4 meV (46 K).

◆Susceptibility ◆ Inelastic neutron scattering for powder

☛ Experimental results are consistent for the J1-J2-J4 model, 
but exchange ratios J2/J1 & J4/J1 are not determined precisely.

O. Mentré, et al, PRB 80, 180413(R) (2009). 

Real compound
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Inelastic neutron scattering

K.W. Plumb, et al, arXiv:1301.5324. 

→ Splitting of triplon mode
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