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Topological insulators 

•  T-broken QAH insulators (1988-present) 
–  QAH = “Quantum anomalous Hall” 
–  Also known as “Chern insulators” 
–  Integer quantum Hall without Bmacro 
–  2D (or 3D) 

•  T-conserving insulators (2005-present) 
–  2D: Z2 topological insulators 
–  3D: strong topological insulators 

Several 
materials 

known 

2012: 
No known 
examples! 
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Berry phases 
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Example 

!uy " !ux " 

!uz " 

Re z 

Im z 

!
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Berry phases 

!u3" 

!u2" 

!un" =!u1" 

!u4" 

… 
!un-1" 

Now take limit 
that density of 

points #! 
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!u$" 

$=0 
$=1 

Berry phases 

! is well-defined 
modulo 2% 

&  ! is a phase 
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!u$" 

$=0 
$=1 

Berry phases 

! is well-defined modulo 2% 

&  ! is a phase 

0 

2% 
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!u$" 

$=0 
$=1 

Berry phases 

Berry potential 

Berry phase 

Gauge transformation: 

A is gauge-dependent but 
! is well-defined modulo 2% 
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!u$" 

Berry curvature 

#x 

#y 
Berry phase per unit area 

F = $!/$A# 
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Chern theorem 

The integral of the Berry curvature 
over any closed 2D manifold 

must be 2%C 
where C is an integer 

known as the Chern number. 
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Chern Theorem 

Region B Region A 

! 

Stokes applied to A: 

Stokes applied to B: 

Subtract: 

Chern theorem: 
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Euler characteristic 
 = 2(1-genus) 

Compare: Gauss-Bonnet Theorem 



EQPCM Workshop, ISSP, Tokyo, June 4 2013 

Berry phase and curvature 

Famous example: Spinor in magnetic field 

E 

“up” along B 

“down” along B 

!=(solid angle)/2 

solid angle 
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Symmetry implies  F = const. 

' F (#) dS# = 0, 2%, 4%, ... 

F = 0, ", 1, … 

Berry phase and curvature 
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Change of notation 

Berry curvature:  F      ( 
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(#x,#y)   &   (k,#) 

General 
Parametric 
Hamiltonian 

1D insulator 
with adiabatic 

parameter 

Berry phases in crystalline insulators 
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1D: BZ is really a loop 

•  Reciprocal space is really periodic 

•  Brillouin zone can be regarded as a loop 

0 –%/a %/a 
k 

E 

k 

E 
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Parametric 1D Ham. (Open path) 

$ 

k 

Berry curvature (($k) 

$2 

$1 

-! ($2) 

! ($1) 

(modulo e) 
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kx 

E 

1D: Polarization 

n =1 

n =2 

King-Smith & V., 1993 



EQPCM Workshop, ISSP, Tokyo, June 4 2013 

Parametric 1D Ham. (Closed path) 

& (k,#) 

Under an adiabatic cycle, (k, $) space 

By Chern theorem, 

)P = n e ( n = TKNN invariant = integer ) 

$u 

$v 
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Crystal in real space: 

Brillouin zone in reciprocal space: 

Unitary 
transformation 

R 

Tutorial on Wannier functions 

0 –%/a %/a 
k 
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Centers of Wannier functions: 

Tutorial on Wannier functions 
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Centers of Wannier functions: 

P 

Polarization * Wannier centers 
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Equivalent def. of Wannier centers (1D) 

Wannier centers: Eigenvalues of 

Centers of Wannier functions: 

P 
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Parametric 1D Ham. (Closed path) 

& (k,#) 

Under an adiabatic cycle, (k, $) space 

By Chern theorem, 

)P = n e ( n = TKNN invariant = integer ) 

$u 

$v 
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Adiabatic cycle - No pumped charge 

# 

k 

P(#) + !(#) 

! (#) = Berry phase at given # 

# 

! (#) 
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Adiabatic cycle - Quantum charge pump 

# 

k 

P(#) + !(#) 

# 

! (#) 

! (#) = Berry phase at given # 
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Semi-infinite chain: cyclic evolution 

$=0 $=1 

up 

λ= 1 $=0 
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Multi-band Berry phases 

!un3" 

!un2" 

!un1" 

!un4" 

…

Single band: 

k k’ 

!j = Berry phases (“Wilson loop eigenvalues”) 
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Wannier centers: Eigenvalues of 

Centers of Wannier functions: 

Multi-band Berry phases 
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(k,#)   &   (kx,ky) 

1D insulator 
with 

adiabatic 
parameter 

2D 
insulator 
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kx 

ky 

0 

Brillouin zone 

2D Crystal 

Brillouin zone is closed manifold 
(2-torus) 



EQPCM Workshop, ISSP, Tokyo, June 4 2013 

Chern Theorem in 2D BZ 

BZ 

Chern theorem: = 2%C 

Application to 2D crystals: 

•  Each Bloch band ,nk(r) has Chern integer Cn 

•  Insulating 2D crystal has total Chern invariant C 

•  Is there a Wannier representation? 

