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Diamond lattice 

Diamond lattice 

Diamond Yb2Ti2O7, Pr2Zr2O7 

Quantum spin ice 

Pyrochlore lattice 

(Dy,Ho)2Ti2O7 

Classical spin ice 

Cut, Carat,  Clarity 

Dual lattice 

courtesy of Y. Yasui 

http://phycomp.technion.ac.il/~nika/diamond_ani.html


Spin ice & emergent monopoles 

AF Ising model on a pyrochlore lattice 
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Moessner-Sondhi 

Classical Coulomb-phase physics:  divergence-free  0 zS



Experiments and numerics  
on dipolar spin ice 

Dy2Ti2O7, Ho2Ti2O7 Harris, Ramirez, Bramwell, Sakakibara , Hiroi, Maeno, Gingras 

N.N. Ising coupling  J～ 2.4 K 
Castelnovo-Moessner-Songhi, Nature 451, 42-45 (2008) 

Metamagnetic transition under H // (111)  
 liquid-gas phase transition of monopoles 

“2-in, 2-out” 

“3-in, 1-out”/”1-in, 3-out” 

Exp., Sakakibara et al.,  
Phys. Rev. Lett. 90, 207205 (2003). 

3in-1out 



Dipolar spin correlations: Coulomb physics 

• O(N) Heisenberg antiferromagnet 
S.V. Isakov, K. Gregor, R. Moessner, S. L. Sondhi,  

Phys. Rev. Lett. 93, 167204 (2004). 
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N=∞, 1 

cf. pinch-point singularity 
C. L. Henley, Phys. Rev. B 71 014424 (2005) 
divergence-free condition, i.e., spin-ice rule 
div M  0  

Works well for N=1 (Ising) and infinity. 

More recent experiments on dipolar spin ice: Morris et al., Fennell et al.   

S.T. Bramwell and M.J.P. Gingras 

Science 294, 1495 (2001) 



Classical to quantum spin ice 

Spin-flip exchange interaction 
𝜹 𝑱 𝑺𝒓

+𝑺𝒓′
− 

Transfer monopole charge 
 Kinetic energy 

Effective ring-exchange 
A fixed flux 
   = curl A = 0, or p 

 

c.f. Quite different from 
a quantum tunneling  
of protons in water ice 



Classical-to-quantum Coulomb-phase physics 

• Classical case:  particles obeying a Coulombic law 

 

 

 

 

• Quantum case:  kinetic energy with gauge field (QED)  

 U(1) quantum spin liquid, unless condensed 
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Abelian Higgs models:  
Savary-Balents  
(non-interacting spinons) 
S.Lee-S.O.-Balents 
(interacting spinons) iEA drdrdrdr  ],[ ,,

Coulomb propagator 

Bose condensation of  spinons     Higgs transition, monopole supercurrent 



Gapless “Photon” excitations  
in a quantum Coulomb phase (T=0) 

Hermele-Fischer-Balents 2004 
Benton-Sikora-Shannon 2012 

Lattice U(1) gauge theory Hamiltonian  

𝑈~𝛿3𝐽 

𝐾~1/𝐽 

Velocity c~𝛿3/2𝐽 

In the Higgs phase, however, 
absorbed into Higgs bosons. 

At a T > 0 Coulomb phase 
no well defined photons! 

A measure of  
quantum Coulomb regime 

T < 𝛿3/2𝐽  ~  1 𝐾 (Yb2Ti2O7) 
 



Candidate pyrochlore magnets A2B2O7 

A 

B 

Nd 

Ir 

Zr Hf Sn(10) 

Mo Ru 

Ti 

Rh 

Sm 
Nd 
Sm 

Ge Pt(6) 

Subramanian 

Dy Dy 

Os 

Ho Ho B10~

Ising moment 

Tb Tb 

Yb Yb 

Pr Pr 

Pd(6) Pb 

A 

B 

Er Tm Tm Er 

Gd Gd 

See also Gardner-Gingras-Greedan, RMP 

B3~

B4~

B7.0~
B3.3~

../TheoryForum20110428/DyHo-dipolar-monopoles.pptx
../TheoryForum20110428
../TheoryForum20110428/Tb-exp.pptx
../TheoryForum20110428
../TheoryForum20110428/Yb-exp.pptx
Yb-exp.pptx
../TheoryForum20110428
../TheoryForum20110428
../TheoryForum20110428/Nd2Mo2O7.pptx


Specific examples: 
Derivation of realistic superexchange int. 

Anderson’s superexchange int. Project onto the gr. doublets 

• Pr2TM2O7 
non-Kramers doublet  

(integer-spins) 

 

 

• Yb2TM2O7 
Kramers doublet (half-integer spins) 

SO-Tanaka,  
PRL 105, 047201 (2010),  
PRB 83, 094411 (2011).  

