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What this seminar is about

1) An overview of Eliashberg Theory, as applied to
conventional superconductors, and as I would teach
in a graduate course, for example.

2) Some chinks in the armour as revealed by cuprates,
for example.

3) Various aspects that I have been working on over the last
20 years or so
(1) polarons --- how do electrons resist becoming polaronic?
(11) kinetic interactions --- 1s there more to Coulomb
repulsions than p* ?

Please ask questions!!
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The Fermi Liquid—BCS Paradigm



A big “rug”: Fermi Liquid Theory

nothing very exceptional about the

normal state of electrons 1n a metal
(pretend they don’t interact)

.. a premise for ‘conventional’ superconductivity




Electrons in solids
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Electrons in solids

k, kinetic vs. potential energy
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Introduce frustration, doping, and so on, and
one can stabilize a spin liquid: maybe even a
Resonating Valence Bond (RVB) state; lower
the temperature, and one gets a high Tc
superconductor! (P.W. Anderson)

Fermi sphere




The conventional scenario: BCS
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J. Bardeen L.N. Cooper J.R. Schrieffer

vecs =T (uy, + vpcyel ;)[0)

Pairs!



It’s all about pairs...

In Ogg’s theory 1t was his intent

That the current keep flowing, once sent;
So to save himself trouble,

He put them 1n double,

And 1nstead of stopping, 1t went.

George Gamow

Bose-Einstein Condensation of Trapped Electron
Pairs. Phase Separation and Super-
conductivity of Metal-Ammonia

Solutions ...Cooper pairs

Ricuarb A. OGG, Jr.
Depariment of Chemistry, Stanford University, California
March 2, 1946



The conventional scenario: BCS
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J. Bardeen L.N. Cooper J.R. Schrieffer

vecs =T (uy, + vpcyel ;)[0)
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BCS formalism vs. Pairing Mechanism
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= VIy 55

Tc equation (useless)

el 3.53 Universality AC — 1.43
kBTC /}/TC

Universality 1s wonderful
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Elashberg Theory
A(ka w) — F[Vk,k’(wa w/)]
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'G. M. Eshberg
effective attraction Started graduate school in 1959

Wrote Eliashberg Theory paper in 1960
Graduated in 1963!
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The ““achilles heel” Morel and Anderson)

But...
Never seen in QMC simulations
Many other ways for U to be

Reduced (6))
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Migdal approximation
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See arXiv:cond-mat/0106143

or Bennemann and Ketterson,

Superconductivity: Conventional and Unconventional Superconductors,
chapter 4, FM and J.P. Carbotte

) . 1 /\kkr(iwm — iwmr) ;.
Y(K,iwn) = NB k%;l, N () G(K', iwm) (42)
(K, iw,) = iﬁ Akk’(i‘]‘;”zu_) W) B i), (43)
k/ .m/’
, B Gk, iw,y,)
Gk twm) = o 0 Gk, —iw,) + ok, i, ) Bk, o) (44)
. B Pk, iwn,)
Bk ion) = G i) Gk, —iwom) + 6K, —tam)3(—k, i) )
Gk iwy,) = Gk, iw,) — (K, iw,). (46)
where Go(K, iwm) = [iwm — (e — p)] "

% 2uai,, F(v)
A (2) = / V), D.(q,iva) = [-M(w*(q) + 12)] !

0 v2 — 22



phonons

, o0 2v
D(q> Zl/n) T /O dVB(q> V) (’I:I/n)z L 1/2

phonon spectral function

1
B(q,v) = —;ImD(q, v+ 16).

Normal state

Y(k, iwm) Z/ dv|giye|*B(k — K, v) =

B i (Wi ,)2+V2G°(k>’wm')-

form of Eq. (15) allows one to introduce the electron-phonon spectral function,

0‘2F(k, k', V) = N(#)|9k,k'|2B(k — K, V),



%gkj = / deN (e) (18)

along with a constant density of states approximation, extended over an infinite bandwidth,
one obtains for the electron self energy

1 1
/\wE / de m’ wE' (wm’ - wm)2 iwm’ - (E - H) , (19)

where we have used the standard definition for the electron-phonon mass enhancement pa-

rameter, A:
0 2
/\52/ a2 E W) (20)
0 v

which, for the Einstein spectrum used here, reduces to

A= 2N(6F)g2/wE. (21)

Performing the Matsubara sum yields

oy e (nwe) +1— fle—p)  nwe) + fe—p)
E(zwm)_ 2 —ood( iwm—wE—(e—u) +iwm+wE—(e—u)) (22)

where f(e — p) is the Fermi function and n(wg) is the Bose distribution function. The
remaining integral can also be performed [13]