Where C is an integer! 
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Hairy ball theorem 

 χ# 0 : Cannot comb  χ= 0 : Can comb 

Analogy: Combing hair  !  Choose smooth gauge 
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Euler characteristic 
 = 2(1-genus) 

Compare: Gauss-Bonnet Theorem 

χ= 2 χ= 0 χ= -2 χ= -4 



EQPCM Workshop, ISSP, Tokyo, June 4 2013 

Wannier representability 

BZ 

Chern theorem: = 2%C 

Change of gauge: 

Is it possible to make a gauge choice such that          is 
everywhere smooth in k? 

If so, Fourier transform ! localized Wannier functions 

Answer: 
If C=0, yes! 
Otherwise, no!  Gauge discontinuity (vortex) must exist! 
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Chern Theorem in 2D BZ 

BZ 

Chern theorem: = 2%C 

Application to 2D crystals: 

•  Each Bloch band ,nk(r) has Chern integer Cn 

•  Insulating 2D crystal has total Chern invariant C 

•  Physical significance? 

Where C is an integer! 
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v Drive current 
I 

Anomalous Hall conductivity (AHC) 

Measure 
voltage 

V 

Measure σxy in absence of B-field 

Ferromagnet 
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J 

Ferromagnetic 
metal E 

Anomalous Hall effect 

No external B field 

'xy - 0 
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Berry curvature in the Brillouin zone 

!uk" 

kx 

ky 

0 2%/a 

( 

FS 

Metal 

Anomalous Hall conductivity: 

Karplus and Luttinger; Sundaram and Niu 
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Berry curvature in the Brillouin zone 

!uk" 

kx 

ky 

0 2%/a 

( 

FS 

Anomalous Hall conductivity: 
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kx 

ky 

0 2%/a 

Berry curvature in the Brillouin zone 

!uk" 

kx 

ky 

0 2%/a 

( 

Insulator 

BZ 

= 2%C 

“Chern number” or “TKNN invariant” 

Quantum Anomalous Hall: 
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2D Quantum Hall to QAH insulator 

•  Quantum Hall effect 

•  Quantum anomalous Hall effect 
•  In crystal with broken time-reversal symmetry 
•  No external magnetic field 
•  In principle, at room temperature 

Skipping orbits 
(edge states) 

'xy = e2/h 

exactly ! 
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up 

Edge states: 2D QAH insulator 

k 

%/a － %/a 
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up 

Semi-infinite chain: cyclic evolution 

$=0 

λ= 1 

$=1 

$=0 
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Surface vs. bulk indicator? 

•  Counting surface states is a surface indicator 

•  Can we find a bulk indicator that works in a 
similar way? 

•  Yes!  Hybrid Wannier centers! 
– Bloch-like in kx 

– Wannier-like along y 
– Plot y locations vs. kx 
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String Berry phases for normal band 

kx kx 

ky 

Py (kx ) + ! (kx ) 

Py  

! (kx ) 



EQPCM Workshop, ISSP, Tokyo, June 4 2013 

String Berry phases in QAH band 

kx 

ky 

Py (kx ) + ! (kx ) 

! (kx ) 

kx 

C = 1 
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Hybrid Wannier functions 

Even if C # 0: 

•  Choose smooth gauge on one loop 

•  Compute Berry phases (hybrid 
Wannier centers) 

•  Repeat as a function of position on 
the torus 

•  There is no topological obstruction! 
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kx 

ky 

Py (kx ) + ! (kx ) 

QAH 
insulator 

kx 
Explains 'xy = e2/h 

E 

2D QAH insulator 

= “Hybrid Wannier centers” 
! (kx) = Berry phase along y at given kx 
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J 

Ferromagnetic 
insulator E 

Quantum anomalous Hall effect 

Like integer quantum Hall, but no Bext 

'xy - 0 
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Tight-binding models for 2D QAH insulators 
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 Flux tubes in Haldane model 
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QAH insulators 

•  “QAH insulator” = “Chern insulator” 

•  Quantized Hall conductance even in the 
absence of macroscopic magnetic fields 

•  Quite possibly at room temperature 

•  Usefulness: 
–  Metrology? 
–  Magnetoelectric coupling? 
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Can QAH insulators be found? 

