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Topology	  and	  correlaCons:	  Kane-‐Mele	  	  Hubbard	  model	  
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 C1 = sign(λ) à	  

Kane  and  Mele Phys. Rev. Lett. 95, 146802 (2005) 

Symmetries	   SublaKce	  symmetry	  is	  broken	  à	  Mass	  gap.	  
Time	  reversal	  	  	  	  	  ✓	  	  
SU(2)	  spin	  	  à	  	  	  U(1)	  
	  	  	  	  	  	  	  	  	  	  	  



Topology	  and	  correlaCons:	  Kane-‐Mele	  	  Hubbard	  model	  
	  

   

HKMU = ak ,↑
† ,bk ,↑

† ,ak ,↓
† ,bk ,↓

†( )
k
∑

H (k) 0

0 H (−k)

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

ak ,↑

bk ,↑

ak ,↓

bk ,↓

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

+ U ai,↑
† ai,↑ −1/ 2( )

i
∑ ai,↓

† ai,↓ −1/ 2( )+ a↔ b( )

Kane  and  Mele Phys. Rev. Lett. 95, 146802 (2005) 

Phases:	  

Dirac	  fermions.	  

Z. Y. Meng et al. 
Nature 464, 847 (2010) 
 
 
S. Sorella et al.  
Scientific Reports 2,  
992 (2012) 
 
F. Assaad  & I. Herbut  
arXiv1304.6340 
 
B. Clark  arXiv:1305.0278 
  
 
 
 

M.	  Hohenadler,	  Z.	  Y.	  Meng,	  T.	  C.	  Lang,	  S.	  Wessel,	  A.	  Muramatsu,	  F.	  F.	  Assaad	  PRB	  85	  	  2012.	  

S. Rachel, K. Le Hur,  
PRB 82, 075106, (2010) 



Phases:	  

Dirac	  fermions.	  

Z. Y. Meng et al. 
Nature 464, 847 (2010) 
 
 
S. Sorella et al.  
Scientific Reports 2,  
992 (2012) 
 
F. Assaad  & I. Herbut  
arXiv1304.6340 
 
B. Clark  arXiv:1305.0278 
  
 
 
 

M.	  Hohenadler,	  Z.	  Y.	  Meng,	  T.	  C.	  Lang,	  S.	  Wessel,	  A.	  Muramatsu,	  F.	  F.	  Assaad	  PRB	  85	  	  2012.	  

 
Questions. 
 Phases and quantum phase transitions?  
    TI à Magnetic Insulator  
     M.	  Hohenadler,	  Z.	  Y.	  Meng,	  T.	  C.	  Lang,	  S.	  Wessel,	  A.	  Muramatsu,	  FFA	  PRB	  85	  	  	  
2012.	  
     SM à Magnetic insulator 
     FFA, I. Herbut  arXiv1304.6340 
 
How do we detect topological states in the presence of 
correlations?  
FFA, M. Bercx, M. Hohenadler,  Phys. Rev. X 3, 011015 (2013) 
 

How do correlations affect the 
helical edge state? 
M.	  Hohenadler	  &	  FFA	  	  Phys.	  Rev.	  B	  85,	  081106,	  
2012	  

 
Magnetic impurities?  
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Numerical  method(s) 
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Ø The	  acCon	  is	  real!	  à	  	  	  posiCve	  weights	  (U(1)	  spin	  symmetry,	  ph	  and	  Cme	  reversal	  symmetry)	  

Ø CPU	  Cme:	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  extrapolaCon	  is	  affordable.	  	  	  	  	  	  	  	  	  	  	  	  	  V 3Θ → Θ

Tro4er,	  Hubbard-‐Stratonovich	  	   MC	  importance	  
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	  At	  half-‐band	  filling	  	  parCcle-‐hole	  symmetry	  allows	  to	  carry	  out	  sign	  free	  	  QMC	  simulaCons.	  	  
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à	  	  Ground	  state	  and	  excitaCons.	  	  
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Effects of correlations @  λ/t=0.2  
(Magnetic order disorder transition) 
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Uc = 4.96(4), z = 1, ν = 0.6717(1),
η = 0.0381(2), β = 0.3486(1)

Effects of correlations @  λ/t=0.2, λ/t=0.1   
(Magnetic order disorder transition) 
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FIG. 5. (Color online) Rescaled transverse magnetic structure
factor S

xy
AF/N defined in Eq. (15) as a function of U at λ/t = 0.1, for

different lattice sizes L. Assuming the scaling form Eq. (17), (a) shows
L2β/νS

xy
AF/N . The intersection of curves for different system sizes

yields Uc/t = 4.96(4) for the critical point. (b) The scaling collapse
obtained by plotting L2β/νS

xy
AF/N as a function of L1/ν(U − Uc)/Uc.

The QMC data are fully consistent with the critical exponents z = 1,
ν = 0.6717(1), and β = 0.3486(1) of the 3D XY model.33

dimension.34 On the other hand, if the QSL phase was
adiabatically connected to a simple band insulator (without
charge fractionalization), the transition is again expected to be
of the 3D XY type, similar to the TBI–AFMI transition.