Y(2) = /\LQE[ —2mi(n(wg) + 1/2) + ¢(

wE—z) 1 _wE—I-z)l (23)

onT ’ ¢(§ —! 2nT

where () is the digamma function [92, 13] and the entire expression has been analytically
continued to a general complex frequency 2. Because we performed the Matsubara sum first,
before replacing iw,, with 2, this is the physically correct analytic continuation [93].



is the Heaviside step function), the self eﬁeréy at T =0 is

. /\wE

£(z) = 1n(“’E — z) (24)

2 wWEg + 2

Spectroscopic measurements yield properties as a function of real frequency; because of the
analytic properties of the Green function, this corresponds to a frequency either slightly
above or below the real axis. We will use frequencies slightly above, and designate the
infinitesmal positive imaginary part by ‘29’. Thus,

/\wE

2(w+i§):Tlln|

wWEp — W
Wg +w

| —imé(| w | —wE)]. (25)
The real and imaginary parts of this self energy are shown in Fig. 3, along with the non-
interacting inverse Green function (w — (ex —pt)) to determine the poles of the electron Green

function (see Eq. (6)) graphically. A quantity often measured in single particle spectroscopies
is the spectral function, A(k,w) defined by

Ak, w) = —%ImG(k,w +i0). (26)

With this definition, we obtain, through Eq. (6) and (25),

A _
Ak,w) = 6(w—(ek—,u)— ;Eln|ZZ+:|) if | w|< wg,
)\wE/Q

= 5 5 if |w|>we.  (27)
(0 (e —p) — 22 | 222 ) 4 (2ez)

Plots are shown in Fig. 4. Each spectral function displays a quasiparticle peak, whose
strength a) and frequency wy is implicitly dependent on wavevector

o= (1 o) 28)
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/X B | Recall:
/7 N\ A

Z(k zwm Z / dl/lgkkll B(k k’ I/)( 2v

m')2 + I/2

Go(k’, iwm/).

form of Eq. (15) allows one to introduce the electron-phonon spectral function,
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ki’ (TWr — W) i
Zm NGy Cuetm)

ka/ F(k’, z'wm,),

G—l

(k, iw,)

G (K, o) G (=K, —i0) + B(K, i) (K, o)

o(k, iwn,)

Gk, iw,) G =k, —iw,,) + o(—k, —iw,,)o(—k, —iw,,)

S(K, i) = Ni
) 1 Akk zw —zw )
ok, iw,,) = —
( ) = N5 Z,:,,, N(w)
G(k,iwn) =
F(k,iw,) =
Gk iw,) = Gk, iw,) — 3Bk, iw,).

Use:

1w, 1 — Z(K, iw,y,)]

X(k’ z.(")m)

%[E(k, i) — (k, —icw,,)]

%[E(k, twm) + 2(k, —iwn)]



. i /\kk’ (iwm — z'wm:) (wm:/wm)Z(k’, z'wmr)
Z(k,iwm) =1+ 73 k,z, N(p) w2, 22K, iwy) + (a0 — p+ (K, iwn))? + ¢2(K, z'wm:)(49)
. . _i /\kk’ (Zwm - Zwm') €k — K + X(k’, zwm’)
x(k,twm) = =373 kz;n N(w) w2, 22K, iwny) + (a0 — o+ x (K, i) + (K, z'wm,)(SO)
along with the gap equation (Eq. (43)):
1 /\kk' (z'wm — iwm/) _ ) q’)(k’, ’iwmr)
otk iom) = 55 ki,:n( N () Vi ) W2 Z2(K!iwny ) + (10 — o+ X(K', i) + $2(K, i)
(51)
Simp Hg tons (1gnore momentum dependence) give rise to:
FM JLTP 87, 659 (1992), and F. Dogan and FM PRB 78, 165102 (2003)
Zw = 1+7T> Aiw,, — ( Wt [m) Zm Ay(m) (54)
m’ \/w /Z?n/ — ¢$n'
Xm = —TTY Miwn — iwy,y)A;(m') (55)
b = 7TY (/\(z'wm — iw) — N(u)V, 1) i Ao(m’) (56)
m/’ \/w Z2 m’
n = 1-21TN(p))  Ai(m) (57)

then, with the additional approximation of infinite bandwidth, Ag(m') = 1 (actually a cutoff,
O(we— | wm |), is required in Eq. (56)), and A;(m’) = 0. This last result effectively removes
Xm (and Egs. (55,57) ) from further consideration. An earlier review by one of us [11]



3.3 Extractio%rom Experiment

of the function a*F(v)

/ dw A(k w)

/ dw K,w
—00 iwm — W

4q- (26) and C'(k,w) is given by a simil:

G(k,iw,,)

F(k,iwn,)

C(k,w) = —%ImF(k, w + i),



w]
Jw? — A%(w)_

1sed the gap function, A(w), defined as
Alw) = ¢(w +19)/Z(w + 10).