•  Requirements 
– Spontaneously broken TR (FM or FiM) 
–  Insulator 
– Strong spin-orbit splitting 

•  Prefer gap > 0.2 eV (Q Hall at Troom) 
•  Proposals 

– Magnetically doped TR-invariant TI’s 
– Magnetic adatoms on graphene 
– 2D adlayer on a magnetic insulator 
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Magnetic doping: Claim for QAH 

Observed 
below ~1K 
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Another approach (Friday seminar) 

Pb 

I 

Mn 
Te Spins 

Kevin Garrity & D.V. 
Phys. Rev. Lett.110, 116802 (2013) 
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2D Z2 topological insulator (QSH) 

k

Z2 insulator 

(conserved TR) 

QSH = Quantum spin Hall 
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2D Z2 topological insulator (QSH) 
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Z2 Topological Insulator (“Quantum spin Hall”) 

Spin up, C = +1  

Spin down, C = –1  
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Spin up, C = +1  Spin down, C = –1  

Then turn on spin-orbit coupling (SOC): 

•  Obeys T symmetry 

•  Total C = 0 

•  Z2 invariant is odd 

Z2 Topological Insulator (“Quantum spin Hall”) 
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Meaning of Z and Z2 

•  Z = group of integers under addition 

•  Z2 = {0,1} under addition (mod 2) 

Or equivalently, 

•  Z2 = { + , – } under multiplication 
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up up down 

Edge states: 2D QAH insulator 

k 

Z = Nup － Ndown = Invariant  

%/a － %/a 
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－ %/a 

Edge states: 2D TR-invariant insulator 

k 

Z2 = Ncross (mod 2) = Invariant  

0 %/a 
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Surface vs. bulk indicator? 

•  Counting surface states is a surface indicator 

•  Can we find a bulk indicator that works in a 
similar way? 

•  Yes!  Wannier centers again! 
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•  Yes!  Wannier centers again! 

TR-invariant 
points 

φx vs ky φy vs kx 

Surface vs. bulk indicator? 
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! (kx ) 

QAH 
insulator 

kx 

Z2 insulator: Hybrid WF centers y (kx) 
– 

kx 

ky 
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Z2-odd 
kx 

Normal 

Kane-Mele 
tight-binding 

model 

Z2 insulator: Hybrid WF centers y (kx) 
– 
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Method for computing Z2 invariants 

Alexei 
Soluyanov 
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Closely related work 
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(kx,ky)   &   (kx,ky,kz) 

2D 
insulator 

3D 
insulator 
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(0,0,0) (2%,0,0) 

(2%, 2%,0) 

(2%, 2%, 2%) 

kz 

kx 
ky 

Polarization in 3D 
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Polarization in 3D 

kx 

ky 

. z " 

Pz 
+ 

dipole 

Ions 

Hybrid 
Wannier 
centers 

Real space z 
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kx 

ky 

Hybrid 
Wannier 
centers 

Polarization in 3D: Multiband case 

. z " 

Pz 
+ 

dipole 

Real space z 



EQPCM Workshop, ISSP, Tokyo, June 4 2013 

4 T-invariant points in k-space  

TR symmetry: 2D QSH insulator 

kx 

ky 

(0,0) (%,0) 

(%,%) (0,%) 

BZ 
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kx 
ky 

kz 

(0,0,0) (%,0,0) 

(%, %,0) 

(%, %, %) 

3D weak topological insulator 

Real space: 

   Stack Z2-odd layers 

Reciprocal space: 
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Inversion of spin-orbit labels at just 
one of (or at an odd number of) the 

8 T-invariant points in k-space  

3D strong topological insulator (STI) 

kx 
ky 

kz 

(0,0,0) (%,0,0) 

(%, %,0) 

(%, %, %) 
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－ %/a 0 %/a 

k 

3D strong topological insulator (STI) 



EQPCM Workshop, ISSP, Tokyo, June 4 2013 

Figure from Hasan and Kane, RMP, 2010 
(Adapted from Xia et al., 2008; Hsieh, Xia, Qian, Wray, et al., 2009a; and Xia, Qian, Hsieh, Wray, et al., 2009) 

3D strong topological insulator 
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Surface vs. bulk indicator? 

•  Counting surface Dirac cones is a surface 
indicator 

•  Can we find a bulk indicator that works in a 
similar way? 

•  Yes!  Wannier centers again! 
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/1a   

(+ or –) 

(0,0,0) (%,0,0) 

(%, %,0) 

(%, %, %) 
kz 

kx 
ky 

(2%,0,0) 

(0,0,2%) 

(2%,2%,2%) 

3D Brillouin zone of TR-invariant ins. 
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/1b   

(+ or –) 

(0,0,0) (%,0,0) 

(%, %,0) 

(%, %, %) 
kz 

kx 
ky 

(2%,0,0) 

(0,0,2%) 

(2%,2%,2%) 

3D Brillouin zone of TR-invariant ins. 
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/2a  
/2b  

(0,0,0) (%,0,0) 

(%, %,0) 

(%, %, %) 

kz 

kx 
ky 

3D Brillouin zone of TR-invariant ins. 

