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Topological Phases of Matter

How can we characterize them ?
What are the "Topological Properties” ?

Where can we find them ?



Topological Phases of Matter

Cannot be fully characterized by
a local order parameter
such as magnetization in magnets

Cannot be transformed to "simple phases”
via local perturbations/operations
without going through phase transitions

Often characterized by a variety of
"Topological Properties” or "Non-local Properties”



Type | Topological Phases (Gapped Phases)

Topological Phases

No "Path”
(Local unitary transformations)
without closing the bulk gap

“simple PhC(SZS" (fully char'ac’rerlz.ed by Io;al order
parameter/information)

Quantum Hall States
Spin Liquids
(correlated quantum paramagnetic state)



Type-l Topological Phases (Gapped Phases)

Quantum Hall States

Non-trivial ground state degeneracy:

v =1/3 quantum Hall state has 3" degenerate
ground states on torus, but “|l” on sphere

Non-trivial boundary states:

Edge state is a chiral Luttinger Liquid
2

o o . . . e
Non-trivial topological invariant: oz, = 3T

Non-trivial excitations:

Fractionally charged e/3 Laughlin quasi-particles



Type-l Topological Phases (Gapped Phases)
Spin Liquids  Quantum Paramaghet (S) =0

Correlated insulator with no broken translational symmetry

Resonating Valence Bond state (RVB);
Superposition of Valence Bond coverings

P.W.Anderson

Rokhsar-Kivelson

< >

:%(IT\»_‘\H» Valence Bond



Construction of a Spin Liquid

= BCS superconductor (L x L lattice)

average number of electrons per site = one (Half-filled)

g(r —r’) & Cooper pair wave function

I'—I'/ CJr CT
BCS wave function |BCS) oc ez 907 )0t

0)

= RVB wave function |RVB) = Pg|BCS) « »  Ay|vb)
vb

Pc exactly one particle per site; freeze charge fluctuations
Hubbard U — oo in Un;ngy
Ayp = H g(r —r’)

all valence
bond (r,r")

lvb) valence bond covering



Degenerate Ground States

N Lo

N N~

RVB) = Pg|BCS) |RVB') = Pg|BCS')

(RVB|RVB'Y — 0 in the thermodynamic limit

No local measurement can distinguish these phases



Short ‘Coherence Length’ Limit

1
leven) = 5(\RVB>

[RVB'))  |odd) = S(|RV B) — |RVB’))

1
2

TWO topologically distinct valence bond coverings

intersecting
even number
of dimers

| | Intersecting

~ | odd number
B w ~ v of dimers
~ — T

Non-trivial ground state degeneracy



Elementary Excitations

= Elementary excitations in superconductors

Bogoliubov quasiparticles (zero average charge, S=1/2)

= Flementary excitations in the spin liquid state

Pc (Bogoliubov quasiparticles) = Spinons (Q=0,5=1/2)
= Fractionalization of electrons !

Non-trivial excitations



Type Il “Symmetry-Protected” Topological
Phases (Gapped Phases)

Topological Phases

No Symmetry-
Preserving "Path”
without closing
the bulk gap

Symmetry-
Breaking "Path”
without closing

the bulk gap

"simple phases”

Topological Band Insulator
(e.g. time-reversal symmetry)



Topological Band Insulator

2D time reversal invariant band structure has
a Z2 topological invariant

Trivial Band Insulator Topological Band Insulator

-

K=A, K=A, k=A, k=A,,

C.L. Kane, E. Mele, L. Fu  B. A. Bernevig, T. L. Hughes, X.-L. Qi, S. C. Zhang ....



Topological Band Insulator

2D time reversal invariant band structure has
a Z2 topological invariant

Trivial Band Insulator Topological Band Insulator

- Plab ()Y = £, (T b ) — 4 '
BrukgrA* F1. F20-> Snk‘#Agl k=A (—1)" = | | | |§2 (Ez/)\

Zonhe d 4 =1 n p— b
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3D Topological Band Insulator

In 3D there are four 7, invariants: (v; v1vovs)
characterizing the bulk.
These determine how surface states connect.