Is(V) / dwRe (W) — flw+ V)],

1lity constant contains information about the density of state
eptor), and the tunneling matrix element. These are usuall’
e takes the zero temperature limit, then the derivative of t
oltage is simply proportional to the superconducting density

(@), (@), =" (\/w l—VlAzm) |




=0 AND o<wvg

A naive analytic continuation is correct!

oo

T wmZ (iWm)
Zw+i) =1+ =7 ), Mw—iwm) =t
d(w+10) =
o0 . . B (f)(iwm)
7T Z Mw = iwm) — p* (we)(we — |wm])] Vw2 Z2(iwm) + &2 (iwm)

® > Vg : no iteration necessary !



I. Giaever, H.R. Hart, Jr., and K. Megerle, PRB 126, 941 (1962)
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F16. 10. The relative conductance of a Pb-MgO-Mg sandwich
plotted against energy. At higher energies there are definite
divergences from the BCS density of states as can be seen from
the bumps in the experimental curve. Note that the crossover
point corresponds in energy to the Debye temperature.
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Figure 12: I-V characteristic of a Pb-I-Pb junction showing the construction used to find the
energy gap. The solid line and open circles are the current in the normal and superconducting
states, respectively. Reproduced from Ref. [52].
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Elashberg Theory
A(ka w) — F[Vk,k’(wa w/)]

|

A functional of the interaction

Question: Can we invert the theory to extract the
potential uniquely from a knowledge of A(k,w) ?
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Figure 13: Conductance dI/dV of a Pb-I-Pb junction in the superconducting state nor-
malized by the conductance in the normal state vs. voltage. Also shown is the two-
superconductor conductance calculated from the BCS density of states which contains no
phonon structure. Reproduced from Ref. [52].



McMillan and Rowell, Superconductivity, ed. By R.D. Parks (1969)
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Fig. 23. Electronic density of states N(E) for lead vs. £— 4y obtained from the data of
Fig. 19. The smooth curve is the BCS density of states.

requires Eliashberg theory: .
[ F(€2)]

® phonon dynamics (retardation) taken into account

A(w) = FI{a?F(Q)}, ']

dI ~
* density of states is modified: W o N(w> - N<€F) Re{\/wQ — A2<w>

* gap is a function of frequency
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(c) Pb

F(®): density of phonon states
from neutron scattering

Flw){mev)' AND a’lw)F (w)

o(meV)
a?F(w)
F(w)

a?(w) = ~ constant



McMillan and Rowell, in Superconductivity, ed. By R.D. Parks (1969)
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Fig. 32. Calculated (——) and measured (O O Q) electronic density of states N (E) for
Pb normalized by the BCS density of states vs. E — 4o. The measured density of states for
E — 40> 11 meV was not used in the fitting procedure and a comparison of theory and
experiment in this “multiple-phonon-emission” region is a valied tst of the theory. In the
experiment the sharp drop near 9 meV is affected by thermal smearing.



Eliashberg

Alio,)
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Figure 22: (a) A(iw,) and Z(iw,) Vs wy, the fermion Matsubara frequency, for various
temperatures, as indicated. Note that the curves are relatively smooth and featureless,

and at low temperatures little change occurs, except that more Matsubara frequencies are
present. In (a) the units of A are meV. These were produced for Pb.
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Figure 23: The (a) real and (b) imaginary parts of the gap function (in meV) on the real
frequency axis, for Pb, for various temperatures, as in the previous figure. Note the consid-
erable structure present on the real axis. Also shown is the (c) real and (d) imaginary part
of the renormalization function, Z(w) vs w.



Eliashberg Theory

Density of states at finite temperature
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Figure 24: Calculated densities of states of Pb for various temperatures. In contrast to the
BCS case (Fig. (21b), at high temperatures there is considerable smearing.
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Figure 21: (a) The temperature dependence of the BCS order parameter, and (b) the result-
ing densities of states at various temperatures below T,. The only effect of finite temperatures

on these latter curves is a reduced gap.
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Figure 25: The ratio 2Aq/kgT, vs T,/ws,. The solid dots represent results from the full
numerical solutions of the Eliashberg equations. Experiment tends to agree to within 10%.
In increasing order of T,/we,, the dots correspond to the following systems: Af¢, V| Ta,
Sn, T, Tty 9Big1, In, Nb (Butler), Nb (Arnold), V35i(1), V3Si (Kihl.), Nb (Rowell), Mo,
Pb0.4T€0_6, La, %Ga, NbgAg(Q), Nb3G€(2) Pb0.6T€0.4, Pb NbgAg(g), Pb0.8T€0_27 Hg, Nb3S’Il,
Pbo,gBZ’O.], Nb3Af(1), NbgGe(l), PbolgBio,Q, Pbo_TB’l'olg, and Pb0,65BZ'0.35. The drawn curve
corresponds to 2A¢/kgT, = 3.53[1 + 12.5(Tc/wgn)2£n(wgn /2T.)]. The insert shows results for
different scaled a?F(w) spectra. They all correspond to the same value of T, and of wy, as
Pb. They serve to show that some deviation from the general trend is possible. Reproduced
from Ref. [11].