Due to the small size of the spin gap in the QSL phase,
the extrapolation of the order parameter Eq. (15) to the
thermodynamic limit is much more delicate than for the
TBI-AFMI transition. In particular, a scaling analysis along
the lines of Figs. 5 and 6 is not conclusive with the currently
available system sizes.

We first address the question of longitudinal magnetic order.
The phase diagram presented by Yu et al.,10 based on results
from the variational cluster approach, shows an extended
region inside the AFMI phase in which the authors claim that
magnetic order exists both in the xy plane and in the z direction.
For λ = 0, this region is argued to extend all the way to the
QSL–AFMI phase boundary, leading to a simultaneous onset
of transverse and longitudinal order at Uc. At λ > 0, Yu et al.10
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FIG. 6. (Color online) Spin gap $s as a function of U at λ/t =
0.1, for different lattice sizes L. Given the scaling form Eq. (18),
(a) shows Lz$s. The intersection of curves for different L gives
Uc/t = 4.96(4), consistent with Fig. 5(a). The inset shows the finite-
size scaling of $s. (b) Scaling collapse obtained by plotting Lz$s as
a function of L1/ν(U − Uc)/Uc. The QMC data are consistent with
the 3D XY exponents z = 1, ν = 0.6717(1), and β = 0.3486(1).33

find a transition from the TBI to an xy-ordered AFMI at Uc, and
an onset of z order at even larger values of U . Hence, for λ > 0,
there would be an additional crossover (no symmetry breaking)
inside the AFMI phase. Whereas z order is known to exist
in the Hubbard model (λ = 0), this result is surprising in the
light of the strong-coupling picture mentioned above, in which
antiferromagnetic correlations in the z direction are frustrated
by the interplay of hopping t and spin-orbit coupling λ.

To clarify the situation, we use unbiased QMC simulations
and calculate the transverse structure factor [Eq. (15)] as well
as the longitudinal structure factor
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r r ′
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at λ/t = 0.0125. The results are shown in Fig. 7. The onset
of transverse magnetic order is visible from the finite-size

115132-8

3D XY Criticality SAF
xy / N = m2, m2 (L,U ) = L−2β /ν F ( L1/ν (U −Uc ))

L→∞, T = 0

M. Campostrini, M. Hasenbusch, A. Pelissetto, and E. Vicari, Phys.  
Rev. B 74, 144506 (2006). 
 



Magnetic flux pumping 
 
A tool to detect topological insulators in the presence of correlations. 



Magnetic flux pumping:  
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A 𝜋-flux generates two mid-gap states with half an electronic charge      
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Magnetic flux pumping:  
                           a tool to detect Z2 topological insulators in the presence of correlations. 

Ying Ran, Ashvin Vishwanath, and Dung-Hai Lee 
Phys. Rev. Lett. 101, 086801 (2008). 
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	  	  Charge is gapped out.  
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InteracCon	  between	  spin	  fluxons.	  	  
	  	  	  	  	  	  	  	  Exchange	  of	  collecCve	  spin	  excitaCon.	  	  
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Semimetal to insulator transition 

Why	  is	  it	  so	  tricky?	  	  	  

SAF / N = m2∝ U −Uc( )2β

λ = 0.2, 3D XY , β = 0.3486(1) SAF / N = m2∝ U −Uc( )0.7à	  
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λ = 0 ? Gross-‐Neveu	  	  universality,	  	  	  ε-‐expansion	  around	  d=3,	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
I.	  Herbut,	  V.	  Juričić,	  O.	  Vafek	  	  	  	  PRB	  80,	  075432,	  (2009)	  

β ≈ 0.8

SAF / N = m2∝ U −Uc( )1.6à	  

à Big	  laKces	  L=36,	  	  high	  precision	  	  S. Sorella, Y.Otsuka, S. Yunoki.  Scientific Reports 2,  992 (2012)  

	  



Steven	  R.	  White	  and	  A.	  L.	  Chernyshev	  Phys.	  Rev.	  Le4.	  99,	  127004	  

 m = limR→∞ limL→∞ Sz (R) eiQiR
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	  	  	  	  FFA & I. Herbut arXiv1304.6340	   

AlternaCve	  	  

Introduce	  pinning	  fields	  and	  measure	  m	  instead	  of	  m2	  



The	  ordered	  case	  @	  U/t=5	  
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Ø  Large	  values	  of	  projecCon	  
parameter.	  	  	  

	  
Ø  Small	  values	  of	  h0	  lead	  to	  

bigger	  finite	  size	  effects.	  
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π-fluxes are  a good tool detect correlated topological insulators. 
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Summary 

Uc = 4.96(4), z = 1, ν = 0.6717(1),
η = 0.0381(2), β = 0.3486(1)

3D XY  Criticality. 

Gross-Neveu criticality. 
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