A E,
v = 1: Strong Topological Insulator r<
Fermi surface encloses odd number of Dirac points N

¢ 9
v = 0 : Weak Topological Insulator

-
Fermi surface encloses even number of Dirac points

L. Fu, C. L. Kane Non-trivial boundary states
J. E. Moore, L. Balents

R. Roy Non-trivial topological invariant




Where can we find them ?
especially in
correlated materials




Interactions and Spin-Orbit Coupling
H = Ztij,agc;racj@ — )\ZLZ y Sz -+ Uan(nz — 1)

19,0 0
U/t
Mo TT Stro ng S P in-Orbit

Ins. \, Mott Insulators

Simple

Metal/Band AN A2Ir207
Insulator \ TI or Semi-Metals

Mt



5d transition metal (Ir) oxides: New Playground

3d TM 4f Ln
Energy(K) (Fe.CoNiCu.) (Ce, Pr,Nd.)

Coulomb U Coulomb U
Crystal Spin-c?rbi’r
field D coupling A

Spin-orbit Crystal

coupling A field D

Traditional playground

Bbd TM
(Re, Os, Ir, Pt..)

Spin-orbit
coupling A

COUIOmb Cr-ysfal
U field D

Bd: U ~0.5-1eV
Aso~05eV

for correlated electron physics




Honeycomb lridates (A2lrO3)
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Honeycomb Lattice of Ir#*

Nazl I‘O3 5d transition metal oxides

Edge-Sharing 7 4 0
Oxygen %\

Octahedra

Plane perpendicular
to the [111] direction



5d orbitals of Ir**: large spin-orbit coupling

I+ = [Xe] 4f14 5d°

€e o
7 B.J.Kim, C. Kim, J.H.Park,
5d 10D T.W.Noh, 6.Cao et al.,
- 9J,,=1/2  PRL101,076402 (2008)
Tl Lef=1Y ’_,,———.-"'
t\ JREE ICSA... B.J.Kim, H.Takagi, et al,
%8 J ;=32 science 323, 1329 (2009)
Crystal Field Spin-Orbit
Coupling

1
| 1) = —=(i|lzz, ls) + |yz, Ls) + |2y, Ts))
VB PiogLi—oPiag = —LSE,

I
| 1) = —ﬁ(@\m, Ts) — vz, 1s) + |2y, 1s))



Strong Coupling Limit  considering only
the Kitaev Model ?  Super-exchange processes

yZ XZ

XZ yz

P,

Edge-Sharing
Oxygen Octahedra

Isotropic Heisenberg
Exchange suppressed



Strong Coupling lelt Including Hund's coupling
the Kitaev Model ) and projecting to Jef=1/2

manifold

b
( )5 H(V) JS”S'y Y=Y, <

I's

Edge-Sharmg
Oxygen Octahedra

G. Jackeli and G. Khaliullin,

Isotropic Heisenberg PRL 102, 256403 (2009)

Exchange suppressed



Strong Coupling Limit Including Hund's coupling
the Kitaev Model ) and projecting to Jef=1/2

manifold

HY) = —Js)sT v =wy,2

Exactly Solvable

Quantum Spin Liquid
Ground State

Spin-1/2 Spinons are
Majorana Fermions
(anti-particles to
themselves)

G. Jackeli and G. Khaliullin,
PRL 102, 256403 (2009)



Strong Coupling lelt Including Hund's coupling
the Kitaev Model 7 direct exchange,

spin-orbit
HY =01 S7S7 + )2 8;-8; 7V =Ty, 2

Heisenberg-Kitaev Model
J. Chaloupka, 6. Jackeli and 6. Khaliullin, PRL 105, 027204 (2010)

Huyk = (1 — 04)25’7; .05 — 20 Z 030}

(1,7) ~v—links

Neel AF | stripy AF | spin liquid
E oM b M s
3, * * + | * % + $ | >
= ** AT * | ; ** . * | Q
ST P R A = A S ks
2O e
3 * i ** i 4
oc=IO O(=I1/2 OL=I1



Pyrochlore Iridates (A2lr,Oy)




Pyrochlore Iridates A2lr,O7

A=Y, Ho, Dy, Tb, 6d, Eu, Sm, Nd, Pr

A=Y, Ln and Ir reside on the inter-penetrating two
pyrochlore lattices (cubic, FCC Bravais lattice)

D. Yanagishima and Y. Maeno, JPSJ 70, 2880 (2001)
K. Matsuhira et al JPSJ 76, 043706 (2007)



ArlrO7 Metal to Insulator Transition ?

p (ML cm)

100

101 3

103,

K. Matsuhira et al
JPSJ 76, 043706 (2007)

Also Earlier Data from

Y. Maeno’s Group
(2001)



ArlrO7 Metal to Insulator Transition ?

