Protection of the surface states of a topological
insulator: Berry phase perspective
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The surface states of a topological insulator
has a dual personality:
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The topological insulator has a
dual personality.

bulk ——» insulating _
surface — metallic “*?‘w Iy
topologically protected ‘
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What are the “defining properties” of the
topological insulator?

- Existence of a protected gapless surface state

ct. (a pair of) Dirac cones in graphene

- The bulk-surface correspondence

Bulk: Existence of a non-trivial topological invariant
- [characterizing the bulk state
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Jntroduction to
topological insulators

A chronological viewpoint:

spin Hall effect - topological insulator




Band “inversion” due to spin-orbit coupling

I's p-type orbital \/
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“inverted” gap

magnitude of
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2D example: how to characterize the bulk

H = PrOg T PyOy + m(p)az m(p) = Mo + m2p2

= P.(p)oy P,(p)
. nu(p) =
e The winding number (Chern number) vV PuPy

1

87

Ny = d°p €, M- [0y, M X Op, ],

mapping: p — n,(p) R2 — §2
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bulk

The bulk-edge correspondence
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The Wilson-Dirac type (bulk) effective Hamiltonian

Zhang et al., Nature Phys. "09; Liu et al., PRB °10

Dirac equationin3+1 D  Hvy = E
H = m~o + Apuyu

4 x 4 matrix

MTy 1 ATy(pxgaz T DyOy ‘I‘ngz)

spin:

® Two types of Oxy,0y,02

~ Paulimatrices:
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Ty
TyOx, Y2 = TyOy, V3 = TyO,

— 70
3D generalization o

H = Poyo + Puvu, Po=m(k) =mo+2my » (1—cosk,)

4 x 4 matrix P, = P,(k) =sink, :
o - o | Qk)

spectrum flattening




The bulk-surface correspondence: 3D version

| 02 N3 o /m2
) — P P mO0/m?2
02|
bulk Y winding number
: -0.6 |
a2 trivial

surface ‘ i ‘

| e |
spectrum: gapless spectrum: gapped slab
a single helical Dirac cone no surface state geomety




Bulk

ener a Surface
9y 9ap state S
(band strcture) :
momz > None
normal gap
moma < Yes :
inverted gap gapless, protected |
ﬁ
Zhang et al., Nature Phys. 09
Bulk-surface ang et al., Nature Phys

correspondence



Act I: The extrovert Finite-size

Inducing a fictitious magnetic energy gap
filled on curved surfaces .
The topological
- sensitivity to the geometry of protection does not
the sample spin connection help.

cylindrical sample
(TI nanowire)

—» /maginary solenoid

spherical sample
(Tl nanoparticle)

=
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—> effective monopole




e Consider a lattice (tight-binding) realization of

topological insulator . . -
POIOY e A |attice model is “sparse”, existing

only on sites and links

Oy
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T O P Yet, in reality protected
e ko o= surface states appear only

> i ~"| 0N macroscopic surfaces.




Protection of the surface states in topological
insulators: Berry phase perspective

Act I: Extrovert




The cylindrical topological insulator

Effective Dirac Hamiltonian on the
cylindrical surface: spin Berry phase

[ 0 —ipzlé(iaa_
Hsurf: t

- 1 e,
ip- + % (i @ 2 ’
Kl, Takane & Tanaka, Phys. Rev. B 84, 195406 (2011)

bulk effective Hamiltonian: Hypuyx = m(P)Ty + Tz (Px0z + Dyoy + P202)

:
Tt Smadt ety
LY v

KL

4 h
, i L -
- -+ 5 - -

I S D S e SR T AT At dUE Rl Dol gl AL o B ity el 40 e d

i - i w4 b Pla™ . - e ® : " - [
W TR e M D B R e e Sl S e R e S S S o e
. J o - y . % » ==

!- - 1 l’ g -

o
"



Possible interpretation

If one chooses the base double-valued,

£)) = e/

+))

a(.2)= | o*(87) |

h 6z’p¢ Ro+ip. 2

orbital part / :

Lz = p¢R

Half-odd integral quantization
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Gapped surface states on the cylinder

® spin Berry phase
. X B Y F; > Half-odd integral - Finite-size
ISopciEmcg)j oHrtace quantization energy gap
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cf. case of a slab-shaped sample

e The surfaces are flat. 2= N, -

But there are two of them (two Dirac
cones); one on the top and the > =1
other at the bottom.

® |f the thickness is finite, the two
Dirac cones communicate each
other through the bulk

- Finite-size energy gap

a system of infinitely
large slab

The magnitude of the gap is
determined by the overlap of
the two wave functions.

TS AL

exponential decay

Linder, Yokoyama & Sudbo, PRB '09; Lu et al., PRB 10



Physical interpretation of the result

Effective Dirac Hamiltonian on a
cylindrical surface spin Berry phase

Hgurt = : 1 .9
1. + 5 ( L 5% 0

Effects of the Berry phase

An electron on the cylindrical
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Act I-B:

The spherical topological insulator

Kl, Yoshimura, Takane & Fukui, Phys. Rev. B 86, 235119 (2012)
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Effective Dirac Hamiltonian on a spherical surface

A
Hsurf = E

Surface states
on the sphere:
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A (fictitious) magnetic monopole is

Physical interpretation: iInduced at the center of the sphere!

Effective Dirac Hamiltonian in the single-valued basis
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induced —_, |vector potential associated with a
Berry phase — magnetic monopole (+ Dirac string)
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- The surface Dirac equation:
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Act II: Unification of the two aspects:
the extrovert and the introvert




e Consider a lattice (tight-binding) realization of

topological insulator . . -
POIOY e A |attice model is “sparse”, existing

only on sites and links
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Why is the surface state not penetrating into the bulk?

Answer: because of the Berry phase
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Invasion of the metallic surface state

deeply into the bulk along a flux tube




Kl & Takane, arXiv:1211.2088

Analytic treatments: hyperbolic “drain” geometry
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Derivation of the surface effective Hamiltonian

The zero-energy (degenerate) 1 [ cos(6/2) ] o [ 1 ]

basis eigenstates: +)) = V2 | €¢sin(6/2)

1 — K1 — K2 1
+) = 50 (e7F1E — eR28) | &) |_>>:L[_ei¢irslggg”®[ 1 ]
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The surface effective Hamiltonian:
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Invasive vs. noninvasive surface state

Is there a surface [ N ] _ E[ N ] where
solution? v 0 ) = Pil+) + ¥ |-)
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Conclusions

(After a long pernod of slavery to the bulk) the surface state Is

now freed.

® The introvert surface state sometimes wants to show off:

e.g., on cylindrical and spherical surfaces.

spin Berry phase

role of the system's geometry: slab vs. cylinder, sphere
flat vs. curved surfaces

® The “gaplessness” is not immune to finite-site size




Other perspectives

So far, we have considered only “strong” topological insulators.
_ = isotropic
Latest tendency of the field:

headed for seek of the diversity? | _
= anisotropic

A possible direction: exploring the nature of weak topological
insulators (WTI)

- Specific features associated with Kl, Okamoto, Yoshimura, lakane & Ohtsuki,
the anisotropic character Phys. Rev. B 86, 245436 (20172)
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Experiments on finite-size effects

1) Slab (this film) geometry
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