The Specific Heat Jump at Tc
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Figure 26: Specific heat of aluminium as a function of temperature in the superconducting
state and the normal state (applied field of 300 Gauss). Data taken from Ref. [237]. The
BCS prediction, given the normal state data, is given by the solid curve.



Figure 27: The specific heat ratio, AC(T,)/(yT.) vs T./ws,. The dots represent results from
the full numerical solutions of the Eliashberg equations. Experiment tends to agree to within
10%. In increasing order of T./wy,, the dots correspond to the following systems: A¢, V,
Ta, Sn, T¢, Tl;4Biy,, In, Nb (Butler), Nb (Arnold), V3Si 1, V3Si (Kihl.), Nb (Rowell),
Mo, Pby,Tlye, La, VaGa, Nb3Al(2), NbsGe(2), PbyeTly4, Pb, NbsAl(3), PbysT¥y 2, Hg,
Nngn, Pbo_gBioll, NbgAg(l), Nb3G€(1), Pbo_gB’io_Q, Pb0_7B7:0_3, and pbo_ﬁsBio_35. The drawn
curve corresponds to AC(T.) /YT, = 1.43(1 + 53(T./wen)*n(wen /3T.)). Adapted from Ref.
[221].
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Optical
Conductivity
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Figure 28: (a) oy(v) vs. v in the zero temperature BCS superconducting state for the
various impurity scattering rates indicated. The absorption onset at 2A(0) remains sharp
independent of the scattering rate. A delta-function contribution (not shown) is also present
at the origin. (b) Same as in (a) except for the frequency times the imaginary part of the
conductivity. The optical gap is a little less evident in the dirty limit. The conductivity is

given in units of ne?/m = wb/4x). Taken frddd Ref. [181].
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Figure 34: The real part (a,b) and the imaginary part (c,d) of the conductivity at essentially
zero temperature (7'/T, = 0.3) with 1/7 = 2 meV (a,c) and 1/7 = 25 meV (b,d). In all
cases we have used the BKBO spectrum scaled to give the designated value of, A, while 7, is
held fixed at 29 K by adjusting p*. Increased coupling strength suppresses both o(r) and
voy(v) and broadens the minimum in the latter at 2A. Note that 2A increases slightly as
the coupling strength is increased. The conductivity is given in units of ne?/m = w?/4x).
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PHYSICAL REVIEW VOLUME 165, NUMBER 2 10 JANUARY 1968

Far-Infrared Absorption in Thin Superconducting Lead Films*

Leca Hunt PALMER}
Department of Physics, University of California, Berkeley, California
AND
M. Tinkuami
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F1G. 6. Smoothed results of measurements of the imaginary part
of the normalized conductivity of three lead films (A, B, and C)
at 2°K. Curve labeled BCS is the weak-coupling result of Mattis
and Bardeen, while that labeled Nam presents a revised version of
a curve shown in Ref. 5. In both cases, the gap frequency was taken
to be 22.5 cm™,



week ending

PRL 109, 017001 (2012) PHYSICAL REVIEW LETTERS 6 JULY 2012

Model of the Electron-Phonon Interaction and Optical Conductivity
of Ba,_,K,BiO; Superconductors

R. Nourafkan,' F. Marsiglio,” and G. Kotliar'
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So what’s wrong?

1) The building block 1s the polaron !
How do ‘polaron’ effects become ‘undone’?

Sasha Alexandrov






The “High-T_.” experience

VOLUME 60, NUMBER 26 PHYSICAL REVIEW LETTERS 27 JUNE 1988

Spectral Function of Holes in a Quantum Antiferromagnet

S. Schmitt-Rink and C. M. Varma
AT&T Bell Laboratories, Murray Hill, New Jersey 07974

and

A. E. Ruckenstein

PHYSICAL REVIEW B VOLUME 43, NUMBER 13 1 MAY 1991

Spectral function of a single hole in a two-dimensional quantum antiferromagnet

The message:

& First question 1s,
what 1s the basic building block?