200
| K. Matsuhira et al
JPSJ 76, 043706 (2007)

Magnetic Ins.

50 Also Earlier Data from
Y. Maeno's Group

(2001)

100 105 110 115
R>" ionic radius (pm)



5d orbitals of Ir**: large spin-orbit coupling

I+ = [Xe] 4f14 5d°

g T
/,,' A >
Sd
i 10Dg Joy=1/2.
\\ Lef_l /’,,«—.-’
t\\‘ y::: _____ CSO .—.
2g Jef = 3/2
Crystal Field Spin-Orbit
Coupling

1) = %(irm, L) + 192, L) + lzg, o))
1) = —%(i\m, 1) = gz o) + |2y, o))

Construct
tight binding model
for Jef=1/2

+
Hubbard U

F
ProgLlie—oProg = —Lj—4



Generic Phase Diagram

I-AF I-AF W. Witczak-Krempa,
(AIAO) , Y. B. Kim
* ,"’ (2012)
Ult, Y
M-AF S
M SM X TI
—0.3 ¢/t 0
2 1

WSM = Weyl Semi-Metal

Semi-metal with 3D Dirac points in the bulk
c.f. X. Wan, A. Turner, A. Vishwanath, S. Savrasov, PRB 83, 205101 (2011)



Effect of Interaction: Hartree-Fock

1.0f

0.0¢
—0.5}

BN
i e N
S AL

[\
/N
A
O\
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Magnetic Insulator

1.5}
1.0t

—0.5¢

0.5}
0.0/ N
' I

—1  Weyl Semi-Metal

e —

1.5
1.0
0.5
0.0}

-0.5

—1.0¢

\
4:> Semi-Metal

W. Witczak-Krempa, Y. B. Kim, PRB 85, 045124 (2012)



Weyl Semi-Metal

A pair of Weyl fermion points related by inversion;
carry opposite chirality

3
7—[=Zvi-k0i c = sign(vy - vo X v3)= *1
i=1

]

Surface State:
Fermi arcs at
the surface BZ

X. Wan, A. Turner,
A. Vishwanath,

S. Y. Savrasov,
PRB 83, 205101 (2011)



Weyl Semi-Metal

A pair of Weyl fermion points related by inversion;
carry opposite chirality

3
7—[=Zvi-k0i c = sign(vy - vo X v3)= *1
i=1

e o / Surface State:
; 5 Fermi arcs at

the surface BZ

X. Wan, A. Turner,
A. Vishwanath,

S. Y. Savrasov,
PRB 83, 205101 (2011)




Weyl Semi-Metal

A pair of Weyl fermion points related by inversion;
carry opposite chirality

3
7—[=Zvi-k0i c = sign(vy - vo X v3)= *1
i=1

Q . / Surface State:
5 5 Fermi arcs at

the surface BZ

X. Wan, A. Turner,
A. Vishwanath,

S. Y. Savrasov,
/ , PRB 83, 205101 (2011)

Integer Quantum Hall state: C=1|




Weyl Semi-Metal

A pair of Weyl fermion points related by inversion;
carry opposite chirality

3
7—[=Zvi-k0i c = sign(vy - vo X v3)= *1
i=1

,x/x/,
/./ :

* ¥
X. Wan, A. Turner,

A. Vishwanath,
S. Y. Savrasov,
' PRB 83, 205101 (2011)

Integer Quantum Hall state: C=1|

Surface State:
Fermi arcs at
the surface BZ




Weyl Semi-Metal

A pair of Weyl fermion points related by inversion;
carry opposite chirality

3
7—[=Zvi-k0i c = sign(vy - vo X v3)= *1
i=1

Integer Quantum Hall state: C=1|

Surface State:
Fermi arcs at
the surface BZ

X. Wan, A. Turner,
A. Vishwanath,

S. Y. Savrasov,
PRB 83, 205101 (2011)



Weyl Semi-Metal

A pair of Weyl fermion points related by inversion;
carry opposite chirality

3
7—[=Zvi-k0i c = sign(vy - vo X v3)= *1
i=1

/ Fermi arcs at

o X X X / Surface State:

the surface BZ

* *

X. Wan, A. Turner,
A. Vishwanath,

S. Y. Savrasov,
PRB 83, 205101 (2011)

Trivial state: CﬁO



Weyl Semi-Metal

A pair of Weyl fermion points related by inversion;
carry opposite chirality

3
H:ZVZ"I{O'Z' C — SigH(V1°V2 ><V3): +1
=1




Effect of Interaction: Hartree-Fock
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W. Witczak-Krempa, Y. B. Kim, PRB 85, 045124 (2012)



Minimal Hamiltonian: Luttinger Model

—

k-p expansion near I

Ho(k) — 041]{2 -+ Oéz(]g ¥ j)2 -+ ()ég(kgjz + ]C;J; -+ kgjg)
2 CkP—k-J)2 (K24 K2+ K2TZ)

~ 2N, 2m 2M,

1NN

—

J = (Jg, Iy, J,) are J=3/2, 4 x 4 matrices

Quadratic band touching of Two 8. 7. vang, V. B. kim
doubly-degenerate bands (2010)



Tlme-ReversaI Symmetry Breaklng

Hﬁeld_cl(H Ty + HyJ, +HJ)+02(H J3+H J3+H J3)

‘ Hmag order — Dl({kaz, ky}vz + {ky, kz}Vy + {kz, kx}Vy) ,i
+Dy(Jpdy s + Jodydy)

Ve = {(Jy = I2) L}, Vy = {(JZ = I}, Ve = {7 = I}) T2}

T. Hsieh, L. Fu (2012) E. 6. Moon, C. Xu, Y. B. Kim, L. Balents (2012)
roL
Both types of
perturbations can
generate Weyl fermions




Time-Reversal Symmetry Breaking and Strain

H = —6(J2 — Z) — H(cos(0)J, + sin(6)J2),

A

Insulator

Wey}/ .

T

3
4

NG
VO IS}

E. G. Moon, C. Xu, Y. B. Kim, L. Balents, arXiv:1212.1168



Long-range Coulomb interaction
Relevant in RG sense near the non-interacting limit

e =4 — d expansion leads to non-trivial interacting
(isotropic) fixed point

Non-Fermi Liquid scaling in physical quantities

E. 6. Moon, C. Xu, Y. B. Kim, L. Balents, arXiv:1212.1168



X5 (10* e.m.u. per mol Pr T-9)

—t+—t | t L | | L S i | V)
b | ‘:\ 1.78 LELILBLRLY| T T TTTTTg
= B=005T
: E /] f
S
LB e 1-0.02
.= - I FC and ZFC
I
I
I

Y. Machida et al, 2010

-0.01

(woie ud Jed &%) (0 = g

(1-M 4d Jow Jad 1) Yo

Large anomalous
Hall effect with
“small” magnetization

Large X3



Beyond Single-Particle Picture

Cluster Dynamical
Mean-Field Theory

v )




Interaction Effect in CODMFT

H= > (L0 + [Tai ) chigcrive = 1 D CRioCRio + U Y nrininy
(Ri,R/i'),00" R:i,0 R

@ Cluster (Tetrahedron)
with N.=4

@ Bath Sites with Np,=8

A. Go, W. Witczak-Krempa, 6.5.Jeon, K. Park, ¥Y.B.Kim, PRL (2012)



Green’s function criteria for inversion
correlated topological phases symmetry

Plo(w,T)) = 04 |a(w,T;)) invariant momentum)