SO, J. Phys.: Conf. Series 320, 012065 (2011) 

0 K 

162 K 

580 K 

1044 K 
1218 K 
1392 K 

Γ3 

Γ1 

Γ3 

Γ3 

Γ2 

Γ1 

Gr. state 

1st 

2nd 

3rd 
4th 
5th 

 24  MMM



Effective pseudospin-1/2 model 

Magnetic moment 

Magnetic dipole interaction 

Anisotropic superexchange interaction 
[SO-Tanaka (2009, 2010), SO (2011)] 

Best fit to  
neutron-scattering exp. 

Yb2Ti2O7 

Pr2Zr2O7 
Vpfp / Vpf 

𝑆±: magnetic dipole for Kramers doublets (Yb, Nd, Sm, Dy) 
               quadrupole for non-Kramers doublets (Pr, Tb, …) 



Interacting U(1) Higgs model: 
QED with charged bosonic spinons 

Starting from spin ice 
with deconfined spinons 

Monopolar spinons 
(Higgs bosons) 
Increasing/decreasing the charge 
 

Non-Kramers doublets (integer spins) (Pr) 

Gauss’ law 

+q 

+K 

+d 

S. Lee, S.O., L. Balents 
PRB (2012) 



Classification of mean-field phases 

S. Lee, SO, L. Balents, PRB 86, 104412 (2012). 

Let’s study the case of integer spins: non-Kramers doublets (Pr) 
     Jz+ =0 



Mean-field phase diagram in the case 
of non-Kramers doublets (Pr) 

??? 

S. Lee, SO, L. Balents 

1st-order 

Weakly first-order Higgs transition 
c.f. Fradkin 

Quadrupole LRO (Pr) 

Quadrupole LRO (Pr) 



Is Pr2Zr2O7 a U(1) QSL? 

S.T. Bramwell and M.J.P. Gingras 

Science 294, 1495 (2001) 

Dipolar spin ice 

Experiments 

Numerical 
simulations 

Pinch point singularity is broadened   
by a dynamical violation of the ice rule 

SO, unpublished 

c.f. Morris et al.  
      Fennell et al. 

(1/N) expansion 

For exchange parameters 
for Pr2Zr2O7 

Indication of Coulomb liquid 
down to the ground state 



Higgs transition in Yb2Ti2O7 

Next talk by L.-J. Chang! 



Evidence of the 1st–order phase 
ferromagnetic transition at ~0.21 K 

Yasui et al. JPSJ (2003) 

Related anomaly in the specific heat [Blote et al. 1969] 

Very slow relaxation of magnetization 
Magnetic Bragg peak evolves in 2 hours! 

Spin excitations 
are gapped. 

c.f. Sample dependence: the best available sample shows FM, while others does not. 
 Hodges et al, Thompson et al, Gardner et al, Ross et al 



Phase diagram and the hypothetical 
magnetic structure 

Nearly deconfined monopolar spinons 

Spinons are confined 
Gapped spin-wave 

Pseudospin structure 

Nearly collinear ferromagnet (~1 degree canting) 
M//[100] 
Consistent with the magnetic structure analysis 

Magnetic structure 

Mean-field approximation 

Higgs transition 

T << 2J 



Interacting U(1) Higgs model: 
QED with charged bosonic spinons 

revisited… 

Starting from spin ice 
with deconfined spinons 

Monopolar spinons 
(Higgs bosons) 
Increasing/decreasing the charge 
 

Non-Kramers doublets (integer spins) (Pr) 

Gauss’ law 

+q 

+K 

+d 

S.O. 



Effects of thermal fluctuations on gauge fields 

• Immediately kill the gauge fields and confine spinons 

 

1-loop calculations beyond gauge mean-field theory 

 

c.f. Fradkin, Shenker 1986 
Castro-Neto, Pujol, Fradkin 2006 

Classical Coulomb regime 

Quantum Coulomb regime 

𝛿 

Higgs phase 

Correlation length of A fields 

Thermal de Broglie length  

Massive photons 
Higgs 

Confinement 

T 

Quantum-classical crossover of Coulomb phases 

U(1) QSL 
Quantum Coulomb liquid  

c.f. Lattice Maxwell calc. 
Sikora-Benton-Shannon 

Crossover 
 Higgs-confinement - simple confinement 

c.f. Banerjee-…-YBKim 

< 𝑠± >≠ 0 

< 𝑠± >≠ 0 

< 𝑺± >≠ 0 



• Magnetic monopole charges (𝛻 ∙ 𝑀 ≠ 0) carried by spinons! 
 
 Emergent gapless U(1) spin liquid (Fictitious dual QED)  

 
 Higgs transitions to classical spin-gapped ferromagnets  
   “Superconductivity” of magnetic monopoles 
   (gauge group U1 -> Z2) 
 
 Neutron-scattering on high-quality single crystal Yb2Ti2O7  

1. deconfined bosonic spinons carrying monopole charge in the 
high-T phase 

2. Confined spinons to form classical ferromag. in the low-T phase 
 

 Pr2Zr2O7: U(1) quantum spin  liquid? 
  Remnants of pinch-point singularity 

Summary 
 Quantum spin ice for (Pr,Yb)2TM2O7 