N. Read
Department of Applied Physics, Yale University, New Haven, Connecticut 06520

PHYSICAL REVIEW B VOLUME 57, NUMBER 9 1 MARCH 1998-1

Dispersion of a single hole in an antiferromagnet

Andrey V. Chubukov and Dirk K. Morr
Department of Physics, University of Wisconsin-Madison, 1150 University Avenue, Madison, Wisconsin 53706
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Two paradigms for electron-phonon coupling:

1) Holstein (the "Hubbard’ model for electron-phonon interactions)
2) BLF-SSH (" off-diagonal’ coupling)

(a) Holstein g g E g %




“SSH™ (polyacetylene)

1. W.-P. Su,' JR. Schrieffer, and A.J Heéger, Phys. Rev. Lett. 42 1608 (1979);
Phys. Rev. B 22, 2099 (1980).

75 AJ. Heegér, S.,Kivelson, J.R. Schrieffer, and W.-P. Su, Rev. Mod. Phys. 60
781 (1988).

66BLF99

105 Barisi¢, J. Labbé, and J. Friedel, Phys. Rev. Lett. 25, 919 (1970):
S. Barisi¢, Phys. Rev. B 5,932 (1972); 5,941 (1972).

TIGHT BINDING AND TRANSITION-METAL SUPERCONDUCTIVITY*
S. Barisic,T J. Labbé, and J. Friedel

T
H: 2 Jj.saaj'o aj+5wo+UZ)nﬂn”.
J

j.a.éa,

where

L. JR) . .
50/~ (@a) + 55 . (U 4+ 5,—1;)-
=3 50(




Methods of Solution

@ Variational
@ Perturbation Theory: weak coupling
@ Perturbation Theory: strong coupling
€ Quantum Monte Carlo
€ Exact Diagonalization on small systems
@ Variational Lanczos Method (Trugman, Bonca)



Exact results for the single polaron in the thermodynamic limit!

3S. A. Trugman, in Applications of Statistical and Field Theory
Methods to Condensed Matter, edited by D. Baeriswyl, A. R.
Bishop, and J. Carmelo (Plenum Press, New York, 1990).

6]J. Bonca, S. A. Trugman, and 1. Batistic, Phys. Rev. B 60, 1633
(1999).

1) Let the Hamiltonian generate new states;
2) Orthogonalize to previous states;
3) Incorporate Bloch’s Theorem analytically

1) Results are numerically exact;
2) Thermodynamic limit, 1.e. no finite size effects;
3) Arbitrary wave vector




Use Lanczos diagonalization of Bloch States.
The computer keeps track of states like:

t

(al)* +

Jar o




To us these states really mean:




H = —

Trugman Method uses Lanczos diagonalization of
Bloch States.
To us these states really mean:
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2 PHYSICAL REVIEW B 81, 115114 (2010)

KR / 1
H=- IE (CjCi+5 + C;+5Ci) + E ;_1(4 + EM(U%X? — a’z nx;, Ground-state properties of the Holstein model near the adiabatic limit
i,0 i i Zhou Li, D. Baillie,* C. Blois,’ and F. Marsiglio
GROUND-STATE PROPERTIES OF THE HOLSTEIN MODEL... PHYSICAL REVIEW B 81, 115114 (2010)
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In the strong coupling limit, start with
the so-called coherent state:
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How do you reconcile this with Eliashberg phenomenology
of Pb, Hg, A15’s etc?

Answer:

No real answer, yet.

1) Maybe the construction of a Fermi sea reduces (via Pauli
blocking) polaronic effects

2) Maybe the "bare’ coupling strength 1s fairly weak, and as
the Fermi sea arises, the phonons soften with an increase in
the “effective’ coupling strength (requires a kind of fine tuning).



cond-mat 1105.2833 Phys. Rev. B 84 (2011), 184531

Quantitative reliability of Migdal-Eliashberg theory for strong electron-phonon
coupling

Johannes Bauer!, Jong E. Han'2, and Olle Gunnarsson!

(a)

— DMFT

—©-ME+ph

but...



PHYSICAL REVIEW B VOLUME 42, NUMBER 4 1 AUGUST 1990

Pairing and charge-density-wave correlations in the Holstein model at half-filling

F. Marsiglio
Department of Physics, University of California at San Diego, La Jolla, California 92093
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Open questions:

1) What happens with many electrons?

2) What about the conventional theory and all
the evidence that favours 1t (that I, amongst

others, have promoted for the last several
decades)??



So what’s wrong?

O O O O

o o 1) The building block 1s the polaron !
How do ‘polaron’ effects become ‘undone’?

+z +z
Q‘l 1@
o —>
P
‘Oﬂ

O 0

o O O O

Can’t seem to couple without very strong polaron effects!