Mo = 1 Parity Eigenvalue

(—1)A = H 77(1)/2 R-zero < 14 (0,k) > 0
R-zero
A=0,1

A =1 : Correlated Topological Insulator

Z. Wang, X.-L.Qi, and S.-C. Zhang, arXiv: 1201.6431 (2012)



Green’s function criteria for inversion
correlated topological phases symmetry

(-1)~ = H nl/? R-zero & 11,0, k) > 0

R-zero

Magneto-Electric p _g_% B Lo =0 &

E-B
effect (27)? (2m)*

For TI, A =1 0=

Z. Wang, X.-L.Qi, and S.-C. Zhang, arXiv: 1201.6431 (2012)



t, =1 CDMFT

0.4
0.2 Tl Al
0.0 ¢ = = 000000 TWS
1 G S R O | OOV OOVOOOD
O ‘?----e----@---o--«
0 1 5 6

U/t

TWS: Topological Weyl Semimetal

7

A. Go,
W. Witczak-Krempag,
G.S.Jeon,
K. Park,
Y.B.Kim,
PRL 109, 066401 (2012)

AI: Axion Insulator A =1

8 8
et A e

P=40

0 =7 Magnetic Order

E-B

Inversion Symmetry




t, =1 CDMFT

0.4
0.2 | TI Al A. Go,
| W. Witczak-Krempag,
0.0¢ S S e [RSASESASAS \TWS - 6.5.Jeon,
| L | . K. Park,
1 oo S 0|l 00000000 00Q Y.B.Kim,
| PRL 109, 066401 (2012)
0 r :‘?----o----@----o----<
0 1 5 6 7

U/t

TWS: Topological Weyl Semimetal

AIL. Axion Insulator A =1
Gapped surface state

0 =7 Magnetic Order
Magneto-Electric Effect

possibility discussed in X. Wan, et al, PRB 83, 205101 (2011)



t, =1 CDMFT

0.4
0.2 | TI Al A. Go,
| W. Witczak-Krempag,
0.0¢ S S e [RSASESASAS \TWS - 6.5.Jeon,
| L | . | K. Park,
1 oo S 0|l 00000000 00Q : Y.B.Kim,
| PRL 109, 066401 (2012)
0 r :‘?----o----@----o----<
0 1 5 6 7

U/t

TWS: Topological Weyl Semimetal

AI: Axion Insulator A =1 6 =m Magnetic Order
Correlation in the cluster important; non-existent in HF

possibility discussed in X. Wan, et al, PRB 83, 205101 (2011)



Connection to
Experiments




muSR: Magnetic Order ?

S. Zhao, D. E. MacLaughlin,

(MHz)

w | 21

EuIr,0, | S. Nakatsuji et al,
(2011)
: EuzlraO7
| . ?_ . | Eu3* is non-magnetic
I R Magnetic moments from Irt

Th = 120K



Non-magnetic muSR
A-site
EulrO7 Yes (< 120K)

(single crystal)

Y2lr 07 Yes ( < 150K)

S. M. Disseler et al, (2012)

Magnetic A-site

Nd2|r207 Damped (< 8K)
J=9/2 S. M. Disseler et al, (2012)
Ybalr,O7 Yes (< 130K)

J=7/2 S. M. Disseler et al, (2012)

Neutron (elastic/inelastic)

S. Zhao, D. MacLaughlin, Nakatsuji et al, (2011)

< 0.5up

M.C. Shapiro, I. R. Fisher et al, (2012)
S. M. Disseler et al, (2012)

Nd3* ordered ?

K. Tomiyasu, K. Yamada et al, (2011)

Not detected

S. M. Disseler et al, (2012)

< 0.5up

S. M. Disseler et al, (2012)



Elastic Resonant X-ray Scattering

H. Sagayama, D. Uematsu, T. Arima, K. Sugimoto, J. J.
Ishikawa, E. O'Farrell, S. Nakatsuji (2013)

Eulr, Oy

g=0 magnetic order confirmed

But need inelastic resonant X-ray
scattering to directly prove
the all-in/all-out order



Finite Temperature (Hartree-Fock)




1500

(mQcm)

1000

(T)

< 500

High Pressure Experiment

| (a)

——T—
— ) 06 GPa
— ) 88 GPa
— 3 49 GPa
461 GPa
— (.06 GPa T
-7 88 GPa T
10.01 GPa -
—11.34 GPa -
12.15 GPa -

100
T

200 | 300
(K)

Euzlr Oy

F. F. Tafti,
J. J. Ishikawa,
A. McCollam,
S. Nakatsuji,
S. R. Julian,
2012



Spin-Orbit + Interactions + Frustration

U/t

Exotic Phases of Matter !

W. Witczak-Krempa, 6. Chen, Y.-B.Kim, L. Balents
*Review article* arXiv:1305.2193

M o‘r Strong Spin-Orbit
Mott Insulators

Na>IrOs

Ins.

"LDA"
Phases

A2Ir>07

- or

At