/1a  /1b  

/3b 

/3a 

6 independent Z2 indices?  No, only 4… 
(Moore and Balents , 2007) 
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3D TR-invariant insulators 

6 independent Z2 indices?  No, only 4… 
(Moore and Balents , 2007) 

/0 = /1a/1b = /2a/2b = /3a/3b 

/0 = (+) : Opposite faces have same indices 

/0 = (–) : Opposite faces have opposite indices 
             “Strong Topological Insulator” (STI) 

Full index set: (/0; /1b /2b /3b) 
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(0,0) (%,0) 

(%,%) 

Z=0 

Z=c/2 

Z=c 

Sheet structure of Strong TI 
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This would violate the Moore-Balents rule 
Is it possible? 

(%,%) (%,0) (0,%) (0,0) (0,0) 

Inconsistent! 

Moore-Balents rule 
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(0,0) (%,0) 

(%,%) 

Z=0 

Z=c/2 

Z=c 

Sheet structure of Strong TI 
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Z=0 

Z=c/2 

Z=c 

Sheet structure of Weak TI 

(0,0) (%,0) 

(%,%) 
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t 

t+( 

t 

t 

Spin-dependent 
hopping 

3D Kane-Mele model 
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3D Kane-Mele model 
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/2a  
/2b  

(0,0,0) (%,0,0) 

(%, %,0) 

(%, %, %) 

kz 

kx 
ky 

3D Brillouin zone of TR-invariant ins. 

/1a  /1b  

/3b 

/3a 
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3D Kane-Mele model 

/0 = (+) 
/1b = /2b = /3b = (–) 

Weak topo ins! 
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3D Kane-Mele model 



EQPCM Workshop, ISSP, Tokyo, June 4 2013 

3D Kane-Mele model 

/0 = (–) 
/1b = /2b = /3b = (–) 

Strong topo ins! 
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3D Kane-Mele model 
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H. Zhang et al., Nature Physcis 5, 2009 

First-principles calculation: Bi2Se3 
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First-principles calculation: Bi2Se3 

18-band 
subspace 
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First-principles Bi2Se3 Wannier centers 

/1a = /(kx=0) = (–) 
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First-principles Bi2Se3 Wannier centers 

/1b = /(kx=%) = (+) 

Strong topological 
insulator 
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First-principles Sb2Se3 Wannier centers 

Normal 
insulator 



EQPCM Workshop, ISSP, Tokyo, June 4 2013 

First-principles Bi2Se3 Wannier centers 
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First-principles Sb2Se3 Wannier centers 
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(%,%) (%,0) (0,%) (0,0) (0,0) 

C4 crystalline topological insulator? 
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(%,%) (%,0) (0,%) (0,0) (0,0) 

C4 normal insulator? 
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Polarization in 3D 

kx 

ky 

. z " 

Pz 
+ 

dipole 

Ions 

Hybrid 
Wannier 
centers 

Real space z 
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Insulating surface of bulk insulator 

Surface charge 

! ) Pz 

! is ill-defined 
modulo 2% 
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Hybrid Wannier centers at surface  

•  Diagonalize           at each (kx,ky) 
•  Plot these “sheets” at surface and into bulk 

kx 

ky 

z 

Bulk cells included 
in Pbulk calculation 

Surface excess e/A 
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DOS 

E 

Bulk VB Bulk CB 

Surface state 
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Surface AHC 

E 

… in absence of magnetic field 

TR-broken 
insulator 
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Orbital MEC * Surface dissipationless 'xy 

E 

M 
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Insulating surface of bulk insulator 

* is ill-defined 
modulo 2% 

Surface anomalous Hall conductivity 

* 
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DOS 

E 

Bulk VB Bulk CB 

Surface state 
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Surface ' AH (ins. surface of 3D bulk) 

kx 

ky 

z 

Bulk cells included 
in 0 calculation 

Surface excess C 
+1 

+1 

+1 

+1 

–1 

–1 

–1 

' AH,surf = (0/2%+C) e2/h 
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http://www.physics.rutgers.edu/pythtb 

PythTB software package Sinisa 
Coh 
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PythTB software package 
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PythTB software package 

Berry curvature near slightly opened Dirac cone 
Graphene with on-site staggered potential 
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PythTB software package 
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z2pack software package 

http://www.physics.rutgers.edu/z2pack 

Alexei 
Soluyanov 
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Summary 

•  Tutorial on Berry phases and curvatures 

•  1D charge pump 

•  2D quantum anomalous Hall insulator 

•  TR-invariant insulators (Z2) 

– 2D (“Quantum spin Hall”) insulator 

– 3D “strong” and “weak” topological ins. 

•  Surface charge and AHC 

•  Code packages 