See Zhou Li, D. Baillie, C. Blois, FM, PRB 81, 115114 2010
Zhou Li, C. Chandler, FM, PRB 83, 045104 2011

Zhou Li and FM, J Supercond Nov Mat PRB
83, 045104 2011




So what’s wrong (part 2)?

1) How did p = UN(Eg) get reduced to pu*?

./k CLOSE " 1LL Kol N ¥
I THE DooR!A THEm ! )L 4

“We have a mammoth and an elephant in our refrigerator—
do we care much if there is also a mouse?”

Is There Glue in Cuprate Superconductors?
Philip W. Anderson
Science 316, 1705 (2007);



Eliashberg Theory

repulsion

attraction

But...
Never seen in QMC simulations

Many other ways for U to be
reduced

1 > Ep
ot
i ¢ Poor man’s Scaling (Tolmachev et al.,
Morel and Anderson)
w
- -
W
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IOP PUBLISHING JOURNAL OF PHYSICS: CONDENSED MATTER

J. Phys.: Condens. Matter 24 (2012) 492202 (5pp) doi: 10.1088/0953-8984/24/49/492202

FAST TRACK COMMUNICATION

The theory of electron—phonon
superconductivity: does retardation really
lead to a small Coulomb pseudopotential?

I I I

Johannes Bau 0.4 Second Order. Calc, ——
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0.1¢ " See also cond-mat 1212.2975 -

Retardation effects and the Coulomb pseudopotential in the theory of

superconductivity oy o poy B 87, 054507 (2013)

Johannes Bauer,? Jong E. Han,!® and Olle Gunnarsson'



What is important, what can we ‘throw out’ ?

Copper-Oxygen Planes

http://www.cnms.ornl.gov/images/gordon-bell-1.gif

Fig. 1: (a) The crystal structure of La2CuO4, a typical
cuprate, where black, red, and blue sphere represent Cu, O,
and La, respectively. (b) The CuO2 plane with outlines of the
Cu dx2-y2 and O px and py orbitals. Also shown in full color
is the |Zhang-Rice singlet state{ that forms from hybridization
of the Cu orbitals with the neighboring O orbitals. (¢)
Pictorial representation |of the single band 2D Hubbard
model with on-site Coulomb repulsion U and inter-site

hopping t.

High T_ Cuprates: a Case Study




The (single band) Hubbard model
© 0 O

J. Hubbard
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Does it have the ‘right stuff’ (Doug Scalapino)?

t+At
@

(4¢| 1/r |4j) ~qRy ~ eV,

(1| 1/r |ik) ~ g Ry ~ F5eV,
(2] 1/r |gg) ~ (4| 1/r |ji) ~ 2Ry ~ Z5eV,

@ O ©
$ V# Nearest neighbour interactions
O
O

Q@ il ~ 2T L 6ev)

Electron correlations in narrow energy bands

. By J. HuBBARD
Theoretical Physics Division, A.E.R.E., Harwell, Didcot, Berks
(Communicated by B. H. Flowers, F.R.S.—Received 23 April 1963)

Source: Proceedings of the Royal Society of London. Series A, Mathematical and Physical
Sciences. Vol. 276. No. 1365 (Nov. 26. 1963). pp. 238-257

Modulated hopping At
3-site hopping (t-J model)
Exchange term J

phonons, oxygen (or other) orbitals, longer range hopping, polarons, lunar effects, etc.



Or have we missed a key ingredient all along?

VOLUME 87, NUMBER 20 PHYSICAL REVIEW LETTERS 12 NOVEMBER 2001

Dynamic Hubbard Model

J.E. Hirsch

Department of Physics, University of California—San Diego, La Jolla, California 92093-0319
(Received 24 July 2001; published 26 October 2001)

...a parable involving the lowly Helium atom...



atoms
hydrogen helium

@® proton(+) @ neutron O electron (-)

Neutrons and protons are held together in the nucleus

by the “strong” force, which has to overcome the electrical
repulsion of the two positively charged protons in helium (and
in more complex atoms too). Electrons are held around the
atom by the electrical attraction between their negative charge
and the positive charge of the protons in the nucleus.



Ashcroft and Mermin, inside front cover
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But the real 2-electron wave function is given by

1) = a1|ls 1s)+az|ls 2s)+asz|ls 3s)+aa|2s 2s)+as|2p 2p)+...



Energy (eV)

IOP PUBLISHING

EUROPEAN JOURNAL OF PHYSICS

Eur. J. Phys. 34 (2013) 111-128

The spectral decomposition of the
helium atom two-electron configuration
in terms of hydrogenic orbitals

doi:10.1088/0143-0807/34/1/111

Joel Hutchinson', Marc Baker' and Frank Marsiglio'**

T ' ' ' ' 10 Table 1. Results for some overlaps, a;.
SRR ¥~ S Hmmmrmnmmmeenm e e s e e e e o]

75k — 1s? energy L i Basis state a; |ai|? Total Probability
1 100100 09624 09263 0.9263
75 1 fay? 2 100200  —02148 0.0461 09725
3 100300 —0.0752 0.0057 0.9781
l o5 4 100400 —0.0427 0.0018 0.9799
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Why is this important?

2
U2) = [ @rdr ol — 1o ()P
5
= ZZ X 13.606 eV,

Z3 /2 —Zr/a

o) = () el
T\

Experimental values:
Uet(1) =1 — A =1286¢eV = U(1) 4 4.15eV| a)

Uett(2) = Iy — I} = 2992 eV = U(2) —{4.10 eV |

(2b)

J.E. Hirsch, PRL 87, 206402 (2001)



In essentially all the lattice models used to understand electron
correlations 1n solids, the “playing field” is static (phonons are
a different matter).

In He, when one electron is present, it occupies the 1s orbital:

When two electrons are present, in Hubbard-like models they (doubly) occupy
the 1s orbital:

&« For Hubbard model: y(n ”2) P, ] )‘I’ls( )

& For real atom @~

1/”71”72)= 2Smn®,, )CD ( )



This is like what happens in general relativity; the presence of
mass alters the underlying space-time structure.




This is like what happens in general relativity; the presence of
mass alters the underlying space-time structure.

Here, the presence of a second electron alters the nature of the
orbitals that model the conduction band.

A simple way to model this: hoppmg term

oooooooooooooooooooooooooooooooooooo

DHB E l](ClO JjO + C]OCZO) ME” T
<i,j>0
_GZ: —|—1

E(a)OUf + ga)oaf)+ E(U —Zga)oaf)q”nw

Q = o, V1+g>2
__G — _1

On-site

Pseudospin degree of freedom interaction

The pseudospin degree of freedom represents
an adjustment of the orbitals to the number

of electrons that happens to be present. ({/ = U+?2 gm, [/ - U-=2 40,




Dynamic Hubbard Model J.E. Hirsch, PRB 65, 184502 (2002)

Hpum = Z tij(cf];gcja + C;r-gcw) — W Z Nio
1,0

<1,)>0

+ Y (woof + gwoo?) + Y (U — 2gwooy )nipni)

Parameter
t  electron hopping
U  “bare’ electron-electron repulsion
g  electron-pseudospin coupling strength
®, energy (time) scale associated with pseudospin

How do we check this out? (1) effective model
(1) exact diagonalizations
(111) Dynamical Mean Field Theory

PHYSICAL REVIEW B 82, 155122 (2010) Giang Bach

Two-site dynamical mean field theory for the dynamic Hubbard model

G. H. Bach
Department of Physics, University of Alberta, Edmonton, Alberta, Canada T6G 2G7

J. E. Hirsch
Department of Physics, University of California~San Diego, La Jolla, California 92093-0319, USA

E. Marsiglio
Department of Physics, University of Alberta, Edmonton, Alberta, Canada T6G 2G7
(Received 4 August 2010; published 15 October 2010)




Dynamical Mean Field Theory (DMFT)
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FIGURE 4. Mean-field theory replaces a lattice model by a single site coupled to a self-consistent bath.

Antoine Georges, arXiv:cond-mat/0403123



Dynamical Mean Field Theory (DMFT)

Quasiparticle
weight

output €, V

Solver: 2-site exact diagonalization --- G. Kotliar et al. and M. Potthoff, PRB64, 165114 (2001)
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For 2-site DMFT, we need to determine the (2) parameters E_ and V (rather than an
Infinite set, E, and V,). Here are some results:
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Mott physics vs. orbital relaxation
15 r v .

G.H. Bach et al., PRB 82, 155122 (2010)
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G.H. Bach et al., PRB 82, 155122 (2010)

z =V?

Mott physics vs. orbital relaxation
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How do we measure this ?

Optical Sum Rule (Kubo)
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o . . D%y, 2
for tight-binding band (with nearest neighbour hopping): 912 = —a“€g
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Finite-energy f-sum rules for valence electrons

D. Y. Smith
Argonne National Laboratory, Argonne, Illinois 60439

E. Shiles
Argonne National Laboratory, Argonne, Illinois 60439
and Virginia Commonwealth University, Richmond, Virginia 23284
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REPORTS
Sum Rules and Interlayer
Conductivity of High-T_
Cuprates

D. N. Basov, S. |. Woods, A. S. Katz, E. ). Singley, R. C. Dynes,
M. Xu,* D. G. Hinks, C. C. Homes, M. Strongin

Analysis of the interlayer infrared conductivity of cuprate high-transition
temperature superconductors reveals an anomalously large energy scale
extending up to midinfrared frequencies that can be attributed to formation
of the superconducting condensate. This unusual effect is observed in a va-
riety of materials, including TI,Ba,CuOg, ,, La,_,Sr,CuO, and YBa,Cu,O,,
which show an incoherent interlayer response in the normal state. Midin-
frared range condensation was examined in the context of sum rules that
can be formulated for the complex conductivity. One possible interpretation
of these experiments is in terms of a kinetic energy change associated with
the superconducting transition.



1128f why is there temperature dependence

112.6 in the normal state ?

=

@ igd Answer:

= 1) n, ---> f, (Fermi-Dirac)
a 122

2) interactions
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=

E 1ol Note: Absolute value of kinetic
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;ﬁ | superconducting state.
BRRTITY! This 1s conventional behaviour
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FIG. 6: BCS prediction of the spectral weight function.
van der Marel et al. cond-mat/0302169



Superconductivity-Induced
Transfer of In-Plane Spectral
Weight in Bi,Sr,CaCu, O, -

H. J. A. Molegraaf,” C. Presura,’ D. van der Marel,'*
P. H. Kes,? M. Li?

Science 22 March 2002 295: 2239-2241
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M.V. Klein and G. Blumberg,
Science 283, 42 (1999)

Partial and Fundamental Sum Rule
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Ferrell-Glover—Tinkham Sum Rule
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Anomalous sum rule change at Tc

Using a phenomenology of scattering rate collapse:
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FM, Phys. Rev. B73, 064507
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Microwave spectroscopy of thermally excited quasiparticles in YBa,Cu;Og g9
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Summary

I’ve tried to make the case that the BCS pairing formalism
gives an excellent description of the superconducting state
but...

The actual mechanism is an active subject of current interest...for

all

superconductors




Key Points



« If one focuses on the ‘building block’ for conventional
superconductivity, 1.e. an electron interacting with phonons, one
obtains a very polaronic quasi particle, with a huge effective
mass. What ‘undoes’ this effect when one assembles a Fermi

sea of such quasi particles (Since we are supposed to recover
the so-called Migdal Theorem)?

* What are the essential ingredients buried in the parameter u* ?
(1) even as modelled by a Hubbard U, how effective
1s retardation for reducing the effective pair repulsion?
(11) Maybe the Hubbard and Hubbard-like models don’t
really capture the essence of electron correlations in metals.
(111) The Dynamic Hubbard model tries to incorporate orbital
relaxation --- the fact that orbitals expand, etc. when doubly
occupied. Do these processes play an important role for

superconductivity?



Concerning the Dynamic Hubbard Model

* We find a fundamental electron-hole asymmetry. This asymmetry 1s
apparent in tunneling, and more indirectly through other probes.

* Pairing (requiring further study) results in energy lowering through
kinetic energy (not potential energy), as seen in several optical
conductivity studies (Basov, van der Marel, Bontemps, Timusk, etc.)
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Also 1 photoemission, M.R. Norman et al.
Phys. Rev. Lett. 79, 35063509 (1997)

superconducting state

normal state

Intensity (arb. units)

0.12 008 004 0
Binding energy (eV)

FIG. 1. Comparison of data at M in the normal state (105 K,
dashed line) and the superconducting state (13 K, solid line) for
a slightly overdoped (7. = 87 K) Bi2212 sample with photon
polarization I’ — M.



Eliashberg Theory

» Extension of BCS formalism to include
dynamical electron-phonon interaction

* builds on Migdal theory 1n the normal state

* loosely modrled in BCS theory

> E
lsion |—— F

: Wp
¢ Poor man’s Scaling (Tolmachev et al.,
Morel and Anderson)




Measurement of a?F (w)

1) measure structure in dI/dV accurately

2) “guess’ a’F(w)

dI(w)
dVv

3) compute, using Eliashberg theory,
4) correct trial o?F(w), using functional derivatives

5) iterate until calculated dI/dV agrees with experimen-
tal one

Sstructure beyond phonon region

agrees fairly well with phonon density of states

gap ratio comes out right

mass enhancement comes out right

agrees with thermodynamics

BUT, complexity of Coulomb repulsion is buried
in one number, u*



So what’s wrong?

A 1) How did p = UN(Ep) get reduced to p*?
Q0 0
">°. . 2)The building block is the polaron !
How do ‘polaron’ effects become ‘undone’?
O O puie

Can’t seem to couple without very strong polaron effects!

See Zhou Li, D. Baillie, C. Blois, FM, PRB 81, 115114 2010
Zhou Li, C. Chandler, FM, PRB 83, 045104 2011

3) Are we content with a ‘zoo’ of
superconducting materials